MACROECONOMIC FrLucTuATIONS WITH HANK &

SAM: AN ANALYTICAL APPROACH®

Morten O. Ravn’?3* and Vincent Sterk!?3+4
University College London'!, Centre for Macronomics?,

Centre for Economic Policy Research?, and ADEMU*

This version: February 2018, first version December 2016

Abstract

We present a tractable New Keynesian model with incomplete asset markets and labor
market frictions. The key new feature of this model is endogenous idiosyncratic earnings
risk which may be countercyclical or procyclical. The latter is stabilizing while countercycli-
cal risk induces a powerful supply-demand feedback mechanism with profound implications.
First, a new high-unemployment steady state can arise. Second, monetary policy needs
to be more aggressive than dictated by the Taylor principle to avoid local indeterminacy.
Third, shocks are amplified and productivity increases may be inflationary. Fourth, the

Zero Lower Bound may be inflationary and paradoxical outcomes may be overcome.

JEL Classifications: E10, E21, E24, E30, E52
Keywords: Sticky prices, incomplete asset markets, matching frictions, multiple equilib-

ria, amplification

*Ravn: Department of Economics, University College London, Drayton house, 30 Gordon Street, London
WCI1E 6BT, UK. m.ravn@ucl.ac.uk; Sterk: Department of Economics, University College London, Drayton
house, 30 Gordon Street, London WC1E 6BT, UK. v.sterk@ucl.ac.uk. We are grateful to our discussants Edouard
Challe, Wei Cui, Kurt Mitman, Xavier Ragot, Federica Romei, Francesca Loria, as well as Jordi Gali, Marina
Lovchikova and participants at numerous conferences and seminars for many helpful comments. Financial support
from the ADEMU (H2020, No. 649396) project and from the ESRC Centre for Macroeconomics is gratefully
acknowledged. Chanwoo Kim provided superb research assistance.



1 Introduction

The New Keynesian (NK) model has gained widespread use both in academic research and in
policy circles. The crux of the model is that nominal frictions induce inefficient fluctuations in
the economy, which monetary and fiscal policies can be designed to address. Clarida, Gali and
Gertler (1999) provide a summary of the model’s key insights, based on a highly intuitive, three-
equation version. Paradoxically, however, these insights do not pertain to unemployment and
distributional issues, two central aspects of many policy discussions which are widely considered
to be important determinants of aggregate demand.

Recently, a new generation of NK models that addresses these deficiencies has emerged. For
example, Gertler and Trigari (2009), Blanchard and Gali (2010), Ravenna and Walsh (2011),
and Christiano, Eichenbaum and Trabandt (2016) introduce unemployment by incorporating
Search and Matching (SAM) frictions in the labor market. Others have introduced financial
market incompleteness, generating inequality in income, wealth and consumption. Kaplan, Moll
and Violante (2018) have dubbed such models Heterogeneous Agents New Keynesian (HANK)
models. By giving centre stage to HANK and SAM, the new models mark a clear break with the
traditional “representative agent” assumption, offer a rich array of cross-sectional predictions,
and allow inequality across households to matter in models of aggregate fluctuations, see e.g.
McKay and Reis (2016a) and many others.!

This paper complements the new vintage of NK models with an analytically tractable coun-
terpart that is as simple as the model in Clarida, Gali and Gertler (1999), but nonetheless features
search and matching frictions in the Diamond-Mortensen-Pissarides tradition, and incomplete
markets a la Bewley, Huggett and Aiyagari. Our main purpose is to revisit core qualitative
results highlighted in the New Keynesian literature and to understand how these results are af-
fected by the interactions between HANK and SAM. A key feature of our framework is that the
severity of idiosyncratic earnings risk is endogenously determined, in conjunction with aggregate
demand. We demonstrate profound implications of this endogeneity for short- and long-run
equilibrium determination, the response of the economy to shocks, and the implications of the
Zero Lower Bound (ZLB) on the nominal interest rate.

The model’s tractability derives from a limit on participation in the equity market, com-

!Other studies in this new vein include Auclert (2016), Bayer, Pham-Dao, Luetticke and Tjaden (2015),
Beaudry, Galizia and Portier (2017), Berger, Dew-Becker, Schmidt and Takahasi (2016), Challe, Matheron, Ragot
and Rubio-Ramirez (2017), den Haan, Rendahl and Riegler (2016), Heathcote and Perri (2015), Gornemann,
Kuester and Nakajima (2016), Guerrieri and Lorenzoni (2017), Kekre (2016), Luetticke (2015), McKay, Nakamura
and Steinsson (2016), McKay and Reis (2016b), and Ravn and Sterk (2017).



bined with a borrowing limit in the bond market. These assumptions give rise to an equilibrium
with three distinct groups of households: borrowing-constrained unemployed households, un-
constrained but asset-poor employed households, and asset-rich but liquidity-constrained house-
holds.? We can characterize the equilibrium outcomes analytically, which facilitates a clear
understanding of the underlying economic mechanisms. Moreover, our analytical approach al-
lows us also to address potential equilibrium multiplicity which may easily be overlooked when
solving incomplete-markets models numerically. This possibility is not a mere technical artefact
as fluctuations driven by “animal spirits” can arise naturally under incomplete markets and
endogenous employment risk.

A central feature of the model is the emergence an ‘endogenous risk wedge’ in the consump-
tion Euler equation.> Werning (2015) similarly highlights this type of wedge in an analytical
‘aggregated’ Euler equation, but does not model explicitly how it is determined in equilibrium.
We demonstrate how, in the presence of search and matching frictions, the wedge is pinned down
by the tightness of the labor market, which moves over the business cycle. When the economy
enters a recession, two opposing forces arise. On the one hand, the worsening labor market con-
ditions make new jobs harder to find for job losers. This mechanism introduces countercyclical
endogenous earnings risk because of lack of unemployment insurance. On the other hand, wages
tend to fall in recessions, which makes job loss less costly and hence induces procyclical endoge-
nous earnings risk. We characterize the conditions under which either of these two sources of
cyclicality dominates, and relate them to primitives such as wage cyclicality, the income loss in
terms of unemployment, labor market flexibility, etc.

Which of these sources is likely to dominate in practice? In models with complete markets,
agents have an intertemporal savings motive which induces a negative comovement between real
interest rates and labor market slackness because agents wish to save when jobs are easy to find
and income is high. This tendency for negative comovement between real interest rates and job

finding prospects is even stronger under incomplete markets when the procyclical earnings risk

2Qur setup extends earlier work deriving tractability from assumptions on the borrowing limit, see Krusell,
Mukoyama and Smith (2011), Werning (2015), McKay, Nakamura and Steinsson (2017), McKay and Reis (2016b),
Bilbiie (2017) and Ravn and Sterk (2017). In these models, agents are unable to borrow. In our analysis, the
employed households — who end up pricing the bonds— are in principle able to borrow but choose voluntarily not
to do so.

3Like Clarida, Galf and Gertler (1999), we abstract from physical capital for reasons of tractability. Our
model, however, does have a form of investment, namely investment in vacancies. In an extension of the model
with capital, the precautionary savings effects would create only weak spillovers, or no spillovers at all, to capital
investment, for the precise same reason that in the present model these effects do not spill over to vacancy
investment: the owners of the firms are rich, which shields them from idiosyncratic risk.



Figure 1: Real interest rate (R") and labor market tightness (v/u) in the data.
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Notes: Real interest rate and labor market tightness (vacancy-unemployment ratio) in the United States; devi-
ations from trend. The real interest rate is expressed on a monthly basis and is computed as the Federal Funds
rate minus a six-month moiving average of CPI inflation. Vacancies are measured as the composite Help Wanted
index from Barnichon (2010). Data series were logged and de-trended using a linear trend estimated over the
period up to the end of 2007.

channel dominates. On the other hand, if earnings risk is countercyclical (when unemployment
risk dominates), agents have a strong precautionary savings motive in recessions, which induces
a potentially positive comovement between job finding rates and real interest rates. Figure 1
illustrates the relationship between real interest rates and labor market tightness (the ratio of
job vacancies to unemployment) in the U.S. These two variables comove positively, indicating
that real interest rates are low when jobs are hard to find and vice versa. This points towards
dominance of the countercyclical endogenous earnings risk channels. We further carry out back-
of-the-envelope calculations which support this conclusion unless wages are extremely procyclical
and income losses in case of unemployment are minor.

