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Abstract

Engel (2005) derives a theoretical variance inequality involving the change in equilib-
rium stock prices Var (Ap;). Assuming that stock prices are “cum-dividend”and that
investors are risk neutral, he shows that Var (Ap;) must be greater than or equal to
the variance of the “perfect foresight”( or “ex post rational”) price change Var (Apj),
where p; is computed from the discounted stream of subsequent realized dividends.
This paper expands the analysis to consider “ex-dividend” prices and risk aversion in a
standard Lucas-type asset pricing model. I show that the direction of the price-change
variance inequality can be reversed, depending on the values assigned to some key pa-
rameters of the model, namely the dividend AR(1) parameter, the investor’s subjective
time discount factor, and the coefficient of relative risk aversion. Overall, the results
demonstrate that the present-value model of stock prices does not impose theoretical
bounds on price-change volatility except in some special cases.
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1 Introduction

In theory, the price of a stock represents the market’s consensus forecast of the discounted
sum of future dividends that will accrue to the owner of the stock. One characteristic of a
rational forecast is that it should be less variable than the object being forecasted. Numerous
empirical studies starting with Shiller (1981) and LeRoy and Porter (1981) have argued that
this rationality principle appears to be violated in the case of stock prices. In particular,
observed stock prices (the forecast) appear to be much more variable than the discounted
sum of subsequent realized dividends (the object being forecasted).!

As noted originally by Marsh and Merton (1986) and Kleidon (1986), empirical tests
based on the observed volatility of stock prices are misspecified if prices are nonstationary.
The unconditional variance of the fundamental equilibrium stock price does not exist when
real dividends are growing over time, as in long-run U.S. data. To retain validity, empirical
tests for excess volatility must be applied to stationary variables, such as the price-dividend
ratio, the price change, or the equity return.?

Engel (2005) derives a theoretical variance inequality involving the change in stock prices—
a variable that remains stationary even when dividends exhibit a unit root.> Assuming that
stock prices are “cum-dividend” and that investors are risk neutral, he shows that the vari-
ance of the equilibrium price change must be greater than or equal to the variance of the
“perfect foresight” (or “ex post rational”) price change computed from the discounted stream
of subsequent realized dividends. Also assuming risk neutrality, LeRoy (1984) previously
demonstrated a similar result numerically using a calibrated model where stock prices are
“ex-dividend.”* The price-change variance is closely related to the conditional variance of
the price level. Either statistic can be interpreted as a measure of the “smoothness” of the
underlying price series. Indeed, LeRoy (1984, p. 186) provides numerical examples where the
conditional variance of the equilibrium stock price is greater than the conditional variance
of the perfect foresight price. The foregoing results would appear to help reconcile the high
volatility of observed stock prices with the smooth behavior of discounted realized dividends.

This paper expands the foregoing analysis to consider both “ex-dividend” prices and risk
aversion in a standard Lucas (1978) type asset pricing model. I show that the direction of

the price-change variance inequality can be reversed, depending on the values assigned to

'For an overview of this large literature, see Gilles and LeRoy (1991), Shiller (2003), and LeRoy (2010).

2West (1988a, p. 641) summarizes the various assumptions made in the literature regarding the stochastic
process for dividends and prices.

3Engel assumes that dividends evolve as an arithmetic random walk or remain stationary.

“In LeRoy’s model, dividends are highly persistent but stationary. This result is also discussed by Gilles
and LeRoy (1991, p. 771).



some key parameters of the model, namely the dividend AR(1) parameter p, the investor’s
subjective time discount factor [, and the coefficient of relative risk aversion a.

Following LeRoy (1984) and Engel (2005), I initially consider an economy where the rep-
resentative investor is risk neutral (o = 0). Dividends are assumed to follow an arithmetic
AR(1) process that allows for a unit root as a special case. For this environment, it is pos-
sible to derive exact analytical expressions for both the variance of the equilibrium price
change Var (Ap;) and the variance of the perfect foresight price change Var (Ap}). 1 show
that Var (Ap;) can be greater or less than Var (Ap;), depending on the values assigned
to p and 5. The two variance statistics are exactly equal when the parameters satisfy the
condition p (1+ ) = 1. For a typical model calibration where dividends are a close to a
random walk and the discount factor is close to unity, we have p (1 + ) > 1 which in turn
yields Var (Ap;) > Var (Ap;), confirming the results obtained by LeRoy (1984) and Engel
(2005). LeRoy’s numerical computations employ values for p and 3 which satisfy the condition
p (1+ ) > 1. Engel employs a setup where p; is defined as a cum-dividend price rather than
an ex-dividend price. His model can be interpreted as imposing the parameter restriction
pf ~ 1 such that the condition p (1 + 8) > 1 is satisfied. If dividends are less persistent or
the future is more heavily discounted such that p (1 + 3) < 1, then the variance inequality is
reversed, yielding Var (Ap;) < Var (Ap}).

