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1. Introduction

Recently, Hall (2005a,b,c) and Shimer (2005a,b), Gertler, Sala and Trigari (2006) (henceforth

GST), Christiano, Ilut, Motto, and Rostagno (2007) (CIMR) and others have integrated

the search and matching framework of Mortensen and Pissarides (1994) into business cycle

models. This literature focuses entirely on a time varying job finding rate to explain the

bulk of movements in unemployment and other aggregate variables. The job separation rate

is assumed to be constant over the business cycle. As emphasized by den Haan, Ramey and

Watson (2000) and Fujita and Ramey (2008), this assumption is counterfactual.1 Figure

(7.1) displays the Fujita and Ramey separation data, which exhibits considerable cyclicality.

We argue that understanding business cycle fluctuations requires understanding why the

separation rate fluctuates.

We start with a standard DSGE model with nominal and real rigidities as in Christiano,

Eichenbaum and Evans (2005) and Smets and Wouters (2003, 2007). In this model there

is no unemployment, job search or separations and wages are modelled as being sticky in

the manner proposed by Erceg, Henderson and Levin (2000) (henceforth EHL). We call this

the EHL model. We integrate a standard search and matching framework with exogenous

separations and sticky nominal wages into this model, using the version of the GST model

developed in CIMR (the exogenous separations model). Then, we relax the assumption of

exogenous separations by introducing idiosyncratic worker productivity and we consider two

different ways to endogenize separations. In the first approach, separations are determined by

maximizing firm surplus (the employer surplus model). In the second approach, separations

are determined by maximizing total (worker plus firm) surplus (the total surplus model).

We estimate four models using Bayesian techniques: the EHL model; exogenous sepa-

rations model; and the employer and total surplus models. We use the following 7 time

series for estimation: GDP, Consumption, Investment, Hours, Real Wages, Inflation and the

Federal Funds Rate.

According to the marginal data likelihood the EHL model performs best in explaining

our 7 macro time series. The employer surplus model is a close second, followed by the total

surplus model. The worst-fitting model is the exogenous separation model. That the EHL

model fits somewhat better than the employer surplus model is perhaps not surprising, since

the latter model imposes severe restrictions on the data.

In terms of impulse responses to a monetary policy shock EHL and the employer surplus

specifications are virtually identical while this is not the case for the other two unemployment

models.
1The job separation rate is defined as the number of people that move from employment to unemployment

divided by the number of employed people.
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According to the variance decompositions of the estimated model, the separation rate in

the employer surplus specification is driven equally by shocks to neutral technology, labor

preferences, price markup and the nominal interest rate.

Moreover, the employer surplus model correctly predicts the second moments of the

separation rate, the unemployment rate and vacancies posted. All other models are either

not able to address the second moments of these data or simply get it entirely wrong. Note

that these results are interesting in so far as we do not use any of these data in the estimation

so far.

Summing up, our results indicate by and large that EHL and the employer surplus spec-

ifications perform similarly in terms of standard macro variables and outperform the total

surplus and exogenous separation specifications of the labor market.

The paper is organized as follows. Section 2 introduces the EHL model. The unemploy-

ment models are developed in section 3. In section 4 the estimation is discussed. Results

are presented in section 5. Finally, section 6 concludes.

2. A Baseline Model

2.1. Firms

A homogeneous good, Yt, is produced using

Yt =

∙Z 1

0

Y
1

λd,t

i,t di

¸λd,t
, 1 ≤ λd,t <∞. (2.1)

The good is produced by a competitive, representative firm which takes the price of output,

Pt, and the price of inputs, Pi,t, as given.

The ith intermediate good producer has the following production function:

Yi,t = (ztHi,t)
1−α

tK
α
i,t − z+t φ,

where Ki,t denotes the labor services rented by the ith intermediate good producer. Firms

must borrow a fraction of the wage bill, so that one unit of labor costs is denoted by

WtR
f
t ,

with

Rf
t = νftRt + 1− νft , (2.2)

where Wt is the aggregate wage rate, Rt is the interest rate on working capital loans, and ν
f
t

corresponds to the fraction that must be financed in advance.
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The firm’s marginal cost, divided by the price of the homogeneous good is denoted by

mct :

mct =
τdt
¡

1
1−α
¢1−α ¡ 1

α

¢α ¡
rkt Pt

¢α ³
WtR

f
t

´1−α
1
t

z1−αt Pt

(2.3)

= τdt

µ
1

1− α

¶1−αµ
1

α

¶α ¡
rkt
¢α ³

w̄tR
f
t

´1−α 1
t
,

where rkt is the nominal rental rate of capital scaled by Pt. Also, τdt is a tax-like shock, which

affects marginal cost, but does not appear in a production function. In the linearization of

a version of the model in which there are no price and wage distortions in the steady state,

τdt is isomorphic to a disturbance in λd, i.e., a markup shock.

Productive efficiency dictates that another expression for marginal cost must also be

satisfied:

mct = τdt
1

Pt

WtR
f
t

MPl,t

= τdt
1

Pt

WtR
f
t

t (1− α) z1−αt

¡
ki,tz

+
t−1Ψt−1/Hi,t

¢α
= τdt

¡
μΨ,t

¢α
w̄tR

f
t

t (1− α)
³

ki,t
μz+,t

/Hi,t

´α (2.4)

The ith firm is a monopolist in the production of the ith good and so it sets its price.

Price setting is subject Calvo frictions. With probability ξd the intermediate good firm

cannot reoptimize its price, in which case,

Pi,t = π̃d,tPi,t−1, π̃d,t ≡ (πt−1)κd (π̄t)1−κd−κd (π̆)κd ,

where κd, κd, κd + κd ∈ (0, 1) are parameters, πt−1 is the lagged inflation rate and π̄t is the

central bank’s target inflation rate. Also, π̆ is a scalar which allows us to capture, among

other things, the case in which non-optimizing firms either do not change price at all (i.e.,

π̆ = κd = 1) or that they index only to the steady state inflation rate (i.e., π̆ = π̄, κd = 1).
With probability 1−ξd the firm can change its price. The problem of the ith intermediate

good producer which has the opportunity to change price is to maximize discounted profits:

Et

∞X
j=0

βjυt+j{Pi,t+jYi,t+j −mct+jPt+jYi,t+j},

subject to the requirement that production equal demand. In the above expression, υt is

the multiplier on the household budget constraint. It measures the marginal value to the
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household of one unit of profits, in terms of currency. In the profit function, we replace the

firm’s output with the demand function:µ
Pt

Pi,t

¶ λd
λd−1

Yt = Yi,t,

to obtain, after rearranging,

Et

∞X
j=0

βjυt+jPt+jYt+j{
µ
Pi,t+j

Pt+j

¶1− λd
λd−1

−mct+j

µ
Pi,t+j

Pt+j

¶ −λd
λd−1

},

or,

Et

∞X
j=0

βjυt+jPt+jYt+j{(Xt,j p̃t)
1− λd

λd−1 −mct+j (Xt,j p̃t)
−λd
λd−1},

where
Pi,t+j

Pt+j
= Xt,j p̃t, Xt,j ≡

(
π̃d,t+j ···π̃d,t+1
πt+j ···πt+1 , j > 0

1, j = 0.
.

The ith firm maximizes profits by choice of p̃t. The fact that this variable does not have

an index, i, reflects that all firms that have the opportunity to reoptimize in period t solve

the same problem, and hence have the same solution. Differentiating its profit function,

multiplying the result by p̃
λd

λd−1
+1

t , rearranging, and scaling we obtain2:

Et

∞X
j=0

(βξd)
j At+j [p̃tXt,j − λdmct+j] = 0,

where At+j is exogenous from the point of view of the firm:

At+j = ψz+,t+j ỹt+jXt,j.

After rearranging the optimizing intermediate good firm’s first order condition for prices, we

obtain,

p̃dt =
Et

P∞
j=0 (βξd)

j At+jλdmct+j

Et

P∞
j=0 (βξd)

j At+jXt,j

=
Kd

t

F d
t

,

say, where

Kd
t ≡ Et

∞X
j=0

(βξd)
j At+jλdmct+j

F d
t = Et

∞X
j=0

(βξd)
j At+jXt,j.

2See section (7.2) on how variables are scaled in the model.
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These objects have the following convenient recursive representations:

Et

"
ψz+,tỹt +

µ
π̃d,t+1
πt+1

¶ 1
1−λd

βξdF
d
t+1 − F d

t

#
= 0

Et

⎡⎣λdψz+,tỹtmct + βξd

µ
π̃d,t+1
πt+1

¶ λd
1−λd

Kd
t+1 −Kd

t

⎤⎦ = 0.

Turning to the aggregate price index:

Pt =

∙Z 1

0

P
1

1−λd
it di

¸(1−λd)
(2.5)

=

∙¡
1− ξp

¢
P̃

1
1−λd
t + ξp (π̃d,tPt−1)

1
1−λd

¸(1−λd)
After dividing by Pt and rearranging:

1− ξd

³
π̃d,t
πt

´ 1
1−λd

1− ξd
=
¡
p̃dt
¢ 1
1−λd . (2.6)

In sum, the equilibrium conditions associated with price setting are:3

Et

"
ψz+,tyt +

µ
π̃d,t+1
πt+1

¶ 1
1−λd

βξdF
d
t+1 − F d

t

#
= 0 (2.7)

Et

⎡⎣λdψz+,tytmct + βξd

µ
π̃d,t+1
πt+1

¶ λd
1−λd

Kd
t+1 −Kd

t

⎤⎦ = 0, (2.8)

p̊t =

⎡⎢⎢⎣(1− ξd)

⎛⎜⎝1− ξd

³
π̃d,t
πt

´ 1
1−λd

1− ξd

⎞⎟⎠
λd

+ ξd

µ
π̃d,t
πt

p̊t−1

¶ λd
1−λd

⎤⎥⎥⎦
1−λd
λd

(2.9)

⎡⎢⎣1− ξd

³
π̃d,t
πt

´ 1
1−λd

1− ξd

⎤⎥⎦
(1−λd)

=
Kd

t

F d
t

(2.10)

3When we linearize about steady state and set κd = 0, we obtain,

π̂t − b̄πct =
β

1 + κdβ
Et

¡
π̂t+1 − b̄πct+1¢+ κd

1 + κdβ

¡
π̂t−1 − b̄πct¢

−κdβ (1− ρπ)

1 + κdβ
b̄πct

+
1

1 + κdβ

(1− βξd) (1− ξd)

ξd
cmct,

where a hat indicates log-deviation from steady state.
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π̃d,t ≡ (πt−1)κd (π̄t)1−κd−κd (π̆)κd (2.11)

The intermediate output good is allocated among alternative uses as follows:

Yt = Gt + Ct + Ĩt (2.12)

Here, Ct denotes household consumption, Gt government consumption and Ĩt is a homoge-

nous investment good. Some of the latter good is used to add to the physical stock of

capital, K̄t. The rest of the investment good is used in maintenance expenditures, which

arise from the utilization of capital, a (ut) K̄t. Here, ut denotes the utilization rate of capital,

with capital services being defined by:

Kt = utK̄t.

We adopt the following functional form for a :

a(u) = 0.5σbσau
2 + σb (1− σa)u+ σb ((σa/2)− 1) , (2.13)

where σa and σb are the parameters of this function. Finally, the integral in (2.12) denotes

domestic resources allocated to exports. The determination of consumption, investment and

export demand is discussed below.

2.2. Households

Household preferences are given by:

Ej
0

∞X
t=0

βt

"
ζct ln (Ct − bCt−1)− ζhtAL

(hj,t)
1+σL

1 + σL

#
. (2.14)

The household owns the economy’s stock of physical capital. It determines the rate at which

the capital stock is accumulated and the rate at which it is utilized. The household owns

the stock of net foreign assets and determines its rate of accumulation.

2.2.1. Technology for Capital Accumulation

The law of motion of the physical stock of capital is:

K̄t+1 = (1− δ) K̄t +ΥtF (It, It−1) ,

where

F (It, It−1) =

µ
1− S̃

µ
It
It−1

¶¶
It,

and

S̃ (x) =
1

2

n
exp

hp
S̃00 (x− μz+μΨ)

i
+ exp

h
−
p
S̃00 (x− μz+μΨ)

i
− 2
o

(2.15)

= 0, x = μz+μΨ.
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Also,

S̃0 (x) =
1

2

p
S̃00
n
exp

hp
S̃00 (x− μz+μΨ)

i
− exp

h
−
p
S̃00 (x− μz+μΨ)

io
(2.16)

= 0, x = μz+μΨ.

and

S̃00 (x) =
1

2
S̃00
n
exp

hp
S̃00 (x− μz+μΨ)

i
+ exp

h
−
p
S̃00 (x− μz+μΨ)

io
= S̃00, x = μz+μΨ.

Also,

F1 (It, It−1) =

µ
1− S̃

µ
It
It−1

¶¶
− S̃0

µ
It
It−1

¶
It
It−1

= 1,
It
It−1

= μz+μΨ,

and,

F2 (It, It−1) = S̃0
µ

It
It−1

¶µ
It
It−1

¶2
= 0,

It
It−1

= μz+μΨ.

Scaling,

F (It, It−1) =

µ
1− S̃

µ
μz+,tμΨ,tit

it−1

¶¶
z+t Ψtit

F1 (It, It−1) =

µ
1− S̃

µ
μz+,tμΨ,tit

it−1

¶¶
− S̃0

µ
μz+,tμΨ,tit

it−1

¶
μz+,tμΨ,tit

it−1

F2 (It, It−1) = S̃0
µ
μz+,tμΨ,tit

it−1

¶µ
μz+,tμΨ,tit

it−1

¶2
In this notation, the law of motion of capital is written,

k̄t+1z
+
t Ψt = (1− δ) K̄tz

+
t−1Ψt−1 +Υt

µ
1− S̃

µ
μz+,tμΨ,tit

it−1

¶¶
z+t Ψtit,

or,

k̄t+1 =
1− δ

μz+,tμΨ,t
k̄t +Υt

µ
1− S̃

µ
μz+,tμΨ,tit

it−1

¶¶
it. (2.17)
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2.2.2. Household Consumption and Investment Decisions

The first order condition for consumption is:

ζct
ct − bct−1

1
μz+,t

− βbEt

ζct+1
ct+1μz+,t+1 − bct

− ψz+,tp
c
t (1 + τ ct) = 0. (2.18)

To define the intertemporal Euler equation associated with the household’s capital accumu-

lation decision, we need to define the rate of return on a period t investment in a unit of

physical capital, Rk
t+1 :

Rk
t+1 =

(1− τkt )
h
ut+1r̄

k
t+1 −

pit+1
Ψt+1

a(ut+1)
i
Pt+1 + (1− δ)Pt+1Pk0,t+1 + τkt δPtPk0,t

PtPk0,t
, (2.19)

where it is convenient to recall
pit
Ψt

Pt = P i
t ,

the date t price of the homogeneous investment good. Here, Pk0,t denotes the price of a unit

of newly installed physical capital, which operates in period t + 1. This price is expressed

in units of the homogeneous good, so that PtPk0,t is the currency price of physical capital.