Next, we explore the implications of endogenous earnings risk, in the presence of incomplete
markets and endogenous rigidities. Countercyclical earnings risk introduces an amplification
mechanism, due to a demand-supply side interaction. Intuitively, a worsening of labor market

conditions increases unemployment risk, which motivates households to build more precaution-



ary savings. This reduces aggregate goods demand and increases the demand for bonds, pushing
down the real interest rate. Because of nominal rigidities, firms respond to lower goods demand
by cutting back on new hires. As a result, labor market conditions worsens further creating
even more earnings risk, even lower goods demand, and so on. Conversely, if endogenous earn-
ings risk is procyclical, aggregate fluctuations are stabilized. When earnings risk is acyclical,
either because the two mechanisms exactly cancel out or because earnings risk is exogenous, the
model’s implications for aggregate fluctuations are similar to those of standard (two-agent) New
Keynesian model (see Debortoli and Gali, 2017), although the underlying mechanisms may be
different (see Kaplan, Moll and Violante, 2018).

We highlight a number of key implications of the endogenous risk channel for the macro
economy and for monetary policy. The first concerns the steady-state properties of the model.
As in the basic NK model, there is an “intended” steady-state equilibrium as well as an un-
intended “liquidity trap”. In the latter steady state, the ZLB binds and output is relatively
low, as in Benhabib, Schmitt-Grohé and Uribe (2001, 2002). Unlike the standard NK model,
however, our model may have a third steady state, which we label the “unemployment trap.”
This equilibrium can arise when the endogenous earnings risk is countercyclical and sufficiently
strong. In the unemployment trap, aggregate demand is depressed to a level at which it is no
longer profitable for firms to invest in vacancies, and in which inflation is moderately smaller
than in the intended steady state. Therefore, hiring declines to a minimum, which perpetuates
high unemployment risk and hence low demand.

We then study local determinacy properties, exploring the scope for belief-driven dynamics
around steady states. We present an analytical local determinacy condition for the intended
steady state. When earnings risk is procyclical, the intended steady-state is locally determi-
nate subject to the Taylor principle. However, countercyclical earnings risk implies that local
indeterminacy can arise even when the “Taylor Principle” is satisfied (see e.g. Woodford, 2003,
Chapter 2). Intuitively, monetary policy must not only rule out local indeterminacy due to nom-
inal rigidities, but also address the demand-supply interaction. Additionally, we show that the
unemployment trap is determinate under a standard rule which responds more than one-for-one
to inflation. Around this steady state, the monetary policy rule determines the rate of inflation,
but has no grip on unemployment.

Third, we study the responses of the economy to productivity shocks and monetary pol-

icy shocks in the vicinity of the intended steady state. We solve analytically for the dynamic

4McKay and Reis (2016b) study optimal social insurance policy in a similar environment.



equilibrium and characterize the amplification (dampening) mechanism due to countercyclical
(procyclical) earnings risk. We also show that, under countercyclical risk, positive productiv-
ity shocks may increase rather than decrease inflation, due to the ensuing boom in aggregate
demand. Via the same mechanism, endogenous risk impacts on the effects of monetary pol-
icy shocks. Countercyclical risk makes monetary policy shocks more powerful. Similarly, the
systematic component of monetary policy becomes more important as it can counteract the
amplification mechanism, by cutting interest rates when demand is low and earnings risk is
high. Importantly, the endogenous earnings channel that underlies these results is not present
in the representative-agent New Keynesian models, nor in two-agent versions of that model, as
in for example Gali, Lépez-Salido and Vallés (2003) and Bilbiie (2008). In other words, market
incompleteness matters for the business cycle, provided that earnings risk is endogenous.

Fourth, we revisit the role of the ZLB. In particular, we present a condition under which
a negative productivity shock moves the nominal interest rate towards the ZLB and show that
ZLB episodes are not necessarily deflationary. This happens as the real interest rate declines
when unemployment increases, due to a heightened demand for precautionary savings. At the
ZLB, a decline in the real interest rate implies an increase in inflation via the Fisher relation.
Additionally, we revisit paradoxical properties of the representative-agent NK model which occur
when the ZLB binds, see e.g. Eggertsson and Krugman (2012) and Werning (2012). Specifically,
we show that our model can overturn the paradox that, at the ZLB, positive productivity shocks
may be contractionary, because higher productivity dampens the precautionary savings motive.
Our analysis complements McKay, Nakamura and Steinsson (2016), who study the implications
of incomplete markets for the “forward guidance puzzle” at the ZLB.

The remainder of this paper is organized as follows. Section 2 presents the model. In Sections
3 and 4 we study, respectively, steady states and local fluctuations. Section 5 focuses on the
role of the ZLB. Finally, in section 5 we discuss our model in light of the data, and argue that

procyclical sources of earnings risk likely dominate countercyclical forces.

2 The Model

We construct a model which combines nominal rigidities in price setting, as in the NK tradi-
tion, with labor market matching frictions in the Diamond-Mortensen-Pissarides tradition, and
incomplete asset markets in the Aiyagari-Bewley-Huggett tradition. The economy is made up

of households who consume and work, firms which produce output, and a monetary authority in



charge of the nominal interest rate. We allow for both aggregate and idiosyncratic uncertainty

and assume a lack of household insurance against idiosyncratic income risk.

2.1 Preferences and Technologies

Preferences: There is a continuum of mass 1 of infinitely lived single-member households
indexed by ¢ € (0,1). Households consume non-durable goods, ¢; s, have disutility of work, and

maximize the expected discounted present value of their utility streams:

s e |
Vz' =E st b - i, | 1
it t ; B 1— n;, (1)
where Eyz, = F (z4|l;) is the date ¢ conditional expectation of x;, 0 < 8 < 1 the subjective
discount factor, > 0 the measure of relative risk aversion, n; s the household’s employment
status, and ¢ > 0 measures the disutility of market work. An individual household is either

employed and works full-time, or does not work at all:

0 if not employed at date s
Nis = . (2)
1 if employed at date s

The consumption level of an individual household is a CES aggregator of a basket of consumption

oo 1/(1=1/7)
he = ( [y dj) | )
J

where v > 1 is the elasticity of substitution between goods varieties. Workers who are not

goods, ¢/:

employed produce ¥ units of the aggregate consumption good at home.

Households decide on consumption, savings, on the financial portfolio, and on whether or
not to participate in the labor force. A household not in the labor force cannot search for jobs
in the market. Households who stand to lose on the net from employment declare themselves

out of the labor force. We discuss the savings and portfolio problems later.

Production technology: Market goods are produced by a continuum of monopolistically
competitive firms, indexed by j € (0, M), that each supply a differentiated good. The technology
is:

Yjs = exp (As) njs, (4)

where y; ; is firms j’s output and n; , its employment. A, is an aggregate stochastic productivity
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shock which follows a first-order autoregressive process:
As = pAAsfl + O'AET?, (5)

where p, € (—1,1), 04 > 0 and ¢4 ~ N (0, 1).

The law of motion of employment of firm j is:
njs = (1 —w)njs—1+ hjs, (6)

where w is a constant employment separation rate and h; s denotes hiring by firm j. Firms hire
workers by posting vacancies, v; 5, at cost £ > 0 per vacancy. A vacancy is filled with probability
¢s- We take firms to be sufficiently large that ¢, is also the fraction of vacancies that are filled.’?

Thus, the total number of vacancies posted by firm j is given by h;/qs.

Matching technology: Agents receive information about current productivity shocks at the
beginning of each period. Existing worker-firm relationships are resolved at the end of the
period and new ones are formed at the beginning of the next period. Households take their
consumption/saving decisions after new matches are formed. Job separations are exogenous and
affect existing hires randomly, so that employees perceive w to be the risk that they lose their
current job.