The explanation for the variance inequality reversal is linked to the discounting mechanism.
The parameters p and [ both affect the degree to which future dividend innovations (which
are known ex post) influence the perfect foresight price p; via discounting from the future
to the present. The future dividend innovations have no effect the equilibrium stock price
p; because the rational expected value of future innovations is zero. When dividends are
highly persistent and the investor’s discount factor is close to unity such that p (14 3) > 1,
the discounting weights applied to successive future dividend innovations decay gradually.
By taking the first-difference of the perfect foresight price series, the terms involving future
innovations tend to cancel out. However, the current dividend innovation continues to have
a impact—but one that acts differently on the current- versus prior-period values of the
perfect foresight price. This differential impact of the current innovation serves to shrink
the magnitude of Ap;, resulting in a lower value for Var (Apf) relative to Var (Ap;). In
contrast, when p (1 + ) < 1, the discounting weights applied to successive future innovations
decay rapidly, so these terms do not tend to cancel out when taking the first difference of the
perfect foresight price series. In this case, the positive impact of the future innovations on the
variance dominates the negative impact of the current innovation, resulting in a higher value
for Var (Apf) relative to Var (Ap;) .



In the model with risk aversion, I adopt a more-general specification for dividends. I
specify the growth rate of dividends (and consumption) as an ARMA(1,1) process that al-
lows for either a stochastic or a deterministic growth trend. Within this framework, I derive
approximate analytical expressions for the variance of the equilibrium price change (in log-
arithms), i.e., Var[Alog (p;)], and its perfect foresight counterpart Var [Alog (p;)]. I show
that Var [Alog (p:)] can be greater or less than Var [Alog (p})], depending on the value as-
signed to the coefficient of relative risk aversion a. Assuming plausible parameter values
for the dividend growth process, I show that two variance statistics are exactly equal when
a = 1, representing logarithmic utility. When a < 1, the model yields Var[Alog (p;)] >
Var [Alog (p})], analogous to the risk-neutral result obtained by LeRoy (1984) and Engel
(2005). When the a > 1, the variance inequality is reversed such that Var[Alog (p;)] <
Var [Alog (pf)] -

When the investor’s utility function is logarithmic, the income and substitution effects of
dividend growth innovations exactly cancel, regardless of the stochastic process for dividend
growth. As a result, both the equilibrium price-dividend ratio p;/d; and the perfect foresight
price-dividend ratio p; /d; are constant under logarithmic utility. Given that the price-dividend
ratios are constant, any variation in the two price series p; and p; must be driven solely by
variations in the common stream of exogenous dividends. This explains why Var [Alog (p;)] =
Var [Alog (p;)] under log utility.

The explanation for the variance inequality reversal in the model with risk aversion is
also linked to the discounting mechanism. When the risk aversion coefficient is below unity,
the stochastic discount factors applied to successive future dividend growth innovations decay
gradually. By taking the first-difference of the perfect foresight price series (in logarithms), the
terms involving future innovations tend to cancel out. The differential impact of the current
innovation serves to shrink the magnitude of Alog (p;), thus resulting in a lower value for
Var [Alog (p;)] relative to Var [Alog (p;)]. When the risk aversion coefficient is above unity,
the stochastic discount factors applied to successive future innovations decay rapidly, so these
terms do not tend to cancel out when taking the first difference of the log price series. In this
case, the positive impact of the future innovations on the variance dominates the negative
impact of the current innovation, resulting in a higher value for Var [Alog (p})] relative to
Var [Alog (p:)] -

The fact that a variance inequality involving price changes (or log price changes) can
reverse direction depending on parameters should perhaps not be surprising. Unlike the
situation with prices themselves, the equilibrium price-change cannot be represented as a

conditional forecast of the price-change that would prevail under perfect foresight. In other



words, while the present-value model implies p, = E;pj, this relationship between prices does
not imply Ap; = E;Ap; nor does it imply Alog (p;) = EiAlog (p;). It turns out that the
present-value model does not impose theoretical bounds on price-change volatility except in

some special cases.

2 Asset Pricing Model

Equity shares are priced using the frictionless pure exchange model of Lucas (1978). There
is a representative investor who can purchase shares to transfer wealth from one period to
another. Each share pays an exogenous stream of stochastic dividends in perpetuity. The

investor’s problem is to maximize
o l1—a
il T -1
Ey Z 5 {ﬁ} ) (1)
t=0
subject to the budget constraint
¢t +pese = (pe + dip) si-1, ct, s¢ >0 (2)

where ¢; is the investor’s consumption in period ¢ and « is the coefficient of relative risk
aversion (the inverse of the intertemporal elasticity of substitution), d; is the dividend, and
sy is the number of shares held in period ¢t. The symbol E; is the mathematical expectation
operator, conditional on information available at time ¢. For simplicity, throughout the pa-
per, I assume that the representative investor’s information set consists only of current and
past dividends. The symbol p, denotes the equilibrium ex-dividend price conditional on the
investor’s information.’