The numerator in the expression for Rk
t+1 represents the period t + 1 payoff from a unit of

additional physical capital. The timing of the capital tax rate reflects the assumption that

the relevant tax rate is known at the time the investment decision is made. The expression

in square brackets in (2.19) captures the idea that maintenance expenses associated with

the operation of capital are deductible from taxes. The last expression in the numerator

expresses the idea that physical depreciation is deductible at historical cost. It is convenient

to express Rk
t in terms of scaled variables:

Rk
t+1 =

Pt+1Ψt+1

PtΨt+1

(1− τkt )
h
ut+1r̄

k
t+1 −

pit+1
Ψt+1

a(ut+1)
i
+ (1− δ)Pk0,t+1 + τkt δ

Pt
Pt+1

Pk0,t

Pk0,t

= πt+1
(1− τkt )

£
ut+1r̄

k
t+1 − pit+1a(ut+1)

¤
+ (1− δ)Ψt+1Pk0,t+1 + τkt δ

Pt
Pt+1

Ψt+1Pk0,t

Ψt+1Pk0,t
.

so that

Rk
t+1 =

πt+1
μΨ,t+1

(1− τkt )
£
ut+1r̄

k
t+1 − pit+1a(ut+1)

¤
+ (1− δ)pk0,t+1 + τkt δ

μΨ,t+1
πt+1

pk0,t

pk0,t
. (2.20)

Capital is a good hedge against inflation, except for the way depreciation is treated. A

rise in inflation effectively raises the tax rate on capital because of the practice of valuing

depreciation at historical cost. The first order condition for capital implies:

ψz+,t = βEtψz+,t+1

Rk
t+1

πt+1μz+,t+1
. (2.21)
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We differentiate the Lagrangian representation of the household’s problem with respect

to It :

−υtP i
t + ωtΥtF1 (It, It−1) + βωt+1Υt+1F2 (It+1, It) = 0,

where υt denotes the multiplier on the household’s nominal budget constraint and ωt denotes

the multiplier on the capital accumulation technology. In addition, the price of capital is the

ratio of these multipliers:

PtPk0,t =
ωt

υt
.

Expressing the investment first order condition in terms of scaled variables,

−
ψz+,t

z+t

pit
Ψt
+ υtPtPk0,tΥt

∙
1− S̃

µ
μz+,tμΨ,tit

it−1

¶
− S̃0

µ
μz+,tμΨ,tit

it−1

¶
μz+,tμΨ,tit

it−1

¸
+βυt+1Pt+1Pk0,t+1Υt+1S̃

0
µ
μz+,t+1μΨ,t+1it+1

it

¶µ
μz+,t+1μΨ,t+1it+1

it

¶2
= 0.

Now multiply by z+t Ψt

−ψz+,tp
i
t + ψz+,tpk0,tΥt

∙
1− S̃

µ
μz+,tμΨ,tit

it−1

¶
− S̃0

µ
μz+,tμΨ,tit

it−1

¶
μz+,tμΨ,tit

it−1

¸
(2.22)

+βψz+,t+1pk0,t+1Υt+1S̃
0
µ
μz+,t+1μΨ,t+1it+1

it

¶µ
it+1
it

¶2
μΨ,t+1μz+,t+1 = 0.

The first order condition associated with capital utilization is:

Ψtr
k
t = a0 (ut) ,

or, in scaled terms,

r̄kt = a0 (ut) . (2.23)

The tax rate on capital income does not enter here because of the deductibility of maintenance

costs.

2.2.3. Financial Assets

The household does the economy’s saving. Period t saving occurs by the acquisition an

asset which is used to finance the working capital requirements of firms. This asset pays a

nominally non-state contingent return from t to t+1, Rt. The first order condition associated

with this asset is:

−ψz+,t + βEt

ψz+,t+1

μz+,t+1

∙
Rt − τ bt (Rt − πt+1)

πt+1

¸
= 0, (2.24)

where τ bt is the tax rate on the real interest rate on bond income (for additional discussion

of τ b, see section 2.3.) A consequence of our treatment of the taxation on bonds is that the

steady state real after tax return on bonds is invariant to π.
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2.2.4. Wage Setting

Finally, we consider wage setting. We suppose that the specialized labor supplied by house-

holds is combined by labor contractors into a homogeneous labor service as follows:

Ht =

∙Z 1

0

(hj,t)
1
λw dj

¸λw
, 1 ≤ λw <∞,

where hj denotes the jth household supply of labor services. Households are subject to Calvo

wage setting frictions as in Erceg, Henderson and Levin (2000) (EHL). With probability

1 − ξw the j
th household is able to reoptimize its wage and with probability ξw it sets its

wage according to:

Wj,t+1 = π̃w,t+1Wj,t (2.25)

π̃w,t+1 = (πct)
κw (π̄t+1)

(1−κw−κw) (π̆)κw (μz+)
ϑw , (2.26)

where κw,κw, ϑw, κw + κw ∈ (0, 1) . The wage updating factor, π̃w,t+1, is sufficiently flexible
that we can adopt a variety of interesting schemes.

Consider the jth household that has an opportunity to reoptimize its wage at time t.We

denote this wage rate by W̃t. This is not indexed by j because the situation of each household

that optimizes its wage is the same. In choosing W̃t, the household considers the discounted

utility (neglecting currently irrelevant terms in the household objective) of future histories

when it cannot reoptimize:

Ej
t

∞X
i=0

(βξw)
i

"
−ζht+iAL

(hj,t+i)
1+σL

1 + σL
+ υt+iWj,t+ihj,t+i

1− τ yt+i
1 + τwt+i

#
,

where τ yt is a tax on labor income and τwt is a payroll tax. Also, υt is the multiplier on the

household’s period t budget constraint. The demand for the jth household’s labor services,

conditional on it having optimized in period t and not again since, is:

hj,t+i =

Ã
W̃tπ̃w,t+i · · · π̃w,t+1

Wt+i

! λw
1−λw

Ht+i.

Here, it is understood that π̃w,t+i · · · π̃w,t+1 ≡ 1 when i = 0. Substituting this into the

objective function,

Ej
t

∞X
i=0

(βξw)
i [−ζht+iAL

µ³
W̃tπ̃w,t+i···π̃w,t+1

Wt+i

´ λw
1−λw

Ht+i

¶1+σL
1 + σL

+υt+iW̃tπ̃w,t+i · · · π̃w,t+1

Ã
W̃tπ̃w,t+i · · · π̃w,t+1

Wt+i

! λw
1−λw

Ht+i

1− τ yt+i
1 + τwt+i

],
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It is convenient to recall the scaling of variables:

ψz+,t = υtPtz
+
t , w̄t =

Wt

z+t Pt

, ỹt =
Yt
z+t

, wt = W̃t/Wt, z
+
t = Ψ

α
1−α
t zt.

Then,

W̃tπ̃w,t+i · · · π̃w,t+1
Wt+i

=
W̃tπ̃w,t+i · · · π̃w,t+1

w̄t+iz
+
t+iPt+i

=
W̃t

w̄t+iz
+
t Pt

Xt,i

=
Wt

³
W̃t/Wt

´
w̄t+iz

+
t Pt

Xt,i =
w̄t

³
W̃t/Wt

´
w̄t+i

Xt,i =
wtw̄t

w̄t+i
Xt,i,

where

Xt,i =
π̃w,t+i · · · π̃w,t+1

πt+iπt+i−1 · · · πt+1μz+,t+i · · · μz+,t+1
, i > 0

= 1, i = 0.

It is interesting to investigate the value of Xt,i in steady state, as i→∞. Thus,

Xt,i =

¡
πct · · · πct+i−1

¢κw (π̄t+1 · · · π̄t+i)(1−κw−κw) ¡π̆i¢κw ¡μiz+¢ϑw
πt+iπt+i−1 · · · πt+1μz+,t+i · · · μz+,t+1

In steady state,

Xt,i =
(π̄i)

κw (π̄i)
(1−κw−κw) ¡π̆i¢κw ¡μiz+¢ϑw

π̄iμiz+

=

µ
π̆i

π̄i

¶κw ¡
μiz+
¢ϑw−1

→ 0,

in the no-indexing case, when π̆ = 1, κw = 1 and ϑw = 0.

Simplifying using the scaling notation,

Ej
t

∞X
i=0

(βξw)
i [−ζht+iAL

µ³
wtw̄t
w̄t+i

Xt,i

´ λw
1−λw

Ht+i

¶1+σL
1 + σL

+υt+iWt+i
wtw̄t

w̄t+i
Xt,i

µ
wtw̄t

w̄t+i
Xt,i

¶ λw
1−λw

Ht+i

1− τ yt+i
1 + τwt+i

],

or,

Ej
t

∞X
i=0

(βξw)
i [−ζht+iAL

µ³
wtw̄t
w̄t+i

Xt,i

´ λw
1−λw

Ht+i

¶1+σL
1 + σL

+ψz+,t+iwtw̄tXt,i

µ
wtw̄t

w̄t+i
Xt,i

¶ λw
1−λw

Ht+i

1− τ yt+i
1 + τwt+i

],
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or,

Ej
t

∞X
i=0

(βξw)
i [−ζht+iAL

µ³
w̄t
w̄t+i

Xt,i

´ λw
1−λw

Ht+i

¶1+σL
1 + σL

w
λw

1−λw (1+σL)

t

+ψz+,t+iw
1+ λw

1−λw
t w̄tXt,i

µ
w̄t

w̄t+i
Xt,i

¶ λw
1−λw

Ht+i

1− τ yt+i
1 + τwt+i

],

Differentiating with respect to wt,

Ej
t

∞X
i=0

(βξw)
i [−ζht+iAL

µ³
w̄t
w̄t+i

Xt,i

´ λw
1−λw

Ht+i

¶1+σL
1 + σL

λw (1 + σL)w
λw

1−λw (1+σL)−1
t

+ψz+,t+iw
λw

1−λw
t w̄tXt,i

µ
w̄t

w̄t+i
Xt,i

¶ λw
1−λw

Ht+i

1− τ yt+i
1 + τwt+i

] = 0

Dividing and rearranging,

Ej
t

∞X
i=0

(βξw)
i [−ζht+iAL

Ãµ
w̄t

w̄t+i
Xt,i

¶ λw
1−λw

Ht+i

!1+σL

+
ψz+,t+i

λw
w

1−λw(1+σL)
1−λw

t w̄tXt,i

µ
w̄t

w̄t+i
Xt,i

¶ λw
1−λw

Ht+i

1− τ yt+i
1 + τwt+i

] = 0

Solving for the wage rate:

w
1−λw(1+σL)

1−λw
t =

Ej
t

P∞
i=0 (βξw)

i ζht+iAL

µ³
w̄t
w̄t+i

Xt,i

´ λw
1−λw

Ht+i

¶1+σL
Ej
t

P∞
i=0 (βξw)

i ψz+,t+i
λw

w̄tXt,i

³
w̄t
w̄t+i

Xt,i

´ λw
1−λw

Ht+i
1−τyt+i
1+τwt+i

=
ALKw,t

w̄tFw,t

where

Kw,t = Ej
t

∞X
i=0

(βξw)
i ζht+i

Ãµ
w̄t

w̄t+i
Xt,i

¶ λw
1−λw

Ht+i

!1+σL

Fw,t = Ej
t

∞X
i=0

(βξw)
i ψz+,t+i

λw
Xt,i

µ
w̄t

w̄t+i
Xt,i

¶ λw
1−λw

Ht+i

1− τ yt+i
1 + τwt+i

.

Thus, the wage set by reoptimizing households is:

wt =

∙
ALKw,t

w̄tFw,t

¸ 1−λw
1−λw(1+σL)

.
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We now express Kw,t and Fw,t in recursive form:

Kw,t = Ej
t

∞X
i=0

(βξw)
i ζht+i

Ãµ
w̄t

w̄t+i
Xt,i

¶ λw
1−λw

Ht+i

!1+σL

= ζhtH
1+σL
t + βξwζ

h
t+1

⎛⎝Ã w̄t

w̄t+1

(πct)
κw (π̄t+1)

(1−κw−κw) (π̆)κw (μz+)
ϑw

πt+1μz+,t+1

! λw
1−λw

Ht+1

⎞⎠1+σL

+(βξw)
2 ζht+2

⎛⎝Ã w̄t

w̄t+2

¡
πctπ

c
t+1

¢κw (π̄t+1π̄t+2)(1−κw−κw) ¡π̆2¢κw ¡μ2z+¢ϑw
πt+2πt+1μz+,t+2μz+,t+1

! λw
1−λw

Ht+2

⎞⎠1+σL

+...

or,

Kw,t = ζhtH
1+σL
t +Etβξw

Ã
w̄t

w̄t+1

(πct)
κw (π̄t+1)

(1−κw−κw) (π̆)κw (μz+)
ϑw

πt+1μz+,t+1

! λw
1−λw (1+σL)

{ζht+1H1+σL
t+1

+βξw

⎛⎝Ãw̄t+1

w̄t+2

¡
πct+1

¢κw (π̄t+2)(1−κw−κw) (π̆)κw (μz+)ϑw
πt+2μz+,t+2

! λw
1−λw

Ht+2

⎞⎠1+σL

ζht+2 + ...}

= ζhtH
1+σL
t + βξwEt

Ã
w̄t

w̄t+1

(πct)
κw (π̄t+1)

(1−κw−κw) (π̆)κw (μz+)
ϑw

πt+1μz+,t+1

! λw
1−λw (1+σL)

Kw,t+1

= ζhtH
1+σL
t + βξwEt

µ
π̃w,t+1
πw,t+1

¶ λw
1−λw (1+σL)

Kw,t+1,

using,

πw,t+1 =
Wt+1

Wt
=

w̄t+1z
+
t+1Pt+1

w̄tz
+
t Pt

=
w̄t+1μz+,t+1πt+1

w̄t
(2.27)
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Also,

Fw,t = Ej
t

∞X
i=0

(βξw)
i ψz+,t+i

λw
Xt,i

µ
w̄t

w̄t+i
Xt,i

¶ λw
1−λw

Ht+i

1− τ yt+i
1 + τwt+i

=
ψz+,t

λw
Ht
1− τ yt
1 + τwt

+βξw
ψz+,t+1

λw

µ
w̄t

w̄t+1

¶ λw
1−λw

Ã
(πct)