New hires are produced by a matching function which relates the measure of newly formed

worker-firm matches to the aggregate measures of vacancies, v,, and job searchers, e, as:
_ — o, 11—«
M (es,vs) = melvg “, (7)

where m > 0 indicates the match efficiency, o € (0,1), and v, = L[‘;.Uj73dj is the measure of

aggregate vacancies. We impose that vacancies cannot be negative:
vjs 2 0, (8)

see also Petrosky-Nadeau, Zhang and Kuehn (2017). The job finding rate, 7, i.e. the probability
that a jobless worker finds a new employer, and the vacancy filling probability, ¢, depend on

5This is useful because we will later assume symmetry across firms and the large firm assumption avoids
having to consider that the measure of vacancies filled by individual firms is stochastic.



labor market tightness, 0, = 2=, as:

M(es,v5)
gy = M) _pyia ©)
es
M(es,vs) o 1 o
g5 = M:mesa:ml—lang T (10)
Vs

It turns out that m and k enter the model equations in a way that is observationally equivalent

for our purpose. Hence we impose the normalization m = 1 from now on.

2.2 Price and Wage Setting

Prices: Firms set prices of their products, P;, subject to a quadratic price adjustment cost as
in Rotemberg (1982). The extent of nominal rigidities in price setting is parameterized by ¢ > 0,
which determines the size of the price adjustment costs. Let w, denote the average real wage, v,
aggregate output, and P, be the aggregate price level. We anticipate that in equilibrium wages
are the same for all workers and hence exclude worker- and firm specific indices for the wage.

Firms maximize:

00
Et E Aj,t,t+s
s=t

P}S gb P',s - P',s—l 2
T v, (Bl ). "

subject to (4), (6), and a demand constraint which derives from the consumers’ decision prob-

P\
we= () w (12)

where y, = f] yjsdj denotes aggregate output and A,;;., is the discount factor of the firm’s

lems:

owners (discussed in Section 2.5).

Real marginal costs, mc;,, are the sum of the wage and hiring costs of a marginal worker
(relative to productivity). To hire a marginal additional worker at date s, firms must spend /g
on hiring costs but since matches persist, hiring today brings about future hiring cost savings

(1 —w) Kk/qs (discounted at the appropriate rate). Thus:

1
—) (ws + qﬁ - )‘v,j,s - (1 - CU) EsAj,8,8+1 {L - >\U,j,5+1}> ) (13)

mc =
€xXp (As qs+1

j78

where A, j s > 0 is the Kuhn-Tucker multiplier on (8), which satisfies the complementary slackness

condition A, ;v;s = 0. Exploiting symmetry across firms, marginal costs equalize across firms



and hence we drop the firm subscript from now on. The firms’ price-setting problems deliver

the following first-order condition:®

1 — 5+ ymey = ¢ (I, — 1) I, — B A, 411 y;* LMy — 1) T | - (14)

S

Wages: We assume that real wages are determined by Nash bargaining between workers and
firms. As discussed by Krusell, Mukoyama and Sahin (2010), financial market incompleteness
and risk aversion jointly imply that the surpluses that households derive from employment
generally depend on their wealth levels. Hence we label the households’ value and surplus
functions by ¢. Firms are symmetric and hence we do not include a firm index in the bargaining

equations. The wage solves the following maximization problem:
max (57,)° (S1)" (15)

where S, is the worker’s surplus, S/ is the firm’s surplus and v € (0, 1) is the worker’s bargaining
weight. We assume that were negotiations to fall through, the worker becomes unemployed while
the firm can attempt to hire a new worker in the same period. The employed worker’s surplus
(55,), the difference between the value of being employed (V%) and unemployed (V;%), is then:

e _ e U
Si,s - V;,s_

7,89
1-p

e Ci €,8 (N e
Vs = 1 7—’# — (4 PBuw (1 = ngyq) Vi + BB (1 —w (1 = n41)) Vicens
cln
Vi, = ﬁ + BE; (1 - 773+1) Vi + BB 1 Vilgia,s

where ¢; ¢ s (¢;u,5) s the consumption level optimally chosen by the household in case of employ-
ment (unemployment). Recall that separations take place at the very end of the period whereas
new matches are formed at the very beginning. Accordingly, the term 1 — w (1 — 1, +1) in the
second equation is the probability that a worker employed in period s is still employed in period
s + 1, either because the current match continues, or because the current breaks down but the

worker immediately finds a new job in the beginning of the next period.

6Note that in the absence of price rigidities and search and matching frictions, the marginal cost equals
meg = % = %71 To avoid trivial equilibria in which market work can generate no surplus to workers,

(S exp(4s))

1—p
. . . c - - -1 .
even without labor market and price setting frictions, we assume that “9117# +(< T ) . Strictly

speaking, this requires a bound on the support of the stochastic productivity process.




Since the firm will post vacancies to hire a replacement worker should the current negotiations

fail, the surplus of the match to the firm satisfies:

51 = (16)

i
qs
2.3 Monetary Policy

The monetary authority follows an interest rate rule. Specifically, the interest rate responds

to inflation, given by II, = PP “—, and to labor market tightness. The latter variable naturally

captures, inversely, the degree of labor market slack. The interest rate rule is given by:

R = max {E (%)6 (%)69 : 1} , (17)

where R, II , 0, §,, 69 > 0 are policy parameters and the max operator captures the Zero Lower
Bound (ZLB) on the net nominal interest rate, Ry — 1. We will later consider shocks to the

monetary policy rule.

2.4 Financial Markets and Budget Constraints

NK models with unemployment typically assume that individual households are insured against
idiosyncratic earnings shocks within large diversified families or, alternatively, that households
can purchase unemployment insurance contracts at actuarially fair prices. Here we instead
assume that households live in single-member families and cannot purchase unemployment in-
surance contracts.

Households have potentially access to two financial assets that they can invest in for self-
insurance purposes. The first is a zero coupon one-period nominal bond purchased at price 1/R;
units of currency at date s. Let the household’s purchases of bonds at date s be given by b; ;.

Households must observe a liquidity constraint:
bi,s 2 _¢wi,sa (18)

which allows a household to borrow up to a multiple ¢ > 0 of its current wage income.
A second asset that is available to households is firm equity which are claims to the dividend

streams of the firms. Let x; , denote household i’s purchases of equity in period s. We impose

10



the following constraint:

Tis > 07 (19)

which rules out the option to go short in equity.
The households choose their consumption streams and make their savings and portfolio

choices subject to a sequence of budget constraints:

bis 1,5—1
1,8 — x,s i5< 1,81l s v (1 — S 7
c,—I—RS+p7x7_w,n7+ ( Nis) + T

bi,s—l + (1 - Ti) (pa:,s + dx,s) mi,s—b

where p, ; denotes the equity price and d, , is the dividend payment. This formulation allows

for differences across households in equity returns through the parameter 7; € [0, 1].

2.5 Conditions for a Tractable Equilibrium

Without further assumptions, the model can only be solved numerically. In this paper we aim
at an analytical characterization of steady-state equilibria, as well as local fluctuations around
those steady states. To achieve this, we first impose that 7; = {0,1}. That is, a subset of the
households is unable to obtain returns from equity investment and hence is effectively blocked
from participation in the equity market. We denote the fraction of households who are able to
invest in equity by £ and we assume that 7, = 0 for i < £ and 7; = 1 for ¢ > £. We will assume
that ¢ is small, in a sense that will be detailed below. Second, we assume that the net aggregate
supply of bonds is zero.

While these assumptions might seem fairly minor, they simplify the analysis considerably
since they lead to equilibria in which the following two conditions hold:

bis = 0Vi, (20)

)

1 = mE:,SH]j; <w (1= 101) (wi) ‘“ +(1-w(l—n4)) <qu1)_#> _1. (21)

The first of these conditions states that all individual households hold exactly zero bonds. The

second equation is an asset-pricing condition, which relates the real interest rate to real wages
and the job finding rate. As we will show below, this is the Euler equation of the employed
households. Importantly, the equation contains only aggregate variables, which will allow us to
solve for the equilibrium real interest rate without reference to the distribution of wealth.