The first-order condition that governs the investor’s share holdings is given by

p <Ct_+1) _ (Pey1 + diy1)

Ct

pe = Ey (3)

The first-order condition can be iterated forward to substitute out pyy14; for j = 0,1,2, ...
Applying the law of iterated expectations and imposing a transversality condition yields the

following expression for the fundamental equilibrium stock price

= E; Z My j dyj, (4)

J=1

5Specifically, the price p; corresponds to the information set H; = {d;, d;—1, di—a,...} . Engel (2005) and
West (1988b) make a distinction between H; and an unspecified larger information set I; that contains at
least H;. They use the symbol p; for the price conditional on H; and the symbol p; for the price conditional
on I;. For simplicity, I assume that H; and I; are identical here such that p; = p;.



where M, ; = 8 J (cej/ci)” is the stochastic discount factor. The perfect foresight price is

given by
pi = Z My j diy ;. (5)
j=1

Equity shares are assumed to exist in unit net supply. Market clearing therefore implies
s; = 1 for all t. Substituting this equilibrium condition into the budget constraint (2) yields,
¢ = d; for all ¢.

3 Risk-Neutral Investor

When a = 0, the representative investor is risk neutral and the pricing equations can be

written as follows

pr = BB Py +diga)
= B {Bd1 + B + Bdis + ..}, (6)

p; = By +di)
= Bdyy1 + Bdiys + Pz + - (7)

To facilitate an analytical solution for both p; and p}, I assume that dividends are governed

by the following AR(1) process

Ettj ™ N (07 Uz) )

dir =pdi+ (1= p)d + €441, ol <1 ; (8)

which allows for a unit root when p = 1.
Repeated substitution of equation (8) into equation (6) and then imposing Eye;,; = 0 for

j=1,2, ... yields the following expression for the fundamental equilibrium stock price

pe = d {Bp+(Bp)’ + (Bp)’ + ..} +d {B(AL—p)+ B (1—p*) +5°(1—p°) + ...},

= a |75 [ ) ®)

which shows that the equilibrium price-dividend ratio p;/d; is constant when p =1 or d = 0.

Repeated substitution of equation (8) into equation (7) yields the following expression for

the perfect foresight price

. Bp 1.5 B0=p BN g
P :flt [ } +d [( l—i‘l_ﬂpjgﬂj Yery, (10)

1—fp 1—p8)(1-Bp)

v~

Pt




which satisfies the relationship p;, = E;p;. Since p; is the rational forecast of p;, Shiller (1981)
argued that market efficiency requires Var (p;) < Var (p;). Marsh and Merton (1986) and
Kleidon (1986) later pointed out that neither variance will exist if dividends (and hence
prices) are nonstationary. Shiller’s derivation assumed that prices and dividends were rendered
stationary by removing a common deterministic time trend. However, in the present model
with p = 1, the trend in prices and dividends is stochastic, so Shiller’s detrending procedure
would not eliminate the unit root. To analyze the p = 1 case, we can detrend prices by taking
the first difference of the respective price series. Taking the first difference of equation (10)

yields

A = Ape — {1 —ﬁﬂp} o [61(1——_55)} [5t+1 + Bery2 + 525t+3 + ] : (11)

Proposition 1. When the representative investor is risk neutral and dividends are governed

by the AR(1) process (8), then:

Var (Apy) > Var(Ap;) if p(1+p5)>1,

Var (Ap) < Var(Apf) if p(1+p)<1

Proof: Taking the variance of both sides of equation (11) yields

o 5203 B 23 Cov (Apy, &)
Var (Apf) = Var(Ap) + 05 1= 5p)
2 2
Lo U=p) o ((11__52)20? 1+ 82+ + 85 +..].

From equations (8) and (9), we have Cov (Apy, g;) = Bpa?/ (1 — Bp) . The infinite sum inside
the square brackets of the above expression is equal to 1/ (1 — 62) . Inserting these results

into the variance expression and then simplifying yields the following result
23%02

(1—Bp)* (1 +5)

which shows that the direction of the variance inequality is governed by the sign of the term

1—p(1+p3). 1

Proposition 1 shows that when p (1 + ) > 1, we have Var (Ap;) > Var (Ap;) , confirming
the results obtained by LeRoy (1984) and Engel (2005). But when p (1 + ) < 1, the variance

Var (Ap;) = Var (Apy) +

7



inequality is reversed such that Var (Ap;) < Var (Ap;). The numerical examples in LeRoy
(1984, p. 186) employ the values p € (0.8, 0.99) and S = 0.9, which satisfy the condition
p (1+p8)>1.