κw (π̄t+1)
(1−κw−κw) (π̆)κw (μz+)

ϑw

πt+1μz+,t+1

!1+ λw
1−λw

Ht+1

1− τ yt+1
1 + τwt+1

+(βξw)
2 ψz+,t+2

λw

µ
w̄t

w̄t+2

¶ λw
1−λw

×
Ã¡

πctπ
c
t+1

¢κw
(π̄t+1π̄t+2)

(1−κw−κw) ¡π̆2¢κw ¡μ2z+¢ϑw
πt+2πt+1μz+,t+2μz+,t+1

!1+ λw
1−λw

Ht+2

1− τ yt+2
1 + τwt+2

+...

or,

Fw,t =
ψz+,t

λw
Ht
1− τ yt
1 + τwt

+βξw

µ
w̄t

w̄t+1

¶ λw
1−λw

Ã
(πct)

κw (π̄t+1)
(1−κw−κw) (π̆)κw (μz+)

ϑw

πt+1μz+,t+1

!1+ λw
1−λw

{
ψz+,t+1

λw
Ht+1

1− τ yt+1
1 + τwt+1

+βξw

µ
w̄t+1

w̄t+2

¶ λw
1−λw

Ã¡
πct+1

¢κw (π̄t+2)(1−κw−κw) (π̆)κw (μz+)ϑw
πt+2μz+,t+2

!1+ λw
1−λw ψz+,t+2

λw
Ht+2

1− τ yt+2
1 + τwt+2

+...}

=
ψz+,t

λw
Ht
1− τ yt
1 + τwt

+ βξw

µ
w̄t+1

w̄t

¶µ
π̃w,t+1
πw,t+1

¶1+ λw
1−λw

Fw,t+1,

so that

Fw,t =
ψz+,t

λw
Ht
1− τ yt
1 + τwt

+ βξwEt

µ
w̄t+1

w̄t

¶µ
π̃w,t+1
πw,t+1

¶1+ λw
1−λw

Fw,t+1,

We obtain a second restriction on wt using the relation between the aggregate wage rate

and the wage rates of individual households:

Wt =

∙
(1− ξw)

³
W̃t

´ 1
1−λw

+ ξw (π̃w,tWt−1)
1

1−λw

¸1−λw
.

Dividing both sides by Wt and rearranging,

wt =

⎡⎢⎣1− ξw

³
π̃w,t
πw,t

´ 1
1−λw

1− ξw

⎤⎥⎦
1−λw

.
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Substituting, out for wt from the household’s first order condition for wage optimization:

1

AL

⎡⎢⎣1− ξw

³
π̃w,t
πw,t

´ 1
1−λw

1− ξw

⎤⎥⎦
1−λw(1+σL)

w̄tFw,t = Kw,t.

We now derive the relationship between aggregate homogeneous hours worked, Ht, and

aggregate household hours,

ht ≡
Z 1

0

hj,tdj.

Substituting the demand for hj,t into the latter expression, we obtain,

ht =

Z 1

0

µ
Wj,t

Wt

¶ λw
1−λw

Htdj

=
Ht

(Wt)
λw

1−λw

Z 1

0

(Wj,t)
λw

1−λw dj

= ẘ
λw

1−λw
t Ht, (2.28)

where

ẘt ≡
W̊t

Wt
, W̊t =

∙Z 1

0

(Wj,t)
λw

1−λw dj

¸ 1−λw
λw

.

Also,

W̊t =

∙
(1− ξw)

³
W̃t

´ λw
1−λw

+ ξw

³
π̃w,tW̊t−1

´ λw
1−λw

¸ 1−λw
λw

,

so that,

ẘt =

"
(1− ξw) (wt)

λw
1−λw + ξw

µ
π̃w,t
πw,t

ẘt−1

¶ λw
1−λw

# 1−λw
λw

=

⎡⎢⎢⎣(1− ξw)

⎛⎜⎝1− ξw

³
π̃w,t
πw,t

´ 1
1−λw

1− ξw

⎞⎟⎠
λw

+ ξw

µ
π̃w,t
πw,t

ẘt−1

¶ λw
1−λw

⎤⎥⎥⎦
1−λw
λw

. (2.29)
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In addition to (2.29), we have following equilibrium conditions associated with sticky wages4:

Fw,t =
ψz+,t

λw
ẘ
− λw
1−λw

t ht
1− τ yt
1 + τwt

+ βξwEt

µ
w̄t+1

w̄t

¶µ
π̃w,t+1
πw,t+1

¶1+ λw
1−λw

Fw,t+1 (2.31)

Kw,t = ζht

µ
ẘ
− λw
1−λw

t ht

¶1+σL
+ βξwEt

µ
π̃w,t+1
πw,t+1

¶ λw
1−λw (1+σL)

Kw,t+1 (2.32)

1

AL

⎡⎢⎣1− ξw

³
π̃w,t
πw,t

´ 1
1−λw

1− ξw

⎤⎥⎦
1−λw(1+σL)

w̄tFw,t = Kw,t. (2.33)

2.3. Fiscal and Monetary Authorities

We suppose that monetary policy follows a Taylor rule of the following form:

log

µ
Rt

R

¶
= ρR log

µ
Rt−1

R

¶
+ (1− ρR) [rπ log

µ
πt+1
π̄t

¶
+ ry log

µ
yt−1
y

¶
] + εR,t.

The parameters would be taken as unknowns to be estimated. In addition, π̄t is an exogenous

process that characterizes the central bank’s consumer price index inflation target and its

steady state value corresponds to the steady state of actual inflation.

4Log linearizing these equations about the nonstochastic steady state and under the assumption of κw = 0,
we obtain

Et

⎡⎢⎢⎢⎣
η0 b̄wt−1 + η1 b̄wt + η2 b̄wt+1 + η3

¡
π̂t − b̄πct¢+ η4

¡
π̂t+1 − ρπ̄c b̄πct¢

+η5
¡
π̂ct−1 − b̄πct¢+ η6

¡
π̂ct − ρπ̄c b̄πct¢

+η7ψ̂z+,t + η8Ĥt + η9τ̂
y
t + η10τ̂

w
t + η11ζ̂

h

t

+η12μ̂z+,t + η13μ̂z+,t+1

⎤⎥⎥⎥⎦ = 0, (2.30)

where

bw =
[λwσL − (1− λw)]

[(1− βξw) (1− ξw)]

and ⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

η0
η1
η2
η3
η4
η5
η6
η7
η8
η9
η10
η11
η12
η13

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

bwξw¡
σLλw − bw

¡
1 + βξ2w

¢¢
bwβξw
−bwξw
bwβξw
bwξwκw
−bwβξwκw
(1− λw)
−(1− λw)σL
−(1− λw)

τy

(1−τy)
−(1− λw)

τw

(1+τw)

−(1− λw)
−bwξw
bwβξw

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.
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We model government consumption expenditures as

Gt = gtz
+
t .

where gt is an exogenous stochastic process, orthogonal to the other shocks in the model.

All distortionary taxes are assumed to follow exogenous stochastic processes. Lump-sum

transfers are assumed to balance the government budget.

2.4. Resource Constraint

We begin by deriving a relationship between total output of the homogeneous good, Yt, and

aggregate factors of production. We first consider the production of the homogenous output

good:

Y sum
t =

Z 1

0

Yi,tdi

=

Z 1

0

£
(ztHi,t)

1−α
tK

α
i,t − z+t φ

¤
di

=

Z 1

0

∙
z1−αt t

µ
Ki,t

Hit

¶α

Hit − z+t φ

¸
di

= z1−αt t

µ
Kt

Ht

¶α Z 1

0

Hitdi− z+t φ

where Kt is the economy-wide average stock of capital services and Ht is the economy-wide

average of homogeneous labor. The last expression exploits the fact that all intermediate

good firms confront the same factor prices, and so they adopt the same capital services

to homogeneous labor ratio. This follows from cost minimization, and holds for all firms,

regardless whether or not they have an opportunity to reoptimize. Then,

Y sum
t = z1−αt tK

α
t H

1−α
t − z+t φ.

Recall that the demand for Yj,t isµ
Pt

Pi,t

¶ λd
λd−1

=
Yi,t
Yt

,

so that

Y̊t ≡
Z 1

0

Yi,tdi =

Z 1

0

Yt

µ
Pt

Pi,t

¶ λd
λd−1

di = YtP
λd

λd−1
t

³
P̊t

´ λd
1−λd ,

say, where

P̊t =

∙Z 1

0

P
λd

1−λd
i,t di

¸ 1−λd
λd

. (2.34)
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Dividing by Pt,

p̊t =

⎡⎣Z 1

0

µ
Pit

Pt

¶ λd
1−λd

di

⎤⎦
1−λd
λd

,

or,

p̊t =

⎡⎢⎢⎣¡1− ξp
¢⎛⎜⎝1− ξp

³
π̃d,t
πt

´ 1
1−λd

1− ξp

⎞⎟⎠
λd

+ ξp

µ
π̃d,t
πt

p̊t−1

¶ λd
1−λd

⎤⎥⎥⎦
1−λd
λd

. (2.35)

The preceding discussion implies:

Yt = (p̊t)
λd

λd−1 Y̊t = (p̊t)
λd

λd−1
£
z1−αt tK

α
t H

1−α
t − z+t φ

¤
,

or, after scaling by z+t ,

yt = (p̊t)
λd

λd−1

∙
t

µ
1

μΨ,t

1

μz+,t
kt

¶α

H1−α
t − φ

¸
,

where

kt = k̄tut. (2.36)

We replace aggregate homogeneous labor, Ht, with aggregate household labor, ht, as follows:

yt = (p̊t)
λd

λd−1

"
t

µ
1

μΨ,t

1

μz+,t
kt

¶αµ
ẘ
− λw
1−λw

t ht

¶1−α
− φ

#
. (2.37)

It is convenient to also have an expression that exhibits the uses of the homogeneous

output,

z+t yt = Gt + Ct + Ĩt,

or, after scaling by z+t :

yt = gt + ct +

µ
it + a (ut)

k̄t
μψ,tμz+,t

¶
.

3. Alternative Representation of the Labor Market

This section replaces the model of the labor market in our baseline model with the search and

matching framework of Mortensen and Pissarides (1994) and, more recently, Hall (2005a,b,c)

and Shimer (2005a,b). We integrate the framework into our environment - which includes

capital and monetary factors - following the Gertler, Sala and Trigari (2006) (henceforth

GST) strategy implemented in Christiano, Ilut, Motto, and Rostagno (2007). A key feature
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of the GST model is that there are wage-setting frictions, but they do not have a direct

impact on on-going worker employer relations. However, wage-setting frictions have an

impact on the effort of an employer in recruiting new employees. In this sense, the setup is

not vulnerable to the Barro (1977) critique of sticky wages. The model is also attractive

because of the richness of its labor market implications: the model differentiates between

hours worked and the quantity of people employed, it has unemployment and vacancies.

The labor market in our alternative labor market model is a modified version of the GST

model. GST assume wage-setting frictions of the Calvo type, while we instead work with

Taylor-type frictions. In addition, we adopt a slightly different representation of the produc-

tion sector in order to maximize comparability with our baseline model. A key difference is

that we allow for endogenous separation of employees from their jobs, as in e.g. den Haan,

Ramey and Watson (2000). In what follows, we first provide an overview and after that we

present the detailed decision problems of agents in the labor market.

3.1. Sketch of the Model

As in the discussion of section 2.1, we adopt the Dixit-Stiglitz specification of homogeneous

goods production. A representative, competitive retail firm aggregates differentiated inter-

mediate goods into a homogeneous good. Intermediate goods are supplied by monopolists,

who hire labor and capital services in competitive factor markets. The intermediate good

firms are assumed to be subject to the same Calvo price setting frictions in the baseline

model.

In the baseline model, the homogeneous labor services supplied to the competitive labor

market by labor retailers (contractors) who combine the labor services supplied to them

by households who monopolistically supply specialized labor services (see section 2.1). The

modified model dispenses with the specialized labor services abstraction. Labor services are

instead supplied to the homogeneous labor market by ‘employment agencies’. The change

leaves the equilibrium conditions associated with the production of the homogeneous good

unaffected.5

Each employment agency retains a large number of workers. At the beginning of the

period a fraction, 1 − ρ, of workers is randomly selected to separate from the firm and go

into unemployment. Also, a number of new workers arrive from unemployment in proportion

to the number of vacancies posted by the agency in the previous period. After separation

and new arrivals occur, the nominal wage rate is set.

5An alternative (perhaps more natural) formulation would be for the intermediate good firms to do their
own employment search. We instead separate the task of finding workers from production of intermediate
goods in order to avoid adding a state variable to the intermediate good firm, which would complicate the
solution of their price-setting problem.
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The nominal wage paid to an individual worker is determined by Nash bargaining, which

occurs once every N periods. The employees of an agency are represented by a union at

negotiations. This assumption has no consequences except that it makes clear which wage

(i.e. the collectively negotiated wage) will apply to workers arriving at the agency during

the duration of the wage contract. Each employment agency is permanently allocated to

one of N different cohorts. Cohorts are differentiated according to the period in which they

renegotiate their wage. Since there is an equal number of agencies in each cohort, 1/N of

the agencies bargain in each period. The wage in agencies that do not bargain in the current

period is updated from the previous period according to the same rule used in our baseline

model.

Next, each worker realizes an idiosyncratic productivity shock and workers with a shock

below an endogenously determined cutoff separate into unemployment. The cutoff level of

productivity is chosen relative to a particular surplus criterion, maximizing the surplus of

the employment agency. The intensity of each worker’s labor effort is then determined by

an efficiency criterion. To explain how labor intensity is chosen, we discuss the implications

of increased intensity for the worker and for the employment agency. The utility function of

the household in the present labor market model is a modified version of (2.14):

Et

∞X
l=0

βl−t{ζct+l log(Ct+l − bCt+l−1)− ζht+lAL

"
N−1X
i=0

(ς i,t+l)
1+σL

1 + σL

£
1− F

¡
āit+l

¢¤
lit+l

#
}, (3.1)

where
£
1−F

¡
āit+l

¢¤
lit+l is the quantity of people working in cohort i and ς i,t is the intensity

with with each worker in cohort i works. As in GST, we follow the family household construct

of Merz (1995) in supposing that each household has a large number of workers. Although

the individual worker’s labor market experience - whether employed or unemployed - is

determined in part by idiosyncratic shocks, the household has sufficiently many workers

that the total fraction of workers employed, Lt, as well as the fractions allocated among

the different cohorts, [1−F (āit)] lit, i = 0, ..., N − 1, is the same for each household. We
suppose that all the household’s workers are supplied inelastically to the labor market (i.e.,

labor force participation is constant). Each worker passes randomly from employment with

a particular agency to unemployment and back to employment according to the endogenous

probabilities described below.