We now verify that (20) and (21) are indeed consistent with utility maximization of all house-

11



holds, and with market clearing. A direct consequence of Equation (20) is that all households
consume their current income. We can therefore distinguish between three distinct groups of

households, with consumption levels given by:

1
Ci<§,u,s — E (ys — RUg —WgNg — % (Hs - 1>2 ys) + 197 (22)
Ci>eu,s = 197 (23)
Ci>tes — Ws. (24)

Equation (22) is the consumption of those who can invest in equity. The first term on the right
hand side is the dividend that an individual equity holder receives from the firms. Since firms
make monopoly profits, the steady-state dividend is typically positive. These profits are spread
out over the fraction of households who hold equity, £. The second term is the home production.
Here we have assumed that £ is small enough for the equity investors to have enough dividend
income to drop out of the labor market. This assumption simplifies the analysis since now the
equity investors are no longer exposed to idiosyncratic risk.”

Equation (23) is the consumption of the asset-poor employed households, whereas Equation
(24) is the consumption of the asset-poor unemployed households. Since there is no heterogeneity
across households conditional on their type and employment status, we drop the i-subscript and
denote consumption levels as c.s = Ci>¢esy Cus = Cizens, and C.s = Cice s, Where subscript
r denotes the asset-rich households. Note also that firms now discount profits at a common
rate Ag it = B (¢rs/Crsit)” since they are owned by the asset-rich households who face only
aggregate risk.

The above outcomes are trivially consistent with clearing of the goods market and the bond
market. To see why they also satisfy optimality of households decisions, consider in turn the

Euler equations for bonds for the asset rich, the unemployed and the employed:

Cs = 5Es£0r_g+1» (25)
5 H8+1 )
R, _ _
c;,lsL 2 BESH ((1 - 775—}—1) cu,!sL+1 + 775+1Ce,g+1) ) (26)
s+1
R, _ _
Ce_,g Z 6E8H i (w (1 - 773+1) cu,lsL—H + (1 —w (1 - nerl)) Ce,g—&-l) ) (27)

where each condition holds with equality if the household is not liquidity constrained and with

"Even if these households were to participate in the labor market, they would be relatively well insured against
idiosyncratic risk due to wealth (equity holdings).
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strict inequality when the liquidity constraint binds. The conjecture implies that in any steady
state the real interest rate lies below the subjective discount rate, i.e. £ < %3 Both (25) and (27)
are consistent with this provided that they do not hold with equality.® The Euler Equation of
the employed households is also consistent with the conjecture. This can be seen by combining
(27) with (23) and (24), which induces (21), the Euler equation holds with equality. The latter
is necessary since otherwise the employed households would face a binding borrowing constraint.
This, however, would mean that they hold positive amounts of debt, which would violate bond

market clearing given that the asset-rich and the unemployed hold zero bonds.’

Figure 2: Illustration of steady-state bond demand schedules.
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To see more intuitively why this equilibrium arises, consider Figure 2, which depicts the
steady-state bond demand schedules of the three groups of households, as functions of the real

interest rate. Generally these functions are upward sloping. To the far right is the demand

$To see this note that in a steady state (25) reduces to £ < %, whereas (27) reduces to £ < %((1 —-n)+
0™ <

90ne might wonder if there are related steady-state equilibria in which the asset rich and the unemployment are
at the constraint, but there is heterogeneity in wealth and consumption within the group of employed households.
This is not the case. To understand why, first note that on average the employed would have to hold zero bonds.
Second, note that any employed household just coming out of unemployment would start with zero wealth. At
the conjectured interest rate, they choose to buy exactly zero bonds. However, if the real interest rate were
higher than the one conjectured, households would gradually accumulate bonds during the employment spell,
monotonically converging to a certain target level of wealth. This, however, would mean that average bond

holdings are positive, violating bond market clearing. Conversely, if the interest rate were lower than the one
conjectured, aggregate bond holdings would be negative.

13



schedule of the unemployed. These households have a strong incentive to borrow, realizing that
in the future they might find a job and receive more income. In the middle is the bond demand
function of the asset rich. In order for these households to be willing to hold any bonds in the
steady state, it must be that the real interest rate equals at least % Below that, strictly firm
equity dominates bonds in return and hence the equity holders would like to borrow in order
to buy more equity. However, the liquidity constraint prevents them from doing so. The left
schedule represents the employed, asset-poor households, who are most eager to save, due to
their precautionary savings motive. They end up holding zero bonds, but not because they are
forced by a constraint. Indeed, they are away from their constraint and could in principle save
or borrow. Rather, the equilibrium real interest rate adjusts downward to a point at which they
voluntarily hold zero bonds. This is required for clearing of the bond market clears, given that
the asset rich and the unemployed hold zero bonds due to the liquidity constraint, which binds
for them.

We thus arrive at a tractable steady state in which all households hold zero bonds and the
asset-poor employed households determine the real interest rate, and the remaining households
face a binding liquidity constraint. Importantly, individual employed households could in prin-
ciple borrow or lend as they see fit, since they are away from their liquidity constraint. However,
they choose not to do so since in equilibrium the real interest rate adjusts to a point at which
they wish to hold zero bonds, which is required for bond market clearing. The fact that we allow
those who price the bond to borrow sets us apart from earlier literature achieving tractability
in incomplete-markets models, which typically assumes that no one can borrow, see Krusell,
Mukoyama and Smith (2011), Werning (2015), McKay, Nakamura and Steinsson (2017), Mckay
and Reis (2017), Bilbiie (2017) and Ravn and Sterk (2017).1°

Now consider local equilibria around the steady state, driven by aggregate shocks. Provided
that these shocks are not too large, the asset rich and unemployed are liquidity constrained,
whereas the employed are not. Since there is no aggregate supply of bonds in which the employed
can save, the employed perpetually choose to hold zero bonds. Thus, (20) and (21) continue to
hold in the neighborhoods of steady states.

Finally, consider the equilibrium labor market flows. Provided that the asset-poor are un-
willing to leave the labor force, the labor market participation rate is constant and given by

1 — &, In that case, the aggregate unemployment rate is given by:

10T those studies, there is typically a continuum of equilibrium real interest rates, which is not the case in our
analysis.
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Uus = 1 — ng, (28)

where n, = ﬁ f] n;sdj is the aggregate employment rate, as a fraction of the labor force. The

law of motion of unemployment is given as:
Us = Us—1 + WNs—1 — hsv (29)

where hy = ﬁ f] h;j sdj is the number of new hires as a fraction of the labor force. The aggregate

number of job searchers is given by e, = (1 — &) (us_1 + wns_1) .

2.6 The Endogenous Risk Channel

Before we move on to characterize formally the equilibrium outcomes, it is useful to outline the
key mechanism at play in the model, since it is central to the results that follow. There are four

key relationships in the model:

_ R, _ .
Gt = PBagCern (14w (@ =n1) ((Cussr/Cesr) ™ =1)]
5+
L=y+oyme, = ¢ (HS o 1) Il — ¢E5A575+1 (HS+1 - 1) Hs+1ys+1/ysa

a1 oot
mejs = ws + ks — (1 — w)EeAj s 5116007 ),

1
exp(As) (

On S
R, — R(H:> (i) |
II 0

The first of these is the Euler equation of the employed workers, which we discuss further
below. The second condition is the optimal price-setting equation, which relates inflation to real
marginal costs as in the standard NK model. The third equation defines real marginal costs as
a function of real wages and hiring costs, which in turn depend on the job finding rate. The last
equation is the interest rate rule. We have for simplicity ignored the non-negativity constraint
on vacancies and the zero lower bound on the nominal interest rate.

The first equation is key. It corresponds to (21), the Euler equation of the employed house-
holds. The term between square brackets is a wedge that arises due to market incompleteness
and captures the precautionary savings motive of the employed households. The wedge collapses
(to one) if there is no risk of unemployment (w = 0 or n = 1), or if markets are effectively
complete (¢, s+1 = Cest1), Or when households are risk neutral (4 = 0). The Euler equation

then reduces to ¢ ' = BESHR—LC;Q‘ 1, coinciding precisely with the standard representative-agent
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Euler equation. In that case, the model the model has no interesting implications beyond the
standard NK model.

When earnings risk is endogenous, the wedge is strictly greater than one and varies with labor
market conditions. In this case, the model introduces a feedback mechanism between the supply
side and the demand side of the economy which induces either amplification or stabilization,
depending on structural parameters. Consider a drop in the job finding rate. Lower job finding
rates imply increased idiosyncratic earnings risk for employed households because they perceive
lower chances of finding a job immediately upon job loss. This motivates an increase in desired
precautionary saving. On the other hand, a lower job finding rate also tends to decrease the real
wage, since the outside opportunities of workers have deteriorated. Lower real wages, in turn,
imply a smaller drop in income upon job loss, which discourages precautionary saving.