Engel (2005) employs a cum-dividend pricing equation where the stock price at time ¢
includes a guaranteed dividend, unlike the Lucas-model setup where prices are ex-dividend.

Specifically, Engel employs the following asset pricing equation:

pr = di + Ey Bpisa. (12)

The above pricing equation can be obtained from the ex-dividend pricing equation (6) by
substituting in for d;,; from (8) and then imposing p/3 ~ 1. By effectively imposing pf ~ 1,
the cum-dividend pricing equation ensures that the condition p (1 + 3) > 1 is satisfied.
Starting instead with cum-dividend pricing equation (12) and its perfect foresight coun-
terpart and then following the same methodology described above, it is straightforward to

show that the result is

2302
(1—Bp)* (1+B)

which implies Var (Ap;) > Var (Ap}), in agreement with Proposition 2 in Engel (2005).6

Var (Ap;) = Var(Ap) —

(13)

The reason for the variance inequality reversal can be understood from equations (10) and
(11). When the parameters p and 3 are both close to unity, the discounting weights applied
to future dividend innovations in the solution for p; decay gradually, as shown by equation
(10). By taking the first-difference of the p; series to obtain Ap;, the terms involving future
innovations tend to cancel each other out, as can be seen from equation (11), where these
terms are multiplied by the coefficient 3 (1 — 3) /(1 — 8p). However, equation (11) shows
that the current dividend innovation ¢; continues to have a strong impact on Ap;. A positive
value of &; serves to shrink Apj relative to Ap;, whereas positive future innovations e,
Jj = 1,2, ..serve to magnify Ap; relative to Ap,. The negative influence of ¢; on the variance
of Ap; dominates the positive influence of ,4;, j = 1,2,...when the discounting weights in
the solution for p; decay sufficiently gradually, as measured by the condition p (1 + 3) > 1.

Given that a typical calibration satisfies p (1 + 3) > 1, the model would predict Var (Ap;) >
Var (Ap;), in agreement with the results obtained by LeRoy (1984) and Engel (2005).

Proposition 1 in West (1988b) derives a related variance inequality involving price changes that also makes
use of the cum-dividend pricing equation (12).



4 Risk Averse Investor

In this section, I allow for risk aversion and consider a more-general specification for dividends
I assume that the growth rate of dividends z; = log (d;/d;_1) is governed by the following
ARMA (1,1) process

Etyj ™~ N (07 O_g) )
Tip1 = T+ p (T —T) + 641 — Q&1 lpl <1, (14)
¢ €{0,1},
where ¢ = 0 implies a stochastic trend in log dividends, while ¢ = 1 implies a deterministic

trend.” The unconditional moments of dividend growth are given by

E(x) = T, (15)
Var(x;) = (L+ ¢1 :jfgb) Oa, (16)

_ (p=9) (1 =p9)
Corr (zy, ©;—1) = T 200 (17)

The fundamental equilibrium price-dividend ratio is denoted by y; = p;/d;. The perfect
foresight counterpart is denoted by y; = p;/d;. By substituting the equilibrium condition
¢t = d; into the first-order condition (3), the first-order condition and its perfect foresight

counterpart can now be written as

yo = Ei[Bexp (0z141) (Y2 + 1], (18)

yi = Bexp(0zp1) (i + 1), (19)

where § =1 — a.

The corresponding expressions for the log price change can be written as follows:

Alog (p;) = Alog (y;) + x4, (20)

Alog (p;) = Alog(y;) + =, (21)

"The ¢ = 1 case corresponds to the following specification for dividends: log(d;) = plog(ds_1) + ut+ &,
where put is the the deterministic time trend. Lagging this equation by one period and then subtracting one
equation from the other yields equation (14) with ¢ = 1, where (1 — p)Z = p.



4.1 Fundamental Equilibrium Solution

The fundamental equilibrium is obtained by solving the first-order condition (18), subject
to the dividend growth process (14). To facilitate an approximate analytical solution, it is
convenient to transform the first-order condition using a nonlinear change of variables to

obtain
2z = fexp (0xy) [Erze1 + 1], (22)

where z, = fexp (0x;) (y, + 1). Under this formulation, z; represents a composite variable
that depends on both the growth rate of dividends and the price-dividend ratio. Equation
(22) shows that the value of z; in period ¢ depends on the investor’s conditional forecast of
that same variable. By making use of the definition of z;, the first-order condition (18) can
be written as y; = F;z;.1. Hence, the fundamental equilibrium price-dividend ratio is simply
the rational forecast of the composite variable z;.

The following proposition presents an approximate analytical solution for z;.