The household’s currency receipts arising from the labor market are:

(1− Lt)P
c
t b

uz+t +
N−1X
i=0

W i
t

quantity of people working in cohort iz }| {£
1−F

¡
āit
¢¤
lit ς i,t

1− τ yt
1 + τwt

(3.2)

where W i
t is the nominal wage rate earned by workers in cohort i = 0, ..., N − 1. The index,

i, indicates the number of periods in the past when bargaining occurred most recently. As
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in our baseline model, there is a labor income tax τ yt and a payroll tax τwt that affect the

after-tax wage. Note that we implicitly assume that labor intensity, ς i,t, is cohort-specific.

This is explained below. The presence of the term involving bu indicates the assumption that

unemployed workers receive a payment of buz+t final consumption goods. The unemployment

benefits are financed by lump sum taxes.

Let the price of labor services, Wt, denote the marginal gain to the employment agency

that occurs when an individual worker raises labor intensity by one unit. Because the

employment agency is competitive in the supply of labor services, Wt is taken as given and

is the same for all agencies, regardless of which cohort it is in. Labor intensity equates the

worker’s marginal cost to the agency’s marginal benefit:

Wt
E it

1−F i
t

= ζhtALς
σL
i,t

1

υt
1−τyt
1+τwt

(3.3)

for i = 0, ..., N − 1. Here,

Ejt ≡ E
¡
ājt ;σa,t

¢
≡
Z ∞

ājt

adF (a;σa,t)

F i
t = F

¡
ājt ;σa,t

¢
=

Z ājt

0

dF (a;σa,t) .

Division by 1−F i
t is required in (3.3) so that the expectation is relative to the distribution

of a conditional on a ≥ ājt . To understand the expression on the right of (3.3), note that the

marginal cost, in utility terms, to an individual worker who increases labor intensity by one

unit is ζhtALς
σL
i,t . This is converted to after-tax currency units by dividing by the multiplier,

υt, on the household’s nominal budget constraint as well as by the tax wedge due to labor

income taxes and payroll taxes. Scaling (3.3) by Ptz
+
t yields:

w̄t
E it

1− F i
t

= ζhtALς
σL
i,t

1

ψz+,t
1−τyt
1+τwt

(3.4)

Labor intensity will be different across cohorts because E it/ (1−F i
t ) in (3.4) is indexed by

cohort. When the wage rate is determined by Nash bargaining, it is taken into account that

labor intensity is determined according to (3.4) and that some workers will endogenously

separate. Note, that the ratio
E it

(1−F i
t ) ς

σL
i,t

will be the same for all cohorts since all other variables in (3.4) are not indexed by cohort.

Finally, the employment agency in the ith cohort determines how many employees it will

have in period t+ 1 by choosing vacancies, vit. The vacancy posting costs associated with vit
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are:
κz+t
2

µ
Qι
tv

i
t

[1−F (āit)] lit

¶2 £
1−F

¡
āit
¢¤
lit,

units of the domestic homogeneous good. Here, [1−F (āit)] lit denotes the number of em-
ployees in the ith cohort after endogenous separations have occurred and κz+t /2 is a cost

parameter which is assumed to grow at the same rate as the overall economic growth rate.

Also, Qt is the probability that a posted vacancy is filled. The functional form of our cost

function nests GT and GST when ι = 1. With this parameterization the cost function is in

terms of the number of people hired, not the number of vacancies per se. We interpret this

as reflecting that the GT and GST specifications emphasize internal costs (such as training

and other) of adjusting the work force, and not search costs. In models used in the search

literature (see, e.g., Shimer (2005a)), vacancy posting costs are independent of Qt, i.e., ι = 0.

We also plan to investigate this latter case. We suspect that the model implies less amplifi-

cation in response to expansionary shock in the case, ι = 0. In a boom, Qt can be expected

to fall, so that with ι = 1, costs of posting vacancies decrease in the GT specification.

3.2. Model Details

An employment agency in the ith cohort which does not renegotiate its wage in period t sets

the period t wage, Wi,t, as in (2.25):

Wi,t = π̃w,tWi−1,t−1, π̃w,t ≡
¡
πct−1

¢κw (π̄t)(1−κw−κw) (π̆)κw(μz+)ϑw , (3.5)

for i = 1, ..., N − 1 (note that an agency that was in the ith cohort in period t was in cohort

i− 1 in period t− 1) where κw,κw, ϑw, κw + κw ∈ (0, 1) . After wages are set, employment
agencies in cohort i decide on endogenous separation, post vacancies to attract new workers

in the next period and supply labor services, litς i,t, into competitive labor markets.

3.2.1. The Employment-Agency Problem

To understand how agencies bargain and how they make their employment decisions, it is

useful to consider F (l0t , ωt) , the value function of the representative employment agency

in the cohort that negotiates its wage in the current period. The arguments of F are the

agency’s workforce after beginning-of-period exogenous separations and new arrivals, l0t , and

an arbitrary value for the nominal wage rate, ωt.We are thus interested in the firm’s problem

after the wage rate has been set, when endogenous separations take place, followed by the

setting of vacancies. To simplify notation, we leave out arguments of F that correspond to

economy-wide variables. We find it convenient to adopt a change of variables. We suppose

that the firm chooses a particular monotone transform of vacancy postings, which we denote
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by ṽit :

ṽit ≡
Qι
tv

i
t¡

1−F j
t

¢
lit
,

where 1− F j
t denotes the fraction of the beginning-of-period t workforce in cohort j which

remains after endogenous separations. The agency’s hiring rate is related to ṽit by:

χit = Q1−ι
t ṽit. (3.6)

The timing in the endogenous separation model is that at the beginning of period t,

exogenous separations occur, and new arrivals occur. Then, if this is a bargaining period,

bargaining occurs. Then, idiosyncratic productivities are realized and a cutoff productivity,

ājt , is determined. Thus, the fraction of the current workforce in cohort j that is let go is

F j
t and the fraction that survives is 1 − F j

t . So, if l
j
t is the work force just after exogenous

separations and new arrivals, then ¡
1−F j

t

¢
ljt

is the size of the workforce after endogenous separations. The law of motion of the work

force in each cohort is:

lj+1t+1 =
¡
χjt + ρ

¢ ¡
1−F j

t

¢
ljt , (3.7)

for j = 0, 1, ..., N − 1, with the understanding here and throughout that j = N is to be

interpreted as j = 0 and where lj+1t+1 is the workforce after new arrivals and exogenous

separations in period t+ j. Expression (3.7) is deterministic, reflecting the assumption that

the agency employs a large number of workers.. After endogenous separations, agencies post

vacancies.

The value function of the firm is:

F
¡
l0t , ωt

¢
=

N−1X
j=0

βjEt
υt+j
υt

max
ṽjt+j

[

Z ∞

ājt+j

(Wt+ja− Γt,jωt) ςj,t+j

‘fraction’ of ljt+j with productivity az }| {
dF (a)

−

costs are proportional to workforce after current period separationsz }| {
Pt+j

κz+t+j
2

¡
ṽjt
¢2 ¡
1− F j

t+j

¢
]ljt+j + βNEt

υt+N
υt

F
³
l0t+N , W̃t+N

´
,

where ςj,t is assumed to satisfy (3.4). Simplifying,

F
¡
l0t , ωt

¢
=

N−1X
j=0

βjEt
υt+j
υt

max
ṽjt+j

[
¡
Wt+jEjt+j − Γt,jωt

£
1−F j

t+j

¤¢
ςj,t+j (3.8)

−Pt+j

κz+t+j
2

¡
ṽjt
¢2 ¡
1−F j

t+j

¢
]ljt+j

+βNEt
υt+N
υt

F
³
l0t+N , W̃t+N

´
,
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Here,

Γt,j =

½
π̃w,t+j · · · π̃w,t+1, j > 0

1 j = 0
. (3.9)

Also, W̃t+N denotes the Nash bargaining wage rate that will be negotiated when the agency

next has an opportunity to do so. At time t, the agency takes W̃t+N as given.

Writing out (3.8):

F
¡
l0t , ωt

¢
= max

{vjt+j}N−1j=0

{
∙¡
WtE0t − ωt

¡
1−F0t

¢¢
ςt − Pt

κz+t
2

¡
ṽ0t
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2
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+β2Et
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υt
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1−F2t+2
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2

¡
ṽ2t+2
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1−F1t+1
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¢
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+βNEt
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F
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l0t+N , W̃t+N

´
.

The firm chooses vacancies to solve the problem in (3.8). We impose the following

property:

F
¡
l0t , ωt

¢
= J (ωt) l

0
t , (3.10)

where J (ωt) is not a function of l0t . The function, J (ωt) , is the surplus that a firm bargaining

in the current period enjoys from a match with an individual worker, when the current wage

is ωt. For convenience, we omit the expectation operator Et below. Let

J (ωt) = max
{vjt+j}N−1j=0

{
¡
WtE0t − ωt

¡
1−F0t

¢¢
ς0,t − Ptz

+
t
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ṽ1t+1Q

1−ι
t+1 + ρ

¢ ¡
1−F1t+1

¢ £
1−F0t

¤
+...+

+βN
υt+N
υt

J
³
W̃t+N

´ ¡
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Differentiate with respect to ṽ0t and multiply the result by
¡
ṽ0tQ

1−ι
t + ρ

¢
/Q1−ι

t , to obtain:
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0
t

£
1−F0t

¤ ¡
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Since the latter expression must be zero, we conclude:
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Next, we obtain simple expressions for the vacancy decisions from their first order nec-

essary conditions for optimality. Multiplying the first order condition for ṽ1t+1 by¡
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ṽ1t+1Q

1−ι
t+1 + ρ

¢ £
1−F1t+1

¤ £
1−F0t

¤
+...+

+βN
υt+N
υt

J
³
W̃t+N

´ ¡
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Substitute out the period t + 2 and higher terms in this expression using the first order

condition for ṽ0t . After rearranging, we obtain,
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ṽ1t+1ρ

Q1−ιt+1

¶ ⎤⎦ .
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Following the pattern set with ṽ1t+1, multiply the first order condition for ṽ
2
t+2 by¡

ṽ2t+2Q
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t+2 + ρ

¢ 1

Q1−ι
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.

Substitute the period t + 3 and higher terms in the first order condition for ṽ2t+2 using the

first order condition for ṽ1t+1 to obtain, after rearranging,
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Continuing in this way, we obtain,
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for j = 0, 1, ..., N − 2. Now consider the first order necessary condition for the optimality of
ṽN−1t+N−1. After multiplying this first order condition by¡
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we obtain,
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N−1
t+N−1

£
1− FN−1

t+N−1
¤ ¡
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£
1−FN−2

t+N−2
¤
· · ·
£
1−F0t

¤
+βN

υt+N
υt

J
³
W̃t+N

´ ¡
ṽ0tQ

1−ι
t + ρ

¢ ¡
ṽ1t+1Q

1−ι
t + ρ

¢
· · ·
¡
ṽN−1t+N−1Q

1−ι
t+N−1 + ρ

¢
×£

1−FN−1
t+N−1

¤
· · ·
£
1−F0t

¤
}

or,

Pt+N−1z
+
t+N−1κṽ

N−1
t+N−1

1

Q1−ι
t+N−1

= β
υt+N
υt+N−1

J
³
W̃t+N

´
.

Making use of our expression for J , we obtain:

Pt+N−1z
+
t+N−1κṽ

N−1
t+N−1

1

Q1−ι
t+N−1

= β
υt+N
υt+N−1

⎡⎢⎣
³
Wt+NE0t+N − W̃t+N

¡
1−F0t+N

¢´
ς0,t+N

+Pt+Nz
+
t+Nκ

µ
(ṽ0t+N)

2

2
+

ṽ0t+Nρ

Q1−ιt+N

¶£
1−F0t+N

¤
⎤⎥⎦ .

The above first order conditions apply over time to a group of agencies that bargain at

date t. We now express the first order conditions for a fixed date and different cohorts:

Ptz
+
t κṽ

j
t

1

Q1−ι
t

= β
υt+1
υt

⎡⎢⎣
³
Wt+1Ej+1t+1 − Γt−j,j+1W̃t−j

¡
1−F j+1

t+1

¢´
ςj+1,t+1

+Pt+1z
+
t+1κ

£
1−F j+1

t+1

¤µ(ṽj+1t+1)
2

2
+

ṽj+1t+1 ρ

Q1−ιt+1

¶ ⎤⎥⎦ ,
for j = 0, ..., N − 2
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Divide both sides by Ptz
+
t and express the result in terms of scaled variables:

κṽjt
1

Q1−ι
t

= β
ψz+,t+1

ψz+,t

⎡⎣ ¡w̄t+1Ej+1t+1 −Gt−j,j+1wt−jw̄t−j
¡
1−F j+1

t+1

¢¢
ςj+1,t+1

+κ
£
1−F j+1

t+1

¤µ(ṽj+1t+1)
2

2
+

ṽj+1t+1 ρ

Q1−ιt+1

¶ ⎤⎦ , (3.11)
for j = 0, ..., N − 2

where

Gt−i,i+1 =
π̃w,t+1 · · · π̃w,t−i+1
πt+1 · · · πt−i+1

µ
1

μz+,t−i+1

¶
· · ·
µ

1

μz+,t+1

¶
, i ≥ 0, (3.12)

wt =
W̃t

Wt
, w̄t =

Wt

z+t Pt

.