When the first of these effects dominates, a case we refer to as countercyclical earnings risk,
deteriorating labor market conditions lead employed agents to lower their goods demand at the
current real interest rate, which puts downward pressure on the real interest rate. As long as the
central bank operates an active rule for the nominal interest rate, the downward pressure on the
real interest rate induces a drop in the inflation rate. According to the condition for optimal price
setting, lower inflation requires real marginal costs to fall. Lower marginal costs, in turn, requires
either real wages to drop or hiring costs to decline. In general, both real wages and hiring costs
decline. The latter, in turn, requires firms to hire less, which induces a further decline in the
job finding rate. This sets in motion a further reduction in demand. This feedback mechanism
will operate to amplify fluctuations in the economy when the endogenous labor market risk is
countercyclical. Conversely, when the wage effect dominates, the procyclical risk case, the model
has a stabilizing effect because the demand for precautionary savings increases in booms and
declines in recessions. Hence, the properties of the endogenous risk that arise in the model will
be key for the model’s implications.

Importantly, it is the endogeneity of the earning risk wedge that matters. Consider a version
of the model with exogenous earnings risk. Assume, for example, that the labor market transition
rates are exogenous and denote pf" as the exogenous probability that an employed worker is
unemployed next period. Moreover, assume that the drop in consumption (and income) upon

job loss is exogenous and given by ¥/ws. We can then express the Euler equation as:

R, _ B
Cols = BES_Ce,gH [1 + pg* ((ﬁ/werl) o 1)} )
Hs+1
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This version of the model with exogenous earnings risk still adds a precautionary savings term

1 'When p rises, the risk of unemployment

to the model, but it is no longer endogenous.
goes up. Similarly, when ¢/wg,; falls, the drop in consumption upon job loss increases. In
both cases, goods demand from employed households is depressed, as they wish to build more
precautionary savings. This demand contraction implies lower activity due to firms adjusting
prices slowly. However, the supply side adjustment has no further effects on the demand side of
the economy. Such precautionary savings arise, for example, in Challe and Ragot (2016) who
assume exogenous job market flows or in Kaplan, Moll and Violante (2018) who incorporate

exogenous idiosyncratic earnings risk.

3 Steady-state Equilibria

This section discusses the set of steady-state equilibria that can arise absent aggregate shocks

and their properties.

3.1 Global Determinacy

Consider a version of the model without any aggregate shocks. An important difference vis-a-vis
the extant complete-markets NK literature is that although aggregate variables are constant
in the steady state, the labor market participants still face idiosyncratic risk due to lack of
insurance against earnings risk.

We indicate steady-state values by removing time subscripts from variables. Define for con-
venience R* = R *"§ *. The solution for the steady-state wage can be expressed as function
of the job finding rate, w (). This function is derived in Appendix A1, which also contains a
characterization of some of its basic properties. Steady-state equilibria can be characterized by

the solutions to:

S(1=B) (M=) =1—7+7(w(n)+ (s =) (1-8(1-w)), (PC)
L BmaX{R*Hé}?&)/(la)’ 1}@55 (77) ’ (EE)

where A, > 0 (the Kuhn-Tucker multiplier on the vacancy constraint (8)), A\,v = 0, and where

10One could modify the model explicitly to arrive at this version, by assuming that separated workers can only
search for jobs with a one-period delay. In that case, p$" equals the job separation rate, which one could make
(exogenously) time-varying.
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©°% (n) is the steady-state endogenous risk wedge, which can be expressed as a function of the

job finding rate:
O (N =1+w(l—n) [(19/'w (n)™" — 1} > 1.

(PC) and (EE) can both be considered as defining a relationship between the job finding
rate 17 and the inflation rate II and the steady-state equilibria relate to the intersections of these
relationship. Equation (PC) is the steady-state version of (14), the optimality condition for price
setting (“the Phillips Curve”). It generally defines a positive relationship between inflation, II,
and the job finding rate, n. Intuitively, high job finding rates imply low vacancy filling rates
and higher wages, as the competition for workers intensifies. This drives up marginal costs,
and hence encourages firms to increase prices. The left-hand side of the equation is a standard
steady-state sticky-price wedge, which vanishes in the absence of price adjustment costs (¢ = 0).
In that case, the job finding rate is determined independently from the rate of inflation. A
similar disconnect occurs when the non-negativity constraint on vacancies binds (A, > 0) and
hiring freezes (n = 0).

Equation (EE) is the steady-state version of the employed households’ Euler equation (21).
This equation also defines a relation between II and 71 (consistent with employed agents maxi-
mizing utility). The slope of this schedule will have crucial implications for the properties of the
steady-state equilibria and the model’s general properties. The slope depends on two factors.
First, it depends on whether ®°° () is increasing or decreasing in 7, which in turn depends on
the cyclicality of earnings risk. When wages are unresponsive to the job finding rate, i.e. when
w’ (n) = 0, earnings risk is countercyclical and ©%% (1) is decreasing in 7.!? Intuitively, when
jobs are easier to find, employed workers have less reason to save for precautionary reasons, as
unemployment is less likely. However, when wages are sufficiently elastic, i.e. when w’(n) is
positive enough, overall earnings risk becomes procyclical, so that ©%° () becomes increasing
in n. More elastic wages imply that job loss results in a larger drop in income when the job
finding rate is high, inducing more precautionary saving.

Second, the slope of the EE schedule depends on whether or not the ZLB on the nominal
interest rate binds. For simplicity, we consider a case in which the interest rate rule only reacts
to inflation (i.e. dyp = 0) and satisfies the Taylor principle (6, > 1), so that away from the ZLB

the real interest rate is increasing in the inflation rate. While the slope of EE schedule depends

ZFormally, 005 (n) /on = —w[(¥/w)™" — 1] + pw (1 —n) /n(I/w) ™" x where x = (Ow/On) (n/w) is the
elasticity of the real wage to the job finding rate.
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Figure 3: Illustration of steady-state equilibria.
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on ®%% (n), the sign of the slope reverses under a binding ZLB.'3

Figure 3 illustrates the steady-state schedules. Under countercyclical risk, the EE schedule

is positively sloped when the ZLB does not bind. Intuitively, when the job finding rate is high,

the precautionary savings motive is weak, implying a relatively high real interest rate. Since

monetary policy responds more than one-for-one to inflation, a high real interest rate implies a

high rate of inflation. At the ZLB the schedule, denoted EE(ZLB), slopes downward. The exact

opposite is true under procyclical risk, i.e. EE slopes downward away from the ZLB whereas

EE(ZLB) slopes upward. Under acyclical risk the EE schedule is horizontal, both at the ZLB

13To see this, note that, away from the ZLB, the real interest rate is given by R" = II®~~1, so that %—If{ > 0,

given 0, > 1. At the ZLB, the real interest rate equals R™ = 1/II, which implies

OR"

< 0.
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and away from it.
Consider now the upper left panel of Figure 3, which illustrates a case with countercyclical

risk and sticky prices. Three possible steady states emerge:'*

I Intended steady state. This steady state occurs at the intersection of the PC and the EE
schedule at n > 0. This is the “intended” steady state, at which the ZLB does not bind
and the job finding rate is relatively high.

IT Liquidity trap. This steady state arises because of the ZLB on the nominal interest rate and
occurs at the intersection of the PC and the EE(ZLB) schedule. This is the “liquidity
trap” examined by Benhabib, Schmitt-Grohé and Uribe (2001, 2002) and Mertens and
Ravn (2014). This steady state features a lower rate of inflation than the intended steady
state, as well as a lower job finding rate. In fact, the job finding rate is zero in the

illustration.

III Unemployment trap. This steady state occurs at the intersection of the PC the EE sched-
ule at 7 = 0. In this equilibrium, investment in vacancies comes to a complete standstill,
despite the fact that the ZLB on the nominal interest rate does not bind. Note that the
inflation rate in this steady state lies in between those in the intended steady state and

the liquidity trap.'?