Proposition 2. An approzimate analytical solution for the fundamental equilibrium value of

the composite variable z; = Pexp (0xy) (y. + 1) is given by
2z = explag+ ay (x — T) + as &,

where ay and as solve the following system of nonlinear equations

0
a = ,
! 1—pBexp[0T+ 1 (a1 + ay)’ o?]
_ _ 1 2 9
ay = —aiPfexp 9m—|—§(a1—|—a2) o

and ag = E [log (z;)] is given by

Bexp (07) }

ay = log
’ {1—ﬂexp [95+%(a1+a2)202]

provided that Bexp [0T + % (a1 + ay)’ o?] < 1.

€

Proof: See appendix.

Two values of a; satisfy the nonlinear system in Proposition 2. The inequality restric-

tion selects the value of a; with lower magnitude to ensure that the point of approximation

10



exp (E [log (z)]) is positive. Given the solution for the composite variable z;, we can recover

the fundamental equilibrium price-dividend ratio as follows
1
yr = Eizip = exp |ao+arp(z —T) —ar1¢e + B} (a1 + az)* 02| . (23)

Lansing (2010) compares the approximate solution from Proposition 2 to the exact theo-
retical solution derived by Burnside (1998) for the case of ¢ = 0, which implies a stochastic
trend in log dividends. The approximate solution is extremely accurate for low and mod-
erate levels of risk aversion (« ~ 2). But even for high levels of risk aversion (o ~ 10), the
approximation error for y, remains below 5 percent.

As shown in the appendix, the approximate solution can be used to derive the following

unconditional moments of the equilibrium asset pricing variables:

B exp [HE + % (a1 + a2)2 ag]
— 2 : (24)
1—Bexp [0T + 1 (a1 + a2)” 02|

E [log (y)] = log{

Var llog ()] = (22=2L7 )

E[Alog (p)] =

s
—~
[\~
=)
—

Var[Alog (p)] = [(alp)2 + (14 a1p)? = 2a1p (1 + a1p) Corr (x, z1-1)] Var (z;)

—2a¢ (a1 (p— @) + (L — p+ ¢) (L + a1p)] o7 (27)

where Var (x;) and Corr (x;, x;—1) are given by equations (16) and (17).

From Proposition 2, the magnitude of the solution coefficient a; increases as the risk
aversion coefficient « rises above unity. An increase in the magnitude of a; serves to magnify
the volatility of the price-dividend ratio, as shown by equation (25).% For the case of log
utility (« = 1), we have # =1 — a = 0, such that a; = as = 0. In this case, the fundamental
equilibrium price-dividend ratio is constant at the value y, = 5/ (1 — (3). This result obtains
because the income and substitution effects of an innovation to dividend growth are exactly

offsetting.

8LeRoy and LaCivita (1981) demonstrate that risk aversion magnifies the volatility of the price-dividend
ratio in a Lucas-type model where the level of dividends is governed by a two-state Markov process.

11



4.2 Perfect Foresight Solution

The perfect foresight price-dividend ratio is governed by equation (19), which is a nonlinear
law of motion. To derive analytical expressions for the perfect foresight variances, I approxi-
mate equation (19) using the following log-linear law of motion (details are contained in the

appendix):

log (y7) — E[log (y7)] = 0 (xes1 — ) + Bexp (07) {log (y;11) — E [log ()]} - (28)

As shown in the appendix, the approximate law of motion (28) and the dividend growth

process (14) can be used to derive the following unconditional moments

Eflog (y;)] = log L feﬁxfxf?f)} , (29)
o P Var (z) {1+ Bexp (0T) 2Corr (x4, 21) — p]}

erles U S T e oI 1 - e o]

E[Alog (p;)] = 7, (31)

Var [Alog (p})] = [1— Bexp (07)) Var [log (y)]

5 2a0[1—Pexp(07)] Corr (x4, x4-1)
#{ats = phoxp (7)) frareo. @

where Var (z;) and Corr (x;, ;1) are again given by equations (16) and (17).

4.3 Volatility Comparison

Given the complexity of the variance expressions for the log price change it is not immediately
obvious whether the equilibrium price-change variance given by equation (27) is greater or
less than the perfect foresight variance given by equation (32). To gain some insight, it is

helpful to consider some special cases.

Proposition 3. For the special case of logarithmic utility (« = 1), we have:

Var [Alog (p;)] = Var[Alog(p;)] = Var(x),

Proof: With log utility, we have § = 1 — o = 0. Proposition 1 then implies a; = ay = 0 for
any values of p and ¢. Plugging these values into the appropriate expressions yields the above
result. H

12



When the utility function is logarithmic, the income and substitution effects of dividend
growth innovations exactly cancel, regardless of the stochastic process for dividend growth.
As a result, the price-dividend ratios y; and y; are both constant, as can be seen from the
variance expressions (25) and (30) when a; = 0 and 6 = 0, respectively. Given that the
price-dividend ratios are constant, any variation in the price series must be driven solely by

variations in the common stream of exogenous dividends.