Also,

Gt,j =

(
π̃w,t+j ···π̃w,t+1
πt+j ···πt+1

³
1

μz+,t+1

´
· · ·
³

1
μz+,t+j

´
j > 0

1 j = 0
. (3.13)

The scaled vacancy first order condition of agencies that are in the last period of their

contract is:

κṽN−1t

1

Q1−ι
t

= β
ψz+,t+1

ψz+,t

⎡⎣ ¡w̄t+1E0t+1 − wt+1w̄t+1

¡
1−F0t+1

¢¢
ς0,t+1

+κ
£
1−F0t+1

¤µ(ṽ0t+1)2
2

+
ṽ0t+1ρ

Q1−ιt+1

¶ ⎤⎦ . (3.14)

We require the derivative of J with respect to ωt. By the envelope condition, we can

ignore the impact of a change in ωt on endogenous separations and vacancy decisions, and

only be concerned with the direct impact of ωt on J . Taking the derivative of (??):

Jw,t = −
¡
1−F0t

¢
ς0,t

−βυt+1
υt

Γt,1ς1,t+1
¡
χ0t + ρ

¢ ¡
1−F1t+1

¢ ¡
1−F0t

¢
−β2υt+2

υt
Γt,2ς2,t+2

¡
χ0t + ρ

¢ ¡
χ1t+1 + ρ

¢ ¡
1− F2t+2

¢ £
1−F1t+1

¤ £
1−F0t

¤
−...− βN−1

υt+N−1
υt

Γt,N−1ςN−1,t+N−1
¡
χ0t + ρ

¢ ¡
χ1t+1 + ρ

¢
· · ·
¡
χN−2t+1 + ρ

¢
×¡

1−FN−1
t+N−1

¢
· · ·
£
1− F0t

¤
.

Let,

Ωj
t+j =

⎧⎪⎨⎪⎩
¡
1−F j

t+j

¢ j−1Y
l=0

¡
χlt+l + ρ

¢ ¡
1−F l

t+l

¢
j > 0

1−F0t j = 0

. (3.15)
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It is convenient to express this in recursive form:

Ω0t = 1−F0t

Ω1t+1 =
¡
1−F1t+1

¢ ¡
χ0t + ρ

¢ Ω0tz }| {¡
1−F0t

¢
Ω2t+2 =

¡
1−F2t+2

¢ ¡
χ1t+1 + ρ

¢ Ω1t+1z }| {¡
χ0t + ρ

¢ ¡
1−F0t

¢ ¡
1−F1t+1

¢
so that

Ωj
t+j =

¡
1−F j

t+j

¢ ¡
χj−1t+j−1 + ρ

¢
Ωj−1
t+j−1,

for j = 1, 2, .... . It is convenient to define these objects at date t as a function of variables

dated t and earlier for the purposes of implementing these equations in Dynare:

Ω0t = 1− F0t

Ω1t =
¡
1−F1t

¢ ¡
χ0t−1 + ρ

¢ Ω0t−1z }| {¡
1−F0t−1

¢
Ω2t =

¡
1−F2t

¢ ¡
χ1t−1 + ρ

¢ Ω1t−1z }| {¡
χ0t−2 + ρ

¢ ¡
1−F0t−2

¢ ¡
1−F1t−1

¢
so that

Ωj
t =

¡
1− F j

t

¢ ¡
χj−1t−1 + ρ

¢
Ωj−1
t−1 ,

Then,

Jw,t = −ς0,tΩ0t
−βυt+1

υt
Γt,1ς1,t+1Ω

1
t+1

−β2υt+2
υt

Γt,2ς2,t+2Ω
2
t+2

−...− βN−1
υt+N−1
υt

Γt,N−1ςN−1,t+N−1Ω
N−1
t+N−1

= −
N−1X
j=0

βj
υt+j
υt

Γt,jΩ
j
t+jςj,t+j.

In terms of scaled variables,

Jw,t = −
N−1X
j=0

βj
ψz+,t+j

ψz+,t

Gt,jΩ
j
t+jςj,t+j. (3.16)
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The following is an expression for Jt evaluated at ωt = W̃t, in terms of scaled variables.

Dividing by Ptz
+
t :

Jz+,t =
J
³
W̃t

´
Ptz

+
t

=

³
WtE0t − W̃t (1−F0t )

´
Ptz

+
t

ς0,t −
κ

2

¡
ṽ0t
¢2 ¡
1−F0t

¢
+β

ψz+,t+1

ψz+,t

⎡⎣
³
Wt+1E1t+1 − Γt,1W̃t

¡
1−F1t+1

¢´
Pt+1z

+
t+1

ς1,t+1 −
κ

2

¡
ṽ1t+1

¢2 ¡
1−F1t+1

¢⎤⎦
×
¡
χ0t + ρ

¢ £
1−F0t

¤
+β2

ψz+,t+2

ψz+,t

⎡⎣
³
Wt+2E2t+2 − Γt,2W̃t

¡
1−F2t+2

¢´
Pt+2z

+
t+2

ς2,t+2 −
κ

2

¡
ṽ2t+2

¢2 ¡
1−F2t+2

¢⎤⎦
×
¡
χ0t + ρ

¢ ¡
χ1t+1 + ρ

¢ ¡
1−F1t+1

¢ ¡
1− F0t

¢
+...+

+βN
ψz+,t+N

ψz+,t

Jz+,t+N
¡
χ0t + ρ

¢ ¡
χ1t+1 + ρ

¢
· · ·
¡
χN−1t+N−1 + ρ

¢
×
¡
1−FN−1

t+N−1
¢
· · ·
¡
1−F0t

¢
or,

Jz+,t =
N−1X
j=0

βj
ψz+,t+j

ψz+,t

"Ã
w̄t+j

Ejt+j
1−F j

t+j

−Gt,jwtw̄t

!
ςj,t+j −

κ

2

¡
ṽjt+j

¢2#
Ωj
t+j

+βN
ψz+,t+N

ψz+,t

Jz+,t+N
ΩN
t+N

1−F0t+N
. (3.17)

We now turn to the firm’s decision about which workers to cut. Denote:

F j
ā,t ≡

dF j
t

dājt
, Eja,t ≡

dEjt
dājt

.

Consider the decision about ā0t , the productivity cutoff for endogenous separation for the

cohort which bargains today. The bargain is assumed to have already occurred. We continue

to denote the outcome of the wage bargain by ωt. Then,

dJ (ωt)

dā0t
=
¡
WtE0a,t + ωtF0a,t

¢
ς0,t + Ptz

+
t

κ

2

¡
ṽ0t
¢2F0a,t

−βυt+1
υt

∙ ¡
Wt+1E1t+1 − Γt,1ωt

¡
1−F1t+1

¢¢
ς1,t+1

−Pt+1z
+
t+1

κ
2

¡
ṽ1t+1

¢2 £
1− F1t+1

¤ ¸ ¡
ṽ0tQ

1−ι
t + ρ

¢
F0a,t

−β2υt+2
υt

∙ ¡
Wt+2E2t+2 − Γt,2ωt

¡
1−F2t+2

¢¢
ς2,t+2

−Pt+2z
+
t+2

κ
2

¡
ṽ2t+2

¢2 £
1−F2t+2

¤ ¸ ¡
ṽ0tQ

1−ι
t + ρ

¢ ¡
ṽ1t+1Q

1−ι
t+1 + ρ

¢ £
1−F1t+1

¤
F0a,t

...

−βN υt+N
υt

J
³
W̃t+N

´ ¡
ṽ0tQ

1−ι
t + ρ

¢ ¡
ṽ1t+1Q

1−ι
t + ρ

¢
· · ·
¡
ṽN−1t+N−1Q

1−ι
t+N−1 + ρ

¢
×

£
1−FN−1

t+N−1
¤
· · ·
£
1−F1t+1

¤
F0at = 0
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We can simplify this equation by multiplying by [1− F0t ] /F0a,t :¡
WtE0a,t + ωtF0a,t

¢
ς0,t [1−F0t ] /F0a,t + Ptz

+
t
κ
2
(ṽ0t )

2
[1−F0t ]

−β υt+1
υt

∙ ¡
Wt+1E1t+1 − Γt,1ωt

¡
1−F1t+1

¢¢
ς1,t+1

−Pt+1z
+
t+1

κ
2

¡
ṽ1t+1

¢2 £
1−F1t+1

¤ ¸ ¡
ṽ0tQ

1−ι
t + ρ

¢
[1− F0t ]

−β2 υt+2
υt

∙ ¡
Wt+2E2t+2 − Γt,2ωt

¡
1−F2t+2

¢¢
ς2,t+2

−Pt+2z
+
t+2

κ
2

¡
ṽ2t+2

¢2 £
1− F2t+2

¤ ¸ ¡
ṽ0tQ

1−ι
t + ρ

¢ ¡
ṽ1t+1Q

1−ι
t+1 + ρ

¢ £
1− F1t+1

¤
[1−F0t ]

...

−βN υt+N
υt

J
³
W̃t+N

´ ¡
ṽ0tQ

1−ι
t + ρ

¢ ¡
ṽ1t+1Q

1−ι
t + ρ

¢
· · ·
¡
ṽN−1t+N−1Q

1−ι
t+N−1 + ρ

¢
×
£
1−FN−1

t+N−1
¤
· · ·
£
1−F1t+1

¤
[1−F0t ] = 0

So, ¡
WtE0a,t + ωtF0a,t

¢
ς0,t
£
1−F0t

¤
/F0a,t + Ptz

+
t

κ

2

¡
ṽ0t
¢2 £
1− F0t

¤
−J (ωt) +

¡
WtE0t − ωt

¡
1−F0t

¢¢
ς0,t − Ptz

+
t

κ

2

¡
ṽ0t
¢2 £
1−F0t

¤
= 0,

or,

J
³
W̃t

´
= ς0,t

n³
WtE0t − W̃t

¡
1− F0t

¢´
+
³
WtE0a,t + W̃tF0a,t

´ £
1−F0t

¤
/F0a,t

o
.

Now consider ā1t :³
WtE1a,t + Γt−1,1W̃t−1F1a,t

´
ς1,t + Ptz

+
t

κ

2

¡
ṽ1t
¢2F1a,t

= β
υt+1
υt

h³
Wt+1E2t+1 − Γt−1,2W̃t−1

¡
1−F2t+1

¢´
ς2,t+1 − Pt+1z

+
t+1

κ

2

¡
ṽ2t+1

¢2 ¡
1−F2t+1

¢i
×
¡
ṽ1tQ

1−ι
t + ρ

¢
F1a,t

+β2
υt+2
υt

h³
Wt+2E3t+2 − Γt−1,3W̃t−1

¡
1− F3t+2

¢´
ς3,t+2 − Pt+2z

+
t+2

κ

2

¡
ṽ3t+2

¢2 ¡
1− F3t+2

¢i
×
¡
ṽ1tQ

1−ι
t + ρ

¢ ¡
ṽ2t+1Q

1−ι
t+1 + ρ

¢ ¡
1− F2t+1

¢
F1a,t

+...+

+βN−1
υt+N−1
υt

J
³
W̃t+N−1

´ ¡
ṽ1tQ

1−ι
t + ρ

¢ ¡
ṽ2t+1Q

1−ι
t + ρ

¢
· · ·
¡
ṽN−1t+N−2Q

1−ι
t+N−2 + ρ

¢
×
¡
1−FN−1

t+N−2
¢
· · ·
¡
1−F2t+1

¢
F1a,t,

or, after multiplying by [1− F1t ] /F1a,t :³
WtE1a,t + Γt−1,1W̃t−1F1a,t

´
ς1,t
£
1−F1t

¤
/F1a,t + Ptz

+
t

κ

2

¡
ṽ1t
¢2 ¡
1−F1t

¢
=

N−2X
j=1

βj
υt+j
υt

" ³
Wt+jEj+1t+j − Γt−1,j+1W̃t−1

¡
1−F j+1

t+j

¢´
ς2,t+j

−Pt+jz
+
t+j

κ
2

¡
ṽj+1t+j

¢2 ¡
1−F j+1

t+j

¢
#
Ω̃1t+j

+βN−1
υt+N−1
υt

J
³
W̃t+N−1

´
Ω̃1t+N−1,
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where:

Ω̃1t =
¡
χ1t + ρ

¢ ¡
1−F1t

¢
Ω̃1t,2 =

¡
χ1t + ρ

¢ ¡
χ2t+1 + ρ

¢ ¡
1−F1t

¢ ¡
1−F2t+1

¢
Ω̃1t,3 =

¡
χ1t + ρ

¢ ¡
χ2t+1 + ρ

¢ ¡
χ3t+2 + ρ

¢ ¡
1− F1t

¢ ¡
1−F2t+1

¢ ¡
1−F3t+2

¢
...

Ω̃1t,N−1 =
¡
χ1t + ρ

¢
· · ·
¡
χN−1t+N−2 + ρ

¢ ¡
1−FN−1

t+N−2
¢
· · ·
¡
1− F1t

¢
The condition for āqt is:³

WtEqa,t + Γt−q,qW̃t−qFq
a,t

´
ςq,t [1−Fq

t ] /Fq
a,t + Ptz

+
t

κ

2
(ṽqt )

2 [1−Fq
t ] (3.18)

=

N−(q+1)X
j=1

βj
υt+j
υt

" ³
Wt+jEj+qt+j − Γt−q,j+qW̃t−1

¡
1− F j+q

t+j

¢´
ςq,t+j

−Pt+jz
+
t+j

κ
2

¡
ṽj+qt+j

¢2 ¡
1− F j+q

t+j

¢
#
Ω̃q
t,t+j−1

+βN−q
υt+N−q
υt

J
³
W̃t+N−q

´
Ω̃q
t,t+N−q−1,

where it is understood that the term involving the summation is deleted when q = N − 1.
The above expression is defined for q = 0, ..., N − 1, where

Ω̃q
t,t = (χqt + ρ) (1−Fq

t )

Ω̃q
t,t+1 =

¡
χq+1t+1 + ρ

¢ ¡
1−Fq+1

t+1

¢ Ω̃qt,tz }| {
(χqt + ρ) (1−Fq

t )

Ω̃q
t,t+2 =

¡
χq+2t+2 + ρ

¢ ¡
1−Fq+2

t+2

¢ Ω̃qt,t+1z }| {
(χqt + ρ) (1−Fq

t )
¡
χq+1t+1 + ρ

¢ ¡
1−Fq+1

t+1

¢
.

More generally,

Ω̃q
t,t+j =

¡
χq+jt+j + ρ

¢ ¡
1−Fq+j

t+j

¢
Ω̃q
t,t+j−1,

for j = 0, 1..., N−1−q. This expression is defined for q = 0, ...N−1. The Ω̃’s can be written
in the following form, which is convenient for Dynare:

Ω̃q
t,t = (χqt + ρ) (1−Fq

t )

Ω̃q
t−1,t =

¡
χq+1t + ρ

¢ ¡
1−Fq+1

t

¢ ¡
χqt−1 + ρ

¢ ¡
1−Fq

t−1
¢

Ω̃q
t−2,t =

¡
χq+2t + ρ

¢ ¡
1−Fq+2

t

¢ ¡
χqt−2 + ρ

¢ ¡
1−Fq

t−2
¢ ¡

χq+1t + ρ
¢ ¡
1−Fq+1

t

¢
,

or, generally, (?the next equation needs checking?)