The first two of these types of equilibria occur also when the endogenous risk is procyclical and
in standard complete-markets representative-agent NK models. There are, however, important
differences between the properties of the equilibria under complete and incomplete markets,
coupled with endogenous earnings risk. Under complete markets, the steady-state real interest
rate needs to equal 1/ in order to be consistent with constant consumption. Without full
insurance, and regardless of the slope of ®°° (), the wedge in (EE) exceeds unity, which
reduces the equilibrium real interest rate below the inverse of the discount factor, % < %
Therefore, economic policy is a co-determinant of the long-run real interest rate. As long as
equilibrium wages do not depend on market incompleteness, however, the central bank can

replicate the steady-state levels of unemployment and inflation that would prevail under complete

14We ignore the possibility of an additional equilibrium that occurs due to the quadratic price adjustment
term, or due to non-linearities in w (7).

15To avoid the labor market totally collapsing one can e.g. introduce the possibility that some jobs are filled
without the need to post vacancies, which would lead to a strictly positive lower bound on the job finding rate.
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markets. Suppose for example that the central bank targets price stability, II = 1, and let
n“M denote the steady-state job finding rate under complete markets. Then the central bank
can implement the same outcome under incomplete markets by setting 6 = (nCM )ﬁ and
R=1/ (5@55 (nCM )) This is not possible, however, without the use of fiscal policy if wages
depend on market incompleteness, as they will in general.®

The possible emergence of a third steady state depends critically on the interaction between
countercyclical risk and sticky prices. The remaining panels in Figure 3 illustrate cases with
sticky prices and either procyclical or acyclical risk, or with countercyclical risk but flexible prices.
With procyclical risk, the EE schedule becomes downward sloping, whereas under acyclical risk
it is horizontal. In both case, the third steady state is ruled out. In the limit case with flexible
prices, the PC schedule at n > 0 becomes vertical, as inflation no longer affects firms’ marginal
costs. As a result, the PC schedule at = 0 vanishes, allowing for only two steady states. Thus,
without the interaction between sticky prices and endogenous risk, the third steady state cannot
exist.

The unemployment trap can arise in the presence of both sticky prices and countercyclical
risk, and its likelihood is higher when monetary policy reacts little to inflation and/or labor
market tightness, and hiring costs are limited.!” Intuitively, this steady state arises when en-
dogenous risk is sufficiently countercyclical, so that expectations of poor labor market conditions
trigger such an increase in desired savings that the economy spirals towards an equilibrium in
which firms anticipate that posting vacancies is pointless because of lack of demand for their
goods. For this to be possible, endogenous risk must be sufficiently countercyclical that the
Euler equation schedule becomes steeper than the Phillips curve schedule.

The unemployment trap is an intriguing outcome. The slow recovery after the Great Reces-
sion and the very protracted nature of the surge in unemployment observed in the U.S. (and
many other OECD economies) have spurred a renewed interest in “secular stagnation,” equi-
librium outcomes consistent with long periods of low activity and high unemployment. Hansen
(1939) argued that such outcomes (with negative natural real interest rates) were most likely
produced by a combination of low rate of technological progress and population ageing implying

high savings rates and low investment rates. Recently, Eggertsson and Mehrotra (2014) have

16The reason is that wages impact on the Phillips curve as well. In this case, the intended steady state can
replicated by taxing labor income and by adjusting R.

17One intriguing issue is that the unemployment trap can be ruled out if the government allows the real interest
rate to depend negatively on inflation. Such a policy, however, would make the intended steady-state locally
indeterminate.
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argued that deleveraging may lead to secular stagnation and exacerbate the problems that follow
from an ageing population and falling investment goods prices.

The unemployment trap that can arise in our model offers an alternative perspective of secular
stagnation, which ties together low real interest rates, high unemployment and low activity.
Importantly, the unemployment trap can occur in our model purely because of expectations and
thus does not rely on sudden changes in population growth, technological progress or financial
tightening. Furthermore, while the nominal interest rate may be low in the unemployment trap,
its root cause does not derive from the ZLB on nominal interest rates. Therefore, the ongoing
discussions about re-design of monetary policy to prevent secular stagnation by avoiding the

ZLB may be in vain.

3.2 Local Determinacy

The log-linearized model: We now log-linearize the model in order to study the local stability
properties of the equilibria. Let a hat denotes a log deviation from the intended steady state,
ie. T, = Inz, — InZ!, where Z! denotes the value of z, in the intended steady-state (discussed
above). We assume that monetary policy parameters are such that R, # and II correspond to
the levels of, respectively, R, # and II, in the intended steady state.

The log-linearized Euler equation of the employed households, (21), can be expressed as (see

Appendix A2 for details):

—/,L/C\e’s —|— MﬁEESEe,S+1 = és - Esﬁs+1 - BEGFES/T)SJ,-I’ (30)
—_———
endogenous risk wedge

0" = wy((W/w) ™" —1) —xpw (1 —n).

where x is a parameter that measures the elasticity of real wages to the job finding rate, see
below.

ES — Esﬁsﬂ is the real interest rate while the last term on the right-hand side is the en-
dogenous risk wedge, which fluctuates proportionally with the expected job finding rate and
captures the precautionary savings motive.'® It’s strength and cyclicality is determined by ©%,
which depends on structural parameters. The first part, wn ((19/ w) M — 1) > 0, captures the

impact of earnings risk due to fluctuations unemployment risk.!® According to this term, an

18The incomplete markets wedge that occurs in the log-linearized Euler equation differs from its steady state
version because of a different normalization and because of the impact of wage fluctuations on savings, see below.

9The first part of ©F becomes zero if the steady-state job finding rate, 7, equals zero. The reason for this
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increase in the expected job finding rate stimulates current consumption relative to expected
future consumption, at the going real interest rate. This occurs because the household perceives
less risk of a lengthy unemployment spell. The second part, —yuw (1 — ) < 0, relates to changes
in earnings risk which derive from wage fluctuations. When wages are procyclical (y > 0), the
income loss resulting from job loss is larger when the job finding rate is high. Via this channel,
an expected increase in the job finding rate exacerbates the precautionary savings motive, tilting
the households’ consumption streams away from current consumption.

The sign of ©F depends on which of these two channels dominates. If consumption losses upon
unemployment are large, e.g. in the face of little insurance, the first of these sources will tend
to dominate. On the other hand, if wages are elastic and procyclical wages (high y), the second
channel dominates is more likely to dominate. We refer to ©F > 0 as countercyclical endogenous
earning risk and ©F < 0 as procyclical earnings risk. When ©% = 0, the endogenous risk wedge
vanishes and the above equation reduces to the log-linearized Euler equation obtained in standard
representative-agent models, aside from a weight SR < 1 on next period’s consumption.?’
Next, we log-linearize the firms’ price-setting condition, Equation (14), around the intended

steady state:

?ﬁs_ﬁ
v

R O K

~ 07 ~ -~
775—5 (1 - w) E <mEsns+1 + EsAv,s+1> ; (31)

~ . 1—
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gl g ql—«
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where we have exploited that ¢, = 1, ™. For now, we abstract from productivity shocks,
setting A, = Agyq = 0 at any date s. The left-hand side of the above equation is the sticky-price
wedge, which vanishes in the absence of nominal rigidities (¢ = 0) or in the limit with perfect
competition (7 — 00). The right-hand side is the log-linearized marginal cost, which is standard
given the presence of search and matching frictions.

The log-linearized policy rule reads:

o~

R, = 6,11, + 640, (32)
In Appendix A2, we further show that the log-linearized bargaining equations imply that:

ﬁj\s = X/ﬁsv (33)

is technical, however. Note that E7,, is the percentage deviation in the expected job finding rate from its
steady-state value. If the steady-state value is zero, no percentage deviation represents any actual change.

20This weight is not unimportant, however. McKay, Nakamura and Steinsson (2017) show that it is instru-
mental in alleviating the “forward guiding puzzle”.
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where x is a convolution of the model’s deep parameters, which captures the sensitivity of the
wage to fluctuations the job finding rate and depends critically on the bargaining parameter v.

Finally, note that in equilibrium the employed households consume their wage, i.e. ¢, = W;.