Proposition 4. For the special case of iid dividend growth (p = ¢ = 0), we have Var [Alog (p;)] >
Var [Alog (p;)] when a < 1, versus Var [Alog (p;)] < Var[Alog (p;)] when a > 1.

Proof: When p = ¢ = 0, Proposition 1 implies a; = 6 and ay = 0. From equations (27) and
(32), we then have

Var[Alog(p)] = Var(w),

Var [Alog (57)] = {a2+92 E;ggﬁiggg”varm),

where § = 1 — «. By inspection, when a < 1, the perfect foresight variance is less than
equilibrium variance. When a = 1, both variance expressions collapse to Var (z;). By

inspection, when «a > 1, the perfect foresight variance exceeds the equilibrium variance. l

When o < 1, Proposition 4 shows Var[Alog (p;)] > Var[Alog(p;)], analogous to the
risk-neutral result obtained by LeRoy (1984) and Engel (2005). When « > 1, the price-change
variance inequality is reversed such that Var[Alog (p:)] < Var[Alog (p;)]. As noted in the
introduction, the price-change variance can be interpreted as a measure of the “smoothness”
of the underlying price series. According to Proposition 4, a risk aversion coefficient above
unity is needed to cause the equilibrium stock price (the forecast) to appear smoother than
the discounted sum of subsequent realized dividends (the object being forecasted).

Intuition for the variance inequality reversal in Proposition 4 can be obtained by writing
out equations (18) and (19) for the case of 7d dividend growth, which implies z;1; = T+ €445
for j =1,2,... We have

P = diFE, [ﬁ exp [0F + Oz,41] + B exp (20T + 041 + Ociya) + } (33)

p; = di [Bexp[0T + Ozi1] + 57 exp (20T + Ozpp1 + O2p10) + ... - (34)

Since Ejexp (fey4;) = exp (92a§ / 2) for j = 1,2, ..., the equilibrium price-dividend ratio p,/d;

is constant in this case. If we neglect the higher-order terms in the above expression for pj,

13



then the corresponding log price changes can be compared directly as follows

Alog(p:) = log(d) —log (di-1)
= T+e (35)

Alog (p;) ~ log(d;) —log(di—1) + g1 — Oey
Alog (p) + (1 — a)err — (L —a) e (36)

12

where I have made use of the definition § = 1 — a. The above expressions imply

Var[Alog (p})] ~ Var[Alog(p)]+2(1—a)’e?—2(1— a)Cov A l(zg (pe) , &4,

2
og

~ Var[Alog(p:)] —2(1 —a)ao?

e

when p = ¢ = 0. (37)

The two variance statistics are equal when o« = 1. When a < 1, the covariance term
involving the current innovation &; serves to shrink the magnitude of Var [Alog (p;)] relative
to Var [Alog (p;)] , whereas the variance of the future innovation &, always serves to magnify
Var [Alog (p})] relative to Var [Alog (p;)] . The negative influence of ¢; dominates the positive
influence of €;,,1 when o < 1. The differential impact of current versus future innovations is
similar to the effect noted earlier in describing the intuition for Proposition 1. Recall that the
above approximation neglects the variance impact of the higher order terms which involve the
future innovations €;,9, €43, ... etc. But when a < 1, the stochastic discount factors applied
to these future innovations decay gradually in equation (34). By taking the log-difference of
p; in equation (34) to obtain Alog (p;), the terms involving the future innovations tend to

cancel out, rendering the above approximation valid.

5 Quantitative Analysis

Figure 1 plots the volatility (standard deviation in percent) of Alog (p;) and Alog (p}) as a
function of the risk aversion coefficient «. For each value of «, I calibrate the subjective time
discount factor 5 so as to achieve E (y;) = 26.6 in the model, consistent with the average
value of the price-dividend ratio for the S&P 500 stock index going back to 1871. When «

exceeds a value of about 2.8, achieving the target value of E (y;) in the model requires a value

9Cochrane (1992) employs a similar calibration procedure. For a given discount factor, he chooses the risk
coefficient @ to match the mean price-dividend ratio in the data.
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of £ that is greater than unity. Nevertheless, for all values of a examined, the mean value of
the stochastic discount factor E [ (ci+1/¢;)” "] remains below unity.!”