Ω̃q
t−j,t =

¡
χq+jt + ρ

¢ ¡
1−Fq+j

t

¢
Ω̃q
t−j+1,t,
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It is convenient to scale (3.18) by Ptz
+
t , q = 0, ..., N − 1 (recall, the expression involving

the summation sign is understood to be absent when q = N − 1) :¡
w̄tEqa,t +Gt−q,qwt−qw̄t−qFq

a,t

¢
ςq,t [1−Fq

t ] /Fq
a,t +

κ

2
(ṽqt )

2 [1−Fq
t ]

=

N−(q+1)X
j=1

βj
ψz+,t+j

ψz+,t

" ¡
w̄t+jEj+qt+j −Gt−q,j+qwt−qw̄t−q

¡
1−F j+q

t+j

¢¢
ςq,t+j

−κ
2

¡
ṽj+qt+j

¢2 ¡
1−F j+q

t+j

¢ #
Ω̃q
t,j

+βN−q
ψz+,t+N−q
ψz+,t

Jz+,t+N−qΩ̃
q
t,N−q,

where G and Γ are defined in (3.12) and (3.9) respectively.

3.2.2. The Worker Problem

We now turn to the worker. For the bargaining problem, we require the worker’s value

function before they know if they will survive the endogenous separation. It is convenient

to begin by defining the worker’s value function after they have survived the endogenous

separation. We do so first. We then derive the value function of an unemployed worker, and

finally we consider the value function of the employed worker before endogenous separations

occur.

The period t value of being a worker in an agency in cohort i is V i
t :

V i
t = Γt−i,iW̃t−iς i,t

1− τ yt
1 + τwt

− ζhtAL

ς1+σLi,t

(1 + σL) υt
(3.19)

+βEt
υt+1
υt

¡
ρ
¡
1−F i+1

t+1

¢
V i+1
t+1 +

£
1− ρ+ ρF i+1

t+1

¤
Ut+1

¢
, (3.20)

for i = 0, 1, ..., N − 1. Here, ρ is the exogenous probability of remaining with the agency in
the next period and

¡
1−F i+1

t+1

¢
is the endogenous probability of remaining with the agency.

Also, Ut is the value of being unemployed in period t. The values, V i
t and Ut, pertain to the

beginning of period t, after job separation and job finding has occurred. Scaling V i
t by Ptz

+
t ,

we obtain:

V i
z+,t = Gt−i,iwt−iw̄t−iς i,t

1− τ yt
1 + τwt

− ζhtAL

ς1+σLi,t

(1 + σL)ψz+,t

(3.21)

+βEt

ψz+,t+1

ψz+,t

³
ρ
¡
1− F i+1

t+1

¢
V i+1
z+,t+1 +

£
1− ρ+ ρF i+1

t+1

¤
Uz+,t+1

´
, (3.22)

for i = 0, 1, ..., N − 1, where

V i
t

Ptz
+
t

= V i
z+,t, Uz+,t+1 =

Ut+1

Pt+1z
+
t+1

.
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In our analysis of the Nash bargaining problem, we must have the derivative of V 0
t with

respect to the wage rate. To define this derivative, it is useful to have:

Mt+j =
¡
1− F0t

¢
· · ·
¡
1−F j

t+j

¢
, (3.23)

for j = 0, ..., N − 1. Then, the derivative of V, which we denote by V 0
w (ωt) , is:

V 0
w (ωt) = Et

N−1X
j=0

(βρ)jMt+jςj,t+j
1− τ yt+j
1 + τwt+j

Γt,j
υt+j
υt

= Et

N−1X
j=0

(βρ)jMt+jςj,t+j
1− τ yt+j
1 + τwt+j

Γt,j
ψz+,t+jPtz

+
t

ψz+,tPt+jz
+
t+j

= Et

N−1X
j=0

(βρ)jMt+jςj,t+j
1− τ yt+j
1 + τwt+j

Gt,j

ψz+,t+j

ψz+,t

. (3.24)

Note ωt has no impact on the intensity of labor effort. This is determined by (3.4), indepen-

dent of the wage rate paid to workers.

The value of being an unemployed worker is Ut :
6

Ut = Ptz
+
t b

u (1− τ yt ) + βEt
υt+1
υt
[ftV

x
t+1 + (1− ft)Ut+1], (3.25)

where ft is the probability that an unemployed worker will land a job in period t+ 1. Also,

V x
t is the period t+ 1 value function of a worker who finds a job, before it is known which

agency the job is found with:

V x
z+,t =

N−1X
i=0

χit−1
¡
1− F i

t−1
¢
lit−1

mt−1
V i+1
z+,t , (3.26)

after scaling. Here, the total number of new matches is given by:

mt =
N−1X
j=0

χjt
¡
1−F j

t

¢
ljt . (3.27)

In (3.26),
χit−1

¡
1−F i

t−1
¢
lit−1

mt−1

is the probability of finding a job in an agency which was of type i in the previous period,

conditional on being a worker who finds a job in t.

Scaling (3.25),

Uz+,t = bu (1− τ yt ) + βEt

ψz+,t+1

ψz+,t

[ftV
x
z+,t+1 + (1− ft)Uz+,t+1] (3.28)

6Note that in the model, as in swedish data, unemployment benefits are subject to a (labor) income tax.
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This value function applies to any unemployed worker, whether they got that way because

they were unemployed in the previous period and did not find a job, or they arrived into

unemployment because of an exogenous separation, or because they arrived because of an

endogenous separation.

Finally, we consider the value function of a worker before they know whether they will

survive the endogenous separation cut. We denote this value function by Ṽ j
t :

Ṽ j
t = F j

t Ut +
¡
1−F j

t

¢
V j
t .

Total job matches must also satisfy the following matching function:

mt = σm (1− Lt)
σ v1−σt , (3.29)

where

Lt =
N−1X
j=0

¡
1−F j

t

¢
ljt . (3.30)

and σm is the productivity of the matching technology.7

In our environment, there is a distinction between effective hours and measured hours.

Effective hours is the hours of each person, adjusted by their productivity, a. The average

productivity of a worker in working in cohort j (i.e., who has survived the endogenous

productivity cut) is Ejt /
¡
1−F j

t

¢
. The number of workers who survive the productivity cut

in cohort j is
¡
1−F j

t

¢
ljt , so that our measure of total effective hours is:

Ht =
N−1X
j=0

ςj,tEjt ljt , (3.31)

E
¡
ājt ;σa,t

¢
=

Z ∞

ājt

adF (a;σa,t) = 1− prob

"
v <

log
¡
ājt
¢
+ 1

2
σ2a,t

σa,t
− σa,t

#
, (3.32)

where prob refers to the standard normal distribution. We also need:

F
¡
āj;σa

¢
=

Z āj

0

dF(a;σa) =
1√
2π

Z log(āj)+1
2σ

2
a

σ

−∞
exp

−v2
2 dv (3.33)

= prob

∙
v <

log (āj) + 1
2
σ2a

σa

¸
,

7One could allow for time-variation of σm. This is necessary if we want to include vacancies among the
observed variables, otherwise we have stochastic singularity as unemployment tomorrow, in that case, is fully
determined by vacancies and unemployment today.
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so that,

Fāj
¡
āj;σa

¢
=

1

ājσa

1√
2π
exp

−

⎡⎢⎣ log(āj)+1
2σ

2
a

σa

⎤⎥⎦
2

2

=
1

ājσa
Standard Normal pdf

µ
log (āj) + 1

2
σ2a

σa

¶
.

Total measured hours is:

Hmeas
t =

N−1X
j=0

ςj,t
¡
1− F j

t

¢
ljt .

The job finding rate is:

ft =
mt

1− Lt
. (3.34)

The probability of filling a vacancy is:

Qt =
mt

vt
. (3.35)

The i = 0 cohort of agencies in period t solve the following Nash bargaining problem:

max
ωt

³
Ṽ 0
t − Ut

´ηt
J (ωt)

(1−ηt) = max
ωt

¡¡
1−F0t

¢ ¡
V 0
t − Ut

¢¢ηt J (ωt)
(1−ηt) (3.36)

where V 0 (ωt)−Ut is the match surplus enjoyed by a worker and ηt is the bargaining power

of workers which we allow to follow an exogenous time-varying process. We denote the wage

that solves this problem by W̃t. Note that W̃t takes into account that intensity will be chosen

according to (3.4) as well as (3.5). The first order condition associated with this problem is:

ηtVw,tJz+,t + (1− ηt)
£
V 0
z+,t − Uz+,t

¤
Jw,t = 0, (3.37)

after division by z+t Pt.

We assume that the posting of vacancies uses the homogeneous domestic good. We leave

the production technology equation, (2.37), unchanged, and we alter the resource constraint:

yt = gt + cdt + idt (3.38)

+(Rx
t )

ηx
h
ωx (p

m,x
t )1−ηx + (1− ωx)

i ηx
1−ηx (1− ωx) (p

x
t )
−ηf y∗t +

κ

2

N−1X
j=0

¡
ṽjt
¢2 £
1−F j

t

¤
ljt .

Total vacancies vt are related to vacancies posted by the individual cohorts as follows:

vt =
1

Qι
t

N−1X
j=0

ṽjt
¡
1−F j

t

¢
ljt .

Note however, that this equation does not add a constraint to the model equilibrium. In

fact, it can be derived from the equilibrium equations (3.35), (3.27) and (3.6).
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3.3. An Alternative Bargaining Problem

Our baseline interpretation of the Nash bargaining problem is that the bargain is between

the employment agency and a union which represents the ‘average worker’. The worker’s

interests are summarized by Ṽt and take into account that with some probability the worker

will separate at some time during the contract. The worker’s outside option is unemployment,

and so its surplus is Ṽt−Ut. The firm’s surplus corresponds to Jt and this takes into account

that workers who arrive in the future, while the contract remains in force, will be paid the

wage rate that solves the bargaining problem, (3.36). In addition, if bargaining with the firm

breaks down and the union takes all the workers, l0t , into unemployment, then the value of

the firm drops to zero. This is because not only are current revenues from l0t set to zero, but

the agency’s ability to ever hire in the future is eliminated when l0t is set to zero.

We now consider an alternative formulation of the bargaining problem, in which there

is no union. In the alternative formulation, we imagine that bargaining occurs among a

continuum of worker-agency representative pairs. Each bargaining session takes the outcomes

of all other bargaining sessions as given. Because each bargaining session is atomistic, each

session ignores its impact on the wage earned by workers arriving in the future during the

contract. We assume that those future workers are simply paid the average of the outcome

of all bargaining sessions. Since each bargaining problem is identical, the wage that solves

each problem is the same and so the average wage coincides with the wage that solves the

bargaining problem. There is an important distinction between the atomistic and the union

approach. When the Nash bargaining problem is optimized with respect to the wage, the

impact on the wage earned by future arriving workers is ignored. The outside option of the

worker in the alternative scenario is the same as before, it is the unemployment state, Ut.

The outside option of the agency is also the same as before, namely zero. To see this, note

that the agency’s present discounted value of profits, F (l0t , ωt) , still has the following form,

which is linear in l0t :

F
¡
l0t , ωt

¢
= J (ωt) l

0
t .

Suppose that each worker in l0t is identified with a point, i, on the interval, i ∈ [0, l0t ] . Then,
profits can be written in terms of each individual worker as follows:

F
¡
l0t , ωt

¢
=

Z l0t

0

J
¡
ωi
t, i
¢
di,

where ωi
t denotes the wage negotiated by worker i. We adopt the Riemann interpretation of

this integral:

F
¡
l0t , ωt

¢
= lim

M→∞

MX
j=1

J
³
ω
ij
t , ij

´
(ij − ij−1) ,
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where i0 = 0, i0 < i1 < ... < iM = l0t . Thus, in the finite-but-large-value of M case, we

interpret i1, ..., iM as the M workers. We suppose that if the bargaining session involving

the ithj worker breaks down, then J
³
ω
ij
t , ij

´
= 0. For this reason, in the atomistic version of

the Nash bargaining problem, we set the outside option of the firm to zero.

We now turn to the computation of Jw for our alternative formulation. We consider the

surplus associated with a single worker and denote the wage received by that worker by ωt.

We denote the average across the wages received by all workers by ω̃t. Then,

J (ωt) = max
{vjt+j}N−1j=0

{
¡
WtE0t − ωt

¡
1−F0t

¢¢
ς0,t − Ptz

+
t

κ

2

¡
ṽ0t
¢2 ¡
1− F0t

¢
+β

υt+1
υt
[
³
Wt+1E1t+1ς1,t+1 − Pt+1z

+
t+1

κ

2

¡
ṽ1t+1

¢2 ¡
1−F1t+1

¢´ ¡
χ0t + ρ

¢ ¡
1− F0t

¢
−Γt,1ωt

¡
1−F1t+1

¢
ς1,t+1ρ

¡
1−F0t

¢
− Γt,1ω̃t

¡
1−F1t+1

¢
ς1,t+1χ

0
t

¡
1−F0t

¢
]

...

To simplify the notation and given that we only want this expression for the purpose of

computing Jw, we drop all terms that do not involve ωt:

J (ωt) = −ωt

¡
1−F0t

¢
ς0,t

+β
υt+1
υt
[−Γt,1ωtς1,t+1ρ

¡
1− F1t+1

¢ ¡
1−F0t

¢
]

+β2
υt+2
υt

[−Γt,2ωtς2,t+2] ρ
2
¡
1−F2t+2

¢ ¡
1− F1t+1

¢ ¡
1−F0t

¢
+...+

+βN−1
υt+N−1
υt

[−Γt,N−1ωtςN−1,t+N−1] ρ
N−1 ¡1− FN−1

t+N−1
¢
· · ·
¡
1−F0t

¢
So that,

Jw,t = −
¡
1−F0t

¢
ς0,t

+β
υt+1
υt
[−Γt,1ς1,t+1ρ

¡
1−F1t+1

¢ ¡
1− F0t

¢
]

+β2
υt+2
υt

[−Γt,2ς2,t+2] ρ2
¡
1−F2t+2

¢ ¡
1−F1t+1

¢ ¡
1−F0t

¢
+...+

+βN−1
υt+N−1
υt

[−Γt,N−1ςN−1,t+N−1] ρN−1
¡
1−FN−1

t+N−1
¢
· · ·
¡
1− F0t

¢
,

which (after scaling) is identical to (3.16) with the understanding that in the definition

of Ωj
t+j, χ

l
t+l = 0. To implement this alternative version of the model, we simply use this

definition of Jw,t together with the previous definition of Jt in the equation that characterizes
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the solution to the Nash bargaining problem. This is the only change required to implement

this alternative version of the model. An alternative representation of Jw is convenient, and

highlights how firms discount future wages now in the same way as the household does in

Vw :

Jw,t = −Mt,0ς0,t

− (βρ)Mt,1
υt+1
υt

Γt,1ς1,t+1

− (βρ)2Mt,2
υt+2
υt

Γt,2ς2,t+2

−...
− (βρ)N−1Mt,N−1

υt+N−1
υt

Γt,N−1ςN−1,t+N−1,

It is interesting to compare Jw,t and Vw,t:

Vw,t =
N−1X
j=0

(βρ)jMt,jςj,t+j
1− τ yt+j
1 + τwt+j

Γt,j
υt+j
υt

.