Reducing the model to a single equation: For maximal tractability, we introduce two
further assumptions which allow us to reduce the model to a single equation. First, we set the
= % > 1. This is inconsequential, since the coefficient
on tightness, dg, is left unrestricted.?! Second, we assume that the households who can invest in

monetary policy coefficient equal to J,

equity (i.e. those with index i < &) are risk neutral. In this case, the log-linearized model has
no endogenous state variables. In Appendix A3, we relax this assumption. The results suggest
that allowing for risk-averse equity investors has only very limited implications.

The log-linearized model can now be reduced just one dynamic equation for the job finding

rate (see Appendix A2 for a derivation):

Esﬁs—&-l = qjﬁs? (34)
¢y~ ux6+¢7‘155"+wx+q1 o gN
noB0) 41,57 )+ py-1GROF WD

q

Y

Both the numerator, ¥¥, and the denominator, ¥?, are positive, and while the expression for
¥ seems complicated at a first glance, it turns out to deliver very intuitive results, which we

present below.??

Determinacy around the intended steady state under inelastic real wages: How does
the presence of incomplete markets impact on the possibility of local self-fulfilling equilibria?
Recall the interaction between demand and supply by which higher job uncertainty lowers aggre-
gate demand, which in turn reduces the incentives to post vacancies. The reduction in vacancies
in turn reduces the job finding rate, further increasing unemployment risk. Monetary policy
must intervene in this feedback mechanism to rule out the possibility that exogenous changes in

beliefs, or “sunspot fluctuations,”

can generate self-fulfilling equilibria.
The model formalizes the condition under which such fluctuations can occur. For simplicity,
we start with a version with inelastic real wages (x = 0). In this case, © > 0 and the endogenous

earning risk is countercyclical. Since the job finding rate is not a state variable, the equilibrium

21 The log-linearized model contains no endogenous state variables and hence for any desire pair of values 6,
and dp one can find a value d; such that the same solution is obtained under the restriction that 6, = %
22N is easily seen to be positive since it involves only positive or non-negative terms. The denominator is

also confirmed to be positive by insertion of the expression for ©F.
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is locally determinate if and only if ¥ > 1 , i.e. if and only if:

10) — Bdy Kk«

This condition clarifies the importance of the various market frictions and their interaction.

The occurrence of local indeterminacy depends on four types of market frictions present in the

model, as well as on monetary policy:

(i)

(i)

(v)

Price rigidity. If prices are fully flexible (¢ = 0) the equilibrium is always determinate
since the left-hand side collapses to zero and the right-hand side is strictly positive. The
stickier are prices (¢ > 0), the more likely is the possibility that the equilibrium becomes

locally indeterminate.

Imperfect competition. Under perfect competition (7 — o0) the equilibrium is always
determinate, since prices will be flexible. Less substitution across goods (lower 7) impacts

on the determinacy condition symmetrically to larger nominal rigidities.

Endogenous earnings risk. Under inelastic real wages, the endogenous risk parameter
collapses to ©F = wn ((9/w)™ —1) > 0. Thus, when real wages are inelastic, a larger
endogenous risk wedge unambiguously demands more aggressive monetary policy to ensure
local determinacy of the intended equilibrium. When ©% = 0, as would occur under risk
neutrality (u = 0), full insurance (¢ = w), or vanishing idiosyncratic risk (w = 0 or n = 1),

the equilibrium is always locally determinate.

Labor adjustment cost. The term gﬁ

(1 — B (1 —w)) denotes the steady-state marginal
cost of hiring a worker today rather than tomorrow, so we can think of it as a labor
adjustment cost, i.e. a real labor rigidity. Note that this cost is proportional to the

steady-state hiring cost g.

Monetary policy. The more aggressively monetary policy responds to tightness, i.e. the

higher 4y, the less likely indeterminacy is to occur.

There are two main differences between the incomplete markets model with endogenous

earnings risk and the standard model with insurance against idiosyncratic risk. The first is

simply that the conditions for determinacy are more stringent under incomplete markets. With

complete markets, a sufficient conditions for local determinacy is that ¢, > 1 as we have assumed.

Intuitively, in the standard NK model, when 4, > 1 self-fulfilling inflationary expectations are
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ruled out in the vicinity of the intended equilibrium because higher expected inflation leads to
lower actual inflation, due to the hike in the nominal interest rate. Under incomplete markets
and countercyclical endogenous earnings risk this is no longer a sufficient condition, because
higher expected inflation also stimulates goods demand when ©F > 0 and higher goods demand
is, in turn, inflationary. Thus, monetary policy needs to be even more aggressive to rule out
expectational equilibria.

Secondly, the wedges interact in important ways. As long as monetary policy dominates
the endogenous risk wedge, ©F < 38y, the sticky-price wedge and the labor market wedge are
irrelevant and the intended equilibrium is locally determinate. However, once the endogenous
risk wedge dominates the monetary policy effect, ©F > 3§y, the three wedges all matter and
there is complementarity between the sticky-price wedge and the endogenous risk wedge. In
particular, market incompleteness, nominal rigidities and risk aversion become complements,
making local indeterminacy increasingly likely in combination.

An intriguing insight regards the impact of labor market frictions since the higher is the
labor adjustment cost, the less likely it is for indeterminacy to happen. Thus, less flexible
labor markets imply less amplification. The reason for this is that when it is costly for firms to
adjust on the labor margin, they are more likely to adjust prices which neutralizes the feedback
mechanism.

The above analysis complements a literature which has studied local determinacy in New
Keynesian Models with both forward-looking and “rule-of-thumb households”, see for example
Gali, Lépez-Salido and Vallés (2003) and Bilbiie (2008). A crucial difference with our environ-
ment, however, is that in these models there is no idiosyncratic risk and hence no precautionary
savings motive. In our model, the precautionary motive, coupled with endogenous risk, is the

key source behind the breakdown of the Taylor principle, as demonstrated above.

Determinacy around the intended steady state under flexible real wages: The deter-

minacy condition becomes somewhat more involved when we introduce elastic wages (x > 0):
¢ ( 25 8o ¢ - Ko
2(pre" - 2wy~ Lup(1-BR) v < S 2 (1 - B (1 —w)).
¥ 1 -« ¥ gl —«

Wage responses affect determinacy via three channels. First, it does so via an endogenous
risk channel. Recall that ©F = wn ((¢/w) ™" — 1) — xpw (1 — n). Hence, wage flexibility reduces
the endogenous risk wedge and makes it more likely that the intended equilibrium is locally

determinate. Furthermore, if wage flexibility is sufficiently high that ©F < 0, local determinacy
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is guaranteed as longs as 9y > 0.

Second, wage flexibility creates a marginal cost channel, as it pushes down wage costs during
times of low market tightness, pushing up vacancy posting. This channel comes in via the
term —wy. Finally, wage flexibility generates a discounting channel, which enters via the term
—oy (1 — 6?) X. This term arises only under incomplete markets, but does not require
job risk to be endogenous. It emerges due to the Euler equation “discount” on future income
(consumption), SR < 1. See McKay, Nakamura and Steinsson (2017) for a discussion of this
discount in relation to the “forward guidance puzzle”.

Finally, note that through all three channels wage flexibility pushes the model towards the
determinacy region of the parameter space. In conclusion, real wage flexibility is stabilizing in

the vicinity of the intended steady state.

Determinacy around the unemployment trap: We now consider local determinacy around
the unemployment trap. To this end, we exploit that the non-negativity constraint on vacancies
binds. Hence, we can drop Equation (31) and set 7, equal to 0 (or equal to some lower bound if
)23

some frictionless hiring is introduced)*’. Thus, the job finding rate is trivially determined. The

Fuler equation, log-linearized around the unemployment trap, is given by:
0= 0,11, — E,Il,.;.

It follows immediately that the equilibrium is unique if and only if 6, > 1, i.e. the interest rate
elasticity with respect to inflation exceeds unity. Thus, the unemployment trap is determinate

under a standard Taylor rule which responds more than one-for-one to inflation.