Given that the Lucas model implies ¢; = d; in equilibrium, I calibrate the stochastic
process for x; in equation (14) using U.S. annual data for the growth of real consumption
from 1890 to 2004.!'' Given a value for ¢, the remaining parameters are set to match the
mean, standard deviation, and autocorrelation of consumption growth in the data using the
moment equations (15) through (17). For the case of a stochastic trend in log dividends
(¢ = 0), the parameter values are T = 0.0206, 0. = 0.0354, and p = —0.1. For the case of a
deterministic trend (¢ = 1), the parameter values are T = 0.0206, 0. = 0.0338, and p = 0.8.

The top panel in Figure 1 shows the results for a stochastic trend in log dividends (¢ = 0)
while the bottom panel shows the results for a deterministic trend (¢ = 1). In each panel,
the volatility of Alog (p;) (solid blue line) is compared to the volatility of Alog (pf) (dotted
red line). The solid green line at 18 percent marks the standard deviation of changes in the
logarithm of the real S&P 500 stock price index going back to 1871.

Both panels illustrate the reversal in the price-change variance inequality as the risk aver-
sion coefficient crosses unity. These are the same basic patterns described in Proposition 4
for the special case of iid dividend growth. Numerical experiments with the model confirm
that a single variance inequality reversal occurs at @ = 1 when the parameters of the dividend
growth process are set reasonably close to those implied by the U.S. data calibration. It turns
out, however, that if dividend growth exhibits strong positive serial correlation (in contrast to
U.S. data), then a second variance inequality reversal occurs at higher levels of risk aversion.
For example, when ¢ = 0 and p 2 0.6, a second variance inequality reversal occurs as «
increases above unity, yielding the result Var [Alog (p;)] > Var[Alog (p;)]. The value of «
at the second reversal depends on the value of p. Given the intuition from the risk neutral
case, it is perhaps not surprising that the dividend growth AR(1) parameter can influence the
direction of the variance inequality in the model with risk aversion.'?

The top panel (¢ = 0) shows that the volatility of Alog (p;) in the model remains well
below the U.S. data value of 18 percent for plausible values of risk aversion. This is because
the calibration for this case implies p ~ ¢ = 0 such that consumption growth is close to iid,

resulting in a nearly constant price-dividend ratio y; in equilibrium. In contrast, the ¢ = 1 case

19Kocherlakota (1990) shows that a well-defined competitive equilibrium with positive interest rates can
still exist in growth economies when 5 > 1.

"Long-run annual data for U.S. real consumption, real dividends, and real stock prices are from Robert
Shiller’s website: http://www.econ.yale.edu/ shiller/.

12 A similar reversal pattern occurs when plotting the variance of log returns, as shown by Lansing and
LeRoy (2010).
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shown in the bottom panel generates much more volatility in A log (p;) and can actually match
the U.S. data value when the risk aversion coefficient « is around 5.5. A deterministic trend
in dividends generates much more volatility in the equilibrium price-dividend ratio because
the representative investor knows that a high current realization of dividends will be reversed
in the future as dividends return to the trend. It should be noted, however, that the ¢ = 1
case cannot be calibrated to match the moments of U.S. consumption growth after World
War II because observed consumption growth exhibits positive autocorrelation, whereas the

¢ = 1 case admits only negative autocorrelation in growth rates.'?

6 Conclusion

This paper demonstrates that the direction of a theoretical variance inequality involving the
change in equilibrium stock prices (or log stock prices) relative to the change in their perfect
foresight counterpart can be reversed, depending on the values of some key parameters of
the underlying asset pricing model. In the risk neutral case, the direction of the theoretical
variance inequality depends on the values assigned to the dividend AR(1) parameter p and
the investor’s subjective time discount factor 5. In the model with risk aversion, the direction
of the variance inequality depends on the value assigned to the coefficient of relative risk
aversion a. Overall, the results demonstrate that a generalized version of the present-value

model does not impose theoretical bounds on price-change volatility.

B3From equation (17) with ¢ = 1 we have Corr (z¢, z,-1) = — (1 — p) /2.
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A Appendix: Fundamental Equilibrium Solution

A.1 Proof of Proposition 2

Iterating ahead the conjectured law of motion for z; and taking the conditional expectation

yields
Eiz1 = exp [ao + pay (x, — T) — arpe + % (aq + a2)2 aﬂ ) (A.1)
Substituting the above expression into the first order condition (22) and then taking logarithms
yields
log (z;) = F (x4, &:) = log(B) + Oz