Note that one is just the minus of the other, if we ignore the tax wedge. That is, absent the

tax wedge a change in the wage simply reallocates resources between the firm and the worker.

In our baseline case, this is not true because the firm and the worker discount the future

differently. This implies that if there were not restrictions on the intertemporal pattern

of wage payments in the baseline model, then it would be desirable to shift wages into the

present. When we take into account the tax wedge, increases in the wage take resources away

from the firm and only incompletely transfer them to households. As a result, we conjecture

that the presence of the tax wedge causes the equilibrium pre-tax wage to be smaller.

3.4. Alternative Model of Endogenous Separations

In this section we consider a total surplus criterion for determining the a cutoff in period

t. We begin by discussing the cutoff for cohort, j = 0. We identify each worker with a

productivity level, a, in the current period and this allows us to define a total surplus for

the firm and worker for each a. Because of the linearity in our environment, it must be that

when we integrate over the surplus of all the individual a’s, we arrive at the aggregate surplus

implicit in our construction of the Nash bargaining problem:¡
1− F0t

¢
(Vt − Ut) + Jt =

Z ∞

ā

st(a)dF (a) , (3.39)

where s (at) denotes the surplus of the match associated with a worker with productivity,

a. Here, (1− F0t ) (Vt − Ut) is the average surplus of workers in l0t , over all values of a ≥ 0.
We arrive at this expression from the fact that each worker with a ≥ ā receive the same
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surplus, Vt − Ut, and workers with a < ā receive zero surplus. Similarly, Jt denotes the

average surplus of a worker across all a ≥ ā. Let st (a) be defined as follows:

st (a) = V 0
t − Ut + (Wta− ωt) ς0,t − Ptz

+
t

κ

2

¡
ṽ0t
¢2
+

D0
t

1− F0t
,

where D0
t denotes:

D0
t = β

υt+1
υt

h¡
Wt+1E1t+1 − Γt,1ωt

¡
1−F1t+1

¢¢
ς1,t+1 − Pt+1z

+
t+1

κ

2

¡
ṽ1t+1

¢2 £
1−F1t+1

¤i
×
¡
ṽ0tQ

1−ι
t + ρ

¢ £
1− F0t

¤
+β2

υt+2
υt

h¡
Wt+2E2t+2 − Γt,2ωt

¡
1−F2t+2

¢¢
ς2,t+2 − Pt+2z

+
t+2

κ

2

¡
ṽ2t+2

¢2 £
1−F2t+2

¤i
×
¡
ṽ0tQ

1−ι
t + ρ

¢ ¡
ṽ1t+1Q

1−ι
t+1 + ρ

¢ £
1− F1t+1

¤ £
1− F0t

¤
+...+

+βN
υt+N
υt

J
³
W̃t+N

´ ¡
ṽ0tQ

1−ι
t + ρ

¢ ¡
ṽ1t+1Q

1−ι
t + ρ

¢
· · ·
¡
ṽN−1t+N−1Q

1−ι
t+N−1 + ρ

¢
×
£
1−FN−1

t+N−1
¤
· · ·
£
1−F0t

¤
}

= Jt −
h¡
WtE0t − ωt

£
1−F0t

¤¢
ς0,t − Ptz

+
t

κ

2

¡
ṽ0t
¢2 ¡
1−F0t

¢i
,

so that

Jt =Wt

£
E0t − ā0t

¡
1−F0t

¢¤
ς0,t −

¡
1−F0t

¢ ¡
V 0
t − Ut

¢
An alternative representation which may aid intuition is the following:¡

1− F0t
¢ ¡

V 0
t − Ut

¢
+ Jt =

Z ∞

ā0t

Wt

£
a− ā0t

¤
ς0,tdF (a)

Dividing by Ptz
+
t , we obtain:

Jz+,t = w̄t

£
E0t − ā0t

¡
1− F0t

¢¤
ς0,t −

¡
1− F0t

¢ ¡
V 0
z+,t − Uz+,t

¢
. (3.40)

Now, consider ā1t .We require a representation of the surplus of the match associated with

productivity, a. The surplus of the firm is:

F 1
t (ωt−1)

l1t
≡ J1t (ωt−1) =

¡
WtE1t − Γt−1,1ωt−1

¡
1− F1t

¢¢
ς1,t − Ptz

+
t

κ

2

¡
ṽ1t
¢2 ¡
1−F1t

¢
+β

υt+1
υt

h¡
Wt+1E2t+1 − Γt−1,2ωt−1

¡
1−F2t+1

¢¢
ς2,t+1 − Pt+1z

+
t+1

κ

2

¡
ṽ2t+1

¢2 £
1−F2t+1

¤i
×
¡
χ1t + ρ

¢ £
1− F1t

¤
+...+

+βN−1
υt+N−1
υt

J
³
W̃t+N−1

´ ¡
χ1t + ρ

¢
· · ·
¡
χN−1t+N−2 + ρ

¢ £
1−FN−1

t+N−2
¤
· · ·
£
1−F1t

¤
}.
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As noted before, J1t (ωt−1) is the average, over a ≥ ā1t of workers who are employed at the

agency. It is convenient to express J1t (ωt−1) as a function of Jt−1 (ωt−1) :

Jt−1 (ωt−1) =
¡
Wt−1E0t−1 − ā0t−1

¡
1−F0t−1

¢¢
ς0,t−1 − Pt−1z

+
t−1

κ

2

¡
ṽ0t−1

¢2
+β

υt
υt−1

h¡
WtE1t − Γt−1,1ωt−1

¡
1−F1t

¢¢
ς1,t − Ptz

+
t

κ

2

¡
ṽ1t
¢2 ¡
1− F1t

¢
+D1

t

i
=

¡
Wt−1E0t−1 − ā0t−1

¡
1−F0t−1

¢¢
ς0,t−1 − Pt−1z

+
t−1

κ

2

¡
ṽ0t−1

¢2
+ β

υt
υt−1

J1t (ωt−1) ,

where

D1
t = β

υt+1
υt

h¡
Wt+1E2t+1 − Γt−1,2ωt−1

¡
1−F2t+1

¢¢
ς2,t+1 − Pt+1z

+
t+1

κ

2

¡
ṽ2t+1

¢2 ¡
1−F2t+1

¢i
×
¡
χ1t + ρ

¢ ¡
1−F1t

¢
+β2

υt+2
υt

h¡
Wt+2E3t+2 − Γt−1,3ωt−1

¡
1−F3t+2

¢¢
ς3,t+2 − Pt+2z

+
t+2

κ

2

¡
ṽ3t+2

¢2 ¡
1−F3t+2

¢i
×
¡
χ1t + ρ

¢ £
1− F1t

¤ ¡
χ2t+1 + ρ

¢ ¡
1− F2t+1

¢
+...+

+βN−1
υt+N−1
υt

J
³
W̃t+N−1

´ ¡
χ1t + ρ

¢
· · ·
¡
χN−1t+N−2 + ρ

¢ ¡
1−FN−1

t+N−2
¢
· · ·
¡
1−F1t

¢
}.

If we define the total surplus associated with an a−productivity worker as follows:

s1t (a) = V 1
t − Ut + (Wta− Γt−1,1ωt) ς1,t − Ptz

+
t

κ

2

¡
ṽ1t
¢2
+

D1
t

1−F1t
,

then, Z
ā1t

s1t (a) dF (a) =
¡
1−F1t

¢ ¡
V 1
t − Ut

¢
+
¡
WtE1t − Γt−1,1ωt−1

¡
1−F1t

¢¢
ς1,t

−Ptz
+
t

κ

2

¡
ṽ1t
¢2 ¡
1−F1t

¢
+D1

t

=
¡
1−F1t

¢ ¡
V 1
t − Ut

¢
+ J1t (ωt−1) ,

which is aggregate surplus in period t, over cohort j = 1. Thus, the equation defining ā1t is:

V 1
t − Ut +

¡
Wtā

1
t − Γt−1,1ωt−1

¢
ς1,t − Ptz

+
t

κ

2

¡
ṽ1t
¢2
+

D1
t

1−F1t
= 0.

We scale by dividing by Ptz
+
t :

V 1
z+,t − Uz+,t +

¡
w̄tā

1
t −Gt−1,1w̄t−1wt−1

¢
ς1,t −

κ

2

¡
ṽ1t
¢2
+

D1
z+,t

1− F1t
= 0.

We conclude that the efficiency conditions for cohorts, j = 1, .., N − 1 are:

V j
z+,t − Uz+,t +

¡
w̄tā

j
t −Gt−j,jw̄t−jwt−j

¢
ςj,t −

κ

2

¡
ṽjt
¢2
+

Dj
z+,t

1−F j
t

= 0. (3.41)
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Thus, the equilibrium conditions determining ājt , for j = 0, ..., N − 1 are (3.40) and (3.41).
We now turn to the expression for Dj

z+,t, = 1, .., N − 1. With j = 1 :

D1
t

Ptz
+
t

= β
ψz+,t+1

ψz+,t

1

Pt+1z
+
t+1

∙ ¡
Wt+1E2t+1 − Γt−1,2ωt−1

¡
1−F2t+1

¢¢
ς2,t+1

−Pt+1z
+
t+1

κ
2

¡
ṽ2t+1

¢2 ¡
1−F2t+1

¢ ¸
×
¡
χ1t + ρ

¢ ¡
1−F1t

¢
+β2

ψz+,t+2

ψz+,t

1

Pt+2z
+
t+2

∙ ¡
Wt+2E3t+2 − Γt−1,3ωt−1

¡
1−F3t+2

¢¢
ς3,t+1

−Pt+2z
+
t+2

κ
2

¡
ṽ3t+2

¢2 ¡
1−F3t+2

¢ ¸
×
¡
χ1t + ρ

¢ ¡
1−F1t

¢ ¡
χ2t+1 + ρ

¢ ¡
1−F2t+1

¢
+...+

+βN−1
ψz+,t+N−1
ψz+,t

J
³
W̃t+N−1

´
Pt+N−1z

+
t+N−1

¡
χ1t + ρ

¢
· · ·
¡
χN−1t+N−2 + ρ

¢
×
¡
1−FN−1

t+N−2
¢
· · ·
¡
1−F1t

¢
},

or, generalizing to arbitrary j ∈ (1, N − 1) :

Dj
z+,t ≡

Dj
t

Ptz
+
t

=

≡0, for j=N−1z }| {
β
ψz+,t+1
ψz+,t

" ¡
w̄t+1Ej+1t+1 −Gt−j,j+1w̄t−jwt−j

¡
1−F j+1

t+1

¢¢
ςj+1,t+1

−κ
2

¡
ṽj+1t+1

¢2 ¡
1−F j+1

t+1

¢ #
×
¡
χjt + ρ

¢ ¡
1−F j

t

¢ (3.42)

+β2
ψz+,t+2

ψz+,t

h¡
w̄t+2Ej+2t+2 −Gt−j,j+2w̄t−jwt−j

¡
1−F j+2

t+2

¢¢
ςj+2,t+2 −

κ

2

¡
ṽj+2t+2

¢2 ¡
1− F j+2

t+2

¢i
×
¡
χj+1t+1 + ρ

¢ ¡
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To implement the version of the model discussed in this subsection, we replace the N

formulas in (3.18) by (3.40) and (3.41).

4. Estimation

We estimate the model using Bayesian techniques. In this section, we discuss the calibration

parameters that we do not estimate, the data, the choice of priors, the specification of shocks

and the measurement equations.

4.1. Calibration

We calibrate the models to US data. The time unit is a quarter. Parameters that are related

to “great ratios” and other observable quantities in the data are calibrated. These include
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the discount factor β and the tax rate on bonds τ b which are calibrated to yield a real

interest of rate of roughly 2.5%. We calibrate the capital share α to 0.3, consistent with a

capital-output ratio of roughly 10 on a quarterly basis. We set the depreciation rate δ to 0.02

to match the ratio of investment over output of 0.25 in the data. In line with output data,

steady state balanced growth is calibrated to 0.44% on a quarterly basis. To keep things

simple, we assume that all balanced growth is due to neutral unit root technology growth.

The following table provides a list of all parameters that we calibrate and keep fixed in the

estimation.

Parameter Value Description
α 0.3 Capital share in production
β 0.998 Discount factor
ηg 0.2 Government consumption share on GDP
τk 0.32 Capital tax rate
τw 0.0 Payroll tax rate
τ c 0.05 Consumption tax rate
τ y 0.24 Labor income tax rate
τ b 0.0 Bond tax rate
μz 1.0044 Steady state growth rate of neutral technology
μψ 1 Steady state growth rate of investment technology
π̄ 1.0061 Steady state gross inflation target
π̆ 1.0061 Third indexing base
ϑw 1 Wage indexing wrt.steady state technology
N 2 Number of agency cohorts/length of wage contracts
ι 1 Parameter in vacancy posting cost function
bshare 0.7 Replacement ratio taking utility of leisure into account
unemp 0.06 Steady state unemployment rate
totalseparation 0.05 Total separation rate
σ 0.5 Unemployment share in matching technology
σm 0.8 Level parameter in matching function

In the model, some further parameters are calculated endogenously in the steady state.

These parameters are the bargaining power η to ensure a given unemployment rate, the

disutility of labor scaling parameter AL so that employed individuals spend a fraction of

0.25 of their time working and the exogenous separation rate ρ such that the unemployment

models match total separations. Furthermore, the standard deviation of idiosyncratic worker

productivity σa is set such that the to be estimated steady state endogenous separation rate

z is obtained and we set the vacancy posting costs parameter κ to ensure a to be estimated
steady state recruiting cost to output ratio.
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4.2. Choice of priors

Table (7.11) shows our choice of priors which is in line with the literature. 2 parameters are

novel: the steady state probability of endogenous separation z, which we assign a beta prior
with a mean of 0.6% and a standard deviation of 0.05 and the steady state recruitment costs

to output ratio for which we choose a prior mean of 0.05% and an inverse gamma distribution

with 2 degrees of freedom.