4 Fluctuations

We now solve for the local dynamics in the vicinity of the intended steady state in response to
aggregate shocks. We focus on the impact of productivity shocks and monetary policy shocks,
but it is not difficult to derive the implications for other shocks, such as mark-up shocks or

non-fundamental “belief shocks.”?*

230ne might for, for example, assume that firms can fill some jobs without posting vacancies which would
create a lower bound on 7.

24We outline the implications for belief shocks in Appendix A2. For an analysis of technology shocks in the
standard New Keynesian model, see Gali (1999).
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4.1 Productivity shocks

The model with productivity shocks can be written as:

Bl = ¥, — QA
A, = pAAS,1+aA€sA,
)
where 0 > 0 since we established above that U > 0 and v > 1. See Appendix A2 for a
derivation.
We concentrate on the determinate case (¥ > 1). Apply the method of undetermined
coefficients and guess a solution of the form 7, = F?AS. Plugging this guess into the above

system of equations yields the following solution:

I = . (35)

It can now be shown that, in the determinacy region of the parameter space, the job finding rate
responds positively to productivity shocks, i.e. Ff > (0. To see why, recall that the numerator of
Equation (36) is positive and note that for the denominator to be positive as well, it is required
that ¥ > p,, which is satisfied automatically in the determinacy given that ¥ > 1 and p, < 1.

Writing out the solution for I" ? explicitly gives:

v—1
68 (£ — paBROF) + 5080 o (v + G (1 — p4BSR)) X

A _
Pn_

A
Given I‘g‘ > 0, it holds that gg—”p > 0, i.e. a higher value of the endogenous risk parameter O

amplifies the impact of productivity on the job finding rate. Thus, incomplete markets and
endogenous risk are important for the response output and employment to productivity shock,
via the intuitive amplification/dampening mechanism described earlier.

When the endogenous earnings risk is countercyclical (©F > 0), there is complementarity
between the endogenous risk wedge and sticky prices, giving rise to amplification. In this case,
more aggressive monetary policy dampens the response, since % < 0, but only when prices are
sticky. Elastic real wages dampen the response of the job finding rate to productivity shocks,
881;? <0, since BR <1, py € (—1,1) and % < 0.

We can now solve for the inflation rate, guessing a solution of the form I, = T'4A,. Plugging

1.e.
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Figure 4: Response of CPI inflation to a positive TFP shock.
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Notes: IRF of 400*log(cpit/cpit-1) to change in log TFP as estimated by Fernald http://www.frbsf.org/economic-
research /publications/working-papers/2016/wp2016-07.pdf using local projection. The sample starts in 1980 and
we included 4 lags. TFPO (TFP1) refers to Fernald estimate for Total Factor Productivity without (with) control

for factor utilization. Shaded areas denote error bands of two standard deviations.

this guess into the log-linearized Euler equation gives:

4 PRO"p, — %% — B (1 - paBR)
rd = T4
1—Ppa

It follows that inflation increases following a positive technology shock (i.e. I'y > 0) if and only
if B’ROTp, > % + puxp (1 — pAﬂE). Thus, unlike the response of the job finding rate, the
sign of the inflation response is ambiguous. Evidently, when the endogenous earnings risk is
procyclical or acyclical, inflation declines following positive technology shocks, as long as either
dg > 0 or x > 0. In these cases, higher productivity lower real marginal costs, which has a
negative impact on inflation and may even stimulate precautionary savings if wages are very
elastic.

However, higher productivity sets off higher inflation when the above inequality is reversed,
i.e. when earnings risk is sufficiently countercyclical. Intuitively, this possibility comes from
a demand channel: the increase in vacancy posting pushes up job finding rates, reducing the
precautionary savings motive. This creates a boom in demand which pushes up prices, which

may more than offset the marginal cost effect of the technology shock.
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The possibility that higher productivity produces higher inflation is not a mere theoretical
curiosity. In Figure 4 we show the impulse response of CPI inflation to TFP shocks where
the latter correspond to those estimated by Fernald and Wang (2016). Using local projection,
we regressed (400 times) quarterly (log) changes in the CPI on TFP (log) growth (times 100)
for a sample that starts in 1980. Depending on whether one controls for movements in factor
utilization or not, higher TFP either leaves inflation unchanged or gives rise to higher inflation.
While the empirical results come with a fair amount of uncertainty, they do suggest that a

positive inflation response is not simply an odd feature of our model.?

4.2 Monetary policy shocks

Above we have shown that the systematic components of monetary policy are crucial for the im-
pact of technology shocks. We now consider the effects of monetary policy shocks. In particular,

we introduce an exogenous shock e to the interest rate rule:

TN g\
R, = max {R (ﬁ) (5) exp (ef!), 1} .

We assume that el follows an AR(1) process with persistence parameter p,. The solutions for
the job finding rate and the inflation rate when log-linearizing the model around the intended

steady state are:

~ _ R_R
775 - Fn es )
T R_R
HS - FHGS 3
I = ¢
n - 9

09 (%~ ouiO") 35 (o (1 )
B(BROpr — 2% — x (1 — ppBR)) Tff — 5
1 — Bpg '

I'f =

Following the same logic as above, we can verify that FnR < 0. That is, a contractionary

monetary policy shock triggers a decline in the job finding rate and hence in output, as in the
R

standard NK model. This decline is amplified by the presence of countercyclical risk, since % >

0 provided that there is some persistence in the monetary policy shocks (pp > 0). Intuitively,

25 The result holds also for the core PCE and here the positive response holds regardless of the TFP measure.
The results also hold true for a sample period that starts in 1984, the sample split that Fernald and Wang (2016)
focus upon.
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the boom in demand created by a monetary expansion reduces idiosyncratic risk, creating a
further boom in demand. In effect, monetary policy shocks thus become more powerful.

Now consider the effect on inflation. When ©f > 0, the presence of the endogenous risk
wedge strengthens the inflation response. This strengthening comes on top of the amplification
generated by the endogenous risk wedge via Fff. If instead ©F < 0 so that the endogenous
earnings risk is procyclical, '} is further weakened. Under these circumstances, an expansion-
ary monetary policy shock stimulates the labor market and pushes up wages. This, however,
implies a larger drop in income in case of job loss. Hence the increase in wages strengthens the
precautionary savings motive and tilts the desired consumption stream away from the present,

which dampens the inflation response.

5 Implications for the Zero Lower Bound

Our analysis thus far has focused on the implications of the endogenous risk channel when the
economy is away from the ZLB on the nominal interest rate. In this section, we analyze how

the channel impacts on paths into the ZLB, and economic outcomes once the ZLB is reached.

5.1 Contractionary Shocks and the ZLB

A recent literature has emerged on the effects of the Zero Lower Bound (ZLB) in the New
Keynesian model, see e.g. Christiano, Eichenbaum and Rebelo (2011), Krugman and Eggertsson
(2012) and Farhi and Werning (2013). Often, such analyses start off from a premise that some
exogenous and transitory shock brings the economy temporarily to the ZLB. The specific shock
introduced for this purpose is typically an exogenous shock to the discount factor, making agents
temporarily more patient. The increase in patience drives down the aggregate demand, putting
downward pressure on inflation and the real interest rate. Via the interest rate rule, this results
in a decline in the nominal interest rate, which may hit the ZLB if the shock is large enough
(and at that point induces a potentially significant recession in the economy).

To appreciate the purpose of this specific shock, it helps to note that more conventional
recessionary shocks, such as negative productivity shocks, typically will not lead to a decline
in the nominal interest rate. There are two reasons for this. First, recessionary shocks reduce
aggregate income and in a representative-agent model, lower current income (relative to expected
future income) reduces households’ desire to save inducing upward pressure on real and nominal

interest rates, see e.g. Gali (2015, Chapter 3). A negative technology shock additionally increases
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real marginal costs, which puts further upward pressure on inflation and, via the Taylor rule,
also the nominal interest rate. Thus, in a standard NK model without other sources of shocks,
expansionary rather than recessionary technology shocks are required to produce a decline in
the nominal interest rate. For that reason, much research in the NK literature has introduced
discount factor shocks when studying ZLLB dynamics.

The precautionary savings mechanism that arises under endogenous risk can radically alter
the cyclicality of the real interest rate, avoiding the need for discount factor shocks. Mechanically,
the endogenous risk wedge acts as a shock to the discount factor in the Euler equation, but
is determined endogenously rather than