+ log {exp [ag + pai (z; — T) — ar¢ ¢ + 3 (a1 + ay)? o?] +1},

~ ag+tay(ry —T)+ asey, (A.2)

where the Taylor-series coefficients ag = F [log (2;)], a1, and as are given by

ag = F(z,0) = log(B)+07+log{exp [ao+ 5 (a1 + as)’ o] +1} (A.3)
Ja +1 202
S IF _ g 4 oo [ag 5 (a1 —|—2a2) o?] . (A4)
Ozt |5 o exp [ao + 1 (a1 + a2)" 02] + 1
OF - 3 ? o
. = OF _ a1¢ exp [olto + 3 (1 —|2— as)” o?] (A5)
Ot 3.0 exp [ao + 5 (a1 + az) ag} +1
Solving equation (A.3) for ag yields
exp (0T
o = log Jepln 1 (A0
1—Bexp [0T + 1 (a1 + a2)” 02|

which can be substituted into equations (A.4) and (A.5) to yield the following system of

nonlinear equations that determines a; and a»:

ap, = 0 + paSexp [95 + % (a1 + a2)2 a?] (A.7)

a; = —ajpfexp [95 + % (aq + a2)2 0?] (A.8)
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Solving equation (A.7) for a; yields the expression shown in Proposition 1. When p # 0, the

above equations can be combined to obtain the following explicit expression for as

a2:¢(0_a1) /p7 (p#0)7 (Ag)

which can be substituted back into equation (A.7). There are two solutions, but only one
solution satisfies the condition Sexp [0Z + 1 (a; + ay)’ ol <1. 1

A.2 Asset Pricing Moments

This section briefly outlines the derivation of equations (24) through (27). Equation (24)
follows directly from equation (23) by taking the unconditional expectation of log (y;). We

then have
log (y:) — Elog (y¢)] = aip (¢ —T) — ar1¢ey, (A.10)

which in turn implies

Varflog (y)] = (a1p)’Var (z) + (a16)> 0> — 2(a1)’pd Cov (xy, &) (A.11)

:O'g

The above expression can be simplified to obtain equation (25).
Taking the unconditional expectation of the log price change (20) yields equation (26).

Substituting for y; and y;_; from the fundamental equilibrium solution (23) yields

Alog (pr) — E[Alog (pr)] = (1+aip) (2 —7) — arp (-1 —7)

—a1¢€t + a1¢€t,1. (A12)

Taking the square of the above expression and then taking the unconditional expectation

yields equation (27).

B Appendix: Perfect Foresight Solution

B.1 Log-linearized Law of Motion

Taking logarithms of the nonlinear law of motion (19) yields

log (y;) = Gz, log (y51)] = log(B) 4 Ozir + log {exp [log (yi1)] + 1}

~ b() + b1 (It—&—l — f) + b2 [IOg (y:—i-l) — bo} s (B].)
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where the Taylor-series coefficients by = F [log (y;)], b1, and by are given by

bo = G(T,by) = log(B)+ 0% +log [exp (by) + 1], (B.2)
by = g—i T 0, (B.3)
by = % . - %. (B.4)
Solving equation (B.2) for by yields
- ez

which can be substituted into equation (B.4) to obtain by = Sexp (7).

B.2 Asset Pricing Moments

This section briefly outlines the derivation of equations (29) through (32). Equation (29)
follows directly from equation (B.5), where by = F [log (y;)]. From equation (B.1), we then

have

log (y;) — Eflog (y})] = 0(zp1 =) + Bexp(07) {log (y7,,) — Ellog (y))]},  (B.6)
which in turn implies

A% : 0 07) Covll ) xy
Var log (47)) = “ AR 00 o oali). ] ®7)

The next step is to compute Cov [log (y;), z:] which appears in equation (B.7). Starting

from equation (B.6), we have

Cov[log (y;), x:] = 0Cov(x¢, me—1) + Bexp (0T) Cov [log (yfy1) , @], (B.8)
:C’ov[log‘(,yf),:ct_l]
Covllog (y;), x1—1] = 0Cov (v, v4—2) +LBexp (0T) Cov [log (CU;A) , xt_l], (B.9)
ﬁ—/ . ~ /
=pCov(xt,Tt_1) =Covllog(y;), x¢—2]
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where we use repeated substitution to eliminate Cov [log (v;), x;—;] for j = 1,2, ... Applying

a transversality condition yields

Covllog (y;), x| = 0Cov (x4, 41 Z pBexp (0T)
7=0

~ 0Cov (24, 24_1)
 1—pBexp(AT) (B-10)

where the infinite sum converges provided that pfexp (0 T) < 1. Substituting equation (B.11)

into equation (B.7), together with Cov (2, ;—1) = Corr (x4, x4—1) X Var (x;) and then sim-
plifying yields equation (30).

Taking the unconditional expectation of the perfect foresight log price change (21) yields
equation (31). Substituting for y; ; using the approximate law of motion (B.6) yields

Alog(p;) — E[Alog (p;)] = a(z—7) + [1—Bexp(07)]{log(y;) — E[log (y;)]} -
(B.11)

Taking the square of the above expression, followed by the unconditional expectation and

then once again making use of equation (B.10) yields equation (32).
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Figure 1: Variance inequality reversal occurs at a = 1 for both dividend specifications.
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