4.3. Data and Measurement Equations

We estimate all 4 models using US data. Our sample period is 1985Q1-2008Q3. We use the

following 7 data time series for all 4 models: real GDP, real private consumption, real private

investment, hours worked, real wages, GDP deflator inflation and the Federal Funds rate.

All real quantities are in per capita terms. Except for inflation and the nominal interest

rate, we take logs and first differences. In addition, we demean each first-differenced time

series for the estimation. Thus, we have the following data set:

∆ lnY data
t ,∆ lnCdata

t ,∆ ln Idatat ,∆ lnHdata
t ,∆ ln(Wt/Pt)

data, πdatat Rdata
t

We demean the first-differenced time series because in our sample from 1985Q1-2008Q3

variables such as output, consumption, real wages, investment grow on average at substan-

tially different rates. The model, however, allows for two different real long-run growth rates

only. In order to match these different trends in the data the estimation is likely to result

in a series of negative or positive shocks for some stationary exogenous process. We want to

avoid this and therefore demean the data. After the estimation we compare the growth rates

of the data with those implied by the model. See figure (7.3) in the Appendix for plots of

the above data used in the estimation. We do not use measurement errors in the estimation.

Below we report the measurement equations we use to link the model to the demeaned

data. First differences are written in annualized percentages so model variables are multi-

plied by 400 accordingly. Furthermore our data series for inflation and interest rates are

annualized, so we make the same transformation for the model variables i.e. multiplying by
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400:8

∆ lnY data
t = 400(lnμz+,t +∆ ln yt)− 400(lnμz+)

∆ lnCdata
t = 100(lnμz+,t +∆ ln ct)− 400(lnμz+)

∆ ln Idatat = 400

∙
lnμz+,t + lnμψ,t +∆

µ
ln it + a (ut)

k̄t
μψ,tμz+,t

¶¸
− 400(lnμz+ + lnμψ)

πdatat = 400 log πt − 400 log π
Rdata
t = 400(Rt − 1)− 400(R− 1)

In the unemployment models, hours worked are measured as follows:

∆ lnHdata
t = 400∆ lnHmeas

t ,

whereas in the EHL model we have

∆ lnHdata
t = 400∆ lnht.

Furthermore, in the unemployment models, the demeaned real wage is measured by the

demeaned employment-weighted average Nash bargaining wage in the model:

wavg
t =

1

L

N−1X
j=0

ljtGt−j,jwt−jw̄t−j.

Given this definition the measurement equation for wages is:

∆ ln(Wt/Pt)
data = 400∆ ln

W̃t

z+t Pt

= 400(lnμz+,t +∆ lnwavg
t )− 400(lnμz+)

and for the EHL case it follows accordingly that

∆ ln(Wt/Pt)
data = 400∆ ln

Wt

z+t Pt

= 400(lnμz+,t +∆ ln w̄t)− 400(lnμz+)

4.4. Shocks

We estimate the model using 7 shocks in total. The following stochastic variables in the

model evolve according to AR(1) processes, i.e.

8Note that in the data we measure πdatat = 400(logP data
t − logP data

t−1 ). In the model, we have defined
πt =

Pt
Pt−1

. Matching data with the model results in the above measurement equations for inflation.
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Stationary neutral technology: t = (1− ρ ) log + ρ log t−1 + ε ,t

Stationary investment specific technology: Υt = (1− ρΥ) logΥ+ ρΥ logΥt−1 + εΥ,t
Labor preference: ζht = (1− ρζh) log ζ

h + ρζh log ζ
h
t−1 + εζh,t

Government consumption: gt = (1− ρg) log g + ρg log gt−1 + εg,t
Price markup: τdt = (1− ρτd) log τ

d + ρτd log τ
d
t−1 + ετd,t

Inflation target: π̄t = (1− ρπ̄) log π̄ + ρπ̄ log π̄t−1 + επ̄,t

Finally, we have the shock to the nominal interest rate εR,t which we assume to be i.i.d.

All other exogenous processes in the model are set to their steady states in the estimation.

4.5. DSGE-VAR

We estimate all models using a standard DSGE-VAR Bayesian estimation procedure. This

way, not only the marginal data likelihood provides information about the fit of each re-

spective model but also the hyperparameter λ gives us an idea about the strength of the

cross equation restrictions of the respective DSGE models. In particular, we seek to obtain

information whether the added complexity in the unemployment models and the implied

restrictions are supported or rejected by the data.

We obtain estimation results using random walk Metropolis-Hasting chain with 250000

draws after a burn-in of 50000 draws. The first 20 observations are used to initialize the

estimation. Substantial analysis has been spent on ensuring that the Hessian used for the

Metropolis-Hasting algorithm approximates the curvature well.

5. Results

In this section, we discuss the estimated parameters, the implied variance decompositions,

first and second moments of data and models as well as impulse responses of shocks, all at

the estimated posterior mean.

5.1. Posterior Mean Parameter Values

We start by commenting briefly on the parameter estimates at the posterior mean. See the

prior-posterior table (7.11)in the appendix.

According to the marginal data likelihood the EHL model performs best in explaining

our 7 macro time series. The employer surplus specification of the labor market comes next

followed by the total surplus and the exogenous separation specifications. The differences in

the fit between the EHL and the unemployment models may not be surprising as the latter

impose much more cross equation restrictions on the data. What is interesting, however, is
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that the endogenous separations employer surplus specification outperforms the endogenous

separations total surplus and the exogenous separation specifications.

The DSGE-VAR hyperparameter λ posterior mean estimate is 1.1 for the EHL model

whereas it is 0.9 for the employer surplus model and 0.8 for the total surplus model and

exogenous separations model. These values indicate that there are more cross equation

restrictions imposed in the unemployment models relative to the EHL model. However, the

difference is not striking.

The estimated posterior mean values for the standard parameters are in line with the

existing literature. 2 parameters deserve special attention. The steady state endogenous

separation probability z takes a mean of 0.63 and 0.62 in the employer and total surplus

models respectively. Relative to the prior, the posterior has not moved much, which is also

partly due to the relatively tight prior. By contrast, the other parameter, the steady state

recruitment cost to GDP ratio has moved relatively much relative to the prior. The posterior

is roughly 0.01%. At a first glance this number might appear very low. The following

back-on-the-envelope calculation shows that the implied recruiting cost are reasonable. The

annual job finding rate in Fujita and Ramey (2006) is roughly 1. The number of unemployed

people in the US in 2008 is 8.924 millions. Given this information, the number of people

that moved from unemployment to employment is in 2008 is 8.924 mullions. Suppose the

0.01% recruiting cost to GDP ratio as obtained from the estimation is true. Then, annual

US nominal GDP in 2008 which equals 14 281 bn $.times 0.01% amounts to 1.4281 bn $

for total recruiting costs in the US in 2008. Now, dividing this number by the number of

people that got recruited (e.g. moved from unemployment to employment) results in 160

$ recruiting costs per person employed. This number does not appear to be unreasonable.

However, it needs to be checked against the literature, of course.

5.2. Variance Decompositions and Moments

Table (7.12) presents asymptotic variance decompositions at the estimated posterior mean.

Interestingly, the stationary neutral technology shock is much more important for GDP

growth in the unemployment models compared to the EHL while the opposite is true for the

stationary investment specific technology shock.

According to the results, the separation rate in the employer surplus specification is driven

equally by shocks to neutral technology, labor preferences, price markup and the nominal

interest rate.

Moreover, the table shows that especially labor market related variables are driven by

different shocks depending on which unemployment model is considered. Note, however,

that all four models have been estimated with the same data set which does not include data

for separation and finding rates, unemployment and vacancies. A next step forward will be
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to use these additional data in the estimation of the respective unemployment models.

First and second moments of the data and the models are presented in table (7.13).

Except for the growth rate for investment, hours and wages the first moments of the models

are roughly in line with the data. As regards of the second moments, all models tend to

overpredict the standard deviations of output and inflation and the unemployment models

appear to underpredict the variability of hours and overpredict the variability of wages.

More importantly, however, the employer surplus model correctly predicts the second

moments of the separation rate, the unemployment rate and vacancies posted. All other

models are either not able to address the second moments of these data or simply get it

entirely wrong. Note again, that these results are interesting in so far as we do not use any

of these data in the estimation so far.

5.3. Impulse Responses

Finally, figures (7.4) to (7.10) show the impulse responses at the posterior mean for all shocks

considered in the estimation.

In terms of impulse responses to a monetary policy shock the EHL and the employer

surplus specifications are virtually identical with respect to the macro variables of the mode

while this is not the case for the other two unemployment models.

Interestingly, the employer surplus model produces much more fluctuations in the un-

employment rate compared to the total surplus model. Most of these fluctuations are due

to large changes in the separation rate in response to a contractionary monetary policy. As

apparent from the figure, cohort 1 employers , i.e. the ones that cannot renegotiate their

wages, increase their separation heavily. By contrast, cohort 0 employers even decrease their

separations. The reason being that cohort 0 employers are able to negotiate wages with their

employees at the time when the monetary policy shock hits the economy.

An interesting feature of the employer surplus model is the positive response of hours

per employee after a monetary tightening. It seems as if utilizing the intensive margin and

at the same time laying people off is the optimal strategy for an employment agency that

determines the separation rate according to its own surplus.

A perhaps counterfactual result, however, is the fall in the unemployment rate in the

exogenous separations model after a monetary policy shock. We have experimented with

the recruitment cost to GDP ratio. Had we imposed a prior mean of 0.25% instead of

0.05% for the exogenous separations model, the posterior would have been 0.23% while

the marginal data likelihood would have worsened by 5 log points. However, given this

alternative parameterization, the fall in the unemployment rate would disappear and turn

into a rise in the unemployment rate.

Interestingly, according to the total surplus model, vacancies and unemployment rise in
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response to a monetary tightening. According to the data, there appears to be a strong

negative correlation of vacancies and unemployment (see figure (7.2). On the one hand, our

results from the variance decompositions confirm, that monetary policy shocks are not the

main driving forces of business cycle fluctuations including vacancies and unemployment. On

the other hand, this issue needs to the checked thoroughly. As a next step we are planning

to include further data in the estimation for the unemployment models i.e. data on job

separation and finding rates, unemployment and vacancies. Imposing the dynamics of these

data on the models will be an important next step in order to build confidence in the results

obtained so far as well as enables better identification of crucial parameters related to the

respective labor market specifications.

6. Conclusion

In US data, job separation rates vary over the business cycle. In this paper we analyze the

determinants of time varying job separation rates and their consequences for the macroecon-

omy. To do so, we have developed a monetary model with nominal rigidities, idiosyncratic

worker productivity and endogenize separations along the following two dimensions: maxi-

mization of either the employer surplus or total employer-employee surplus determines how

many employees are laid off in response to shocks. We contrast the implications of these

alternative assumptions to the cases of exogenous separations and the Erceg, Henderson and

Levin (2000) (EHL henceforth) approach to model the labor market without unemployment.

We have estimated all four models on 7 key macro time series using Bayesian techniques.

Our results indicate by and large that EHL and the employer surplus specifications per-

form very similar in terms of standard macro variables and outperform the total surplus and

exogenous separation specifications of the labor market.

As a next step we are planning to include further data in the estimation for the unem-

ployment models i.e. data on job separation and finding rates, unemployment and vacancies.

Imposing the dynamics of these data on the models will be an important next step in order

to build confidence in the results obtained so far as well as enables better identification of

crucial parameters related to the respective labor market specifications.
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Figure 7.1: US Job Separations and Job Findings
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Figure 7.3: US Data used for Estimation
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Figure 7.4: Impulse Responses to a Nominal Interest Rate Shock at the Estimated Posterior
Mean
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Figure 7.5: Impulse Responses to an Inflation Target Shock at the Estimated Posterior Mean
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Figure 7.6: Impulse Responses to a Stationary Neutral Technology Shock at the Estimated
Posterior Mean
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Figure 7.7: Impulse Responses to a Stationary Investment Specific Technology Shock at the
Estimated Posterior Mean
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Figure 7.8: Impulse Responses to a Labor Preference Shock at the Estimated Posterior Mean
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Figure 7.9: Impulse Responses to a Price Markup Shock at the Estimated Posterior Mean
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Figure 7.10: Impulse Responses to a Government Consumption Shock at the Estimated
Posterior Mean
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Figure 7.11: Estimated Parameters64



Figure 7.12: Asymptotic Variance Decomposition at the Estimated Posterior Mean
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Figure 7.13: Comparison of Means and Standard Deviations of US Data and Models
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7.2. Scaling of Variables

We adopt the following scaling of variables. The neutral shock to technology is zt and its

growth rate is μz,t :
zt
zt−1

= μz,t.

The variable, Ψt, is an embodied shock to technology and it is convenient to define the

following combination of embodied and neutral technology:

z+t = Ψ
α

1−α
t zt,

μz+,t = μ
α

1−α
Ψ,t μz,t. (7.1)

Capital, K̄t, and investment, It, are scaled by z+t Ψt. Consumption goods Ct, government

consumption Gt and the real wage Wt

Pt
are scaled by z+t . Also, υt is the shadow value in

utility terms to the household of and υtPt is the shadow value of one consumption good

(i.e., the marginal utility of consumption). The latter must be multiplied by z+t to induce

stationarity. Thus,

kt+1 =
Kt+1

z+t Ψt

, k̄t+1 =
K̄t+1

z+t Ψt

, it =
It

z+t Ψt

, ct =
Ct

z+t
, gt =

Gt

z+t
, w̄t =

Wt

z+t Pt

ψz+,t = υtPtz
+
t , ỹt =

Yt
z+t

, p̃t =
P̃t

Pt
, wt =

W̃t

Wt
, Dj

z+,t ≡
Dj

t

Ptz
+
t

.

We define the scaled date t price of new installed physical capital for the start of period t+1

as pk0,t and we define the scaled real rental rate of capital as r̄kt :

pk0,t = ΨtPk0,t, r̄
k
t = Ψtr

k
t .

where Pk0,t is in units of the homogeneous good. We define the following inflation rates:

πt =
Pt

Pt−1
, πit =

P i
t

P i
t−1

.

Here, Pt is the price of the homogeneous output good and P i
t is the price of the domestic

final investment good.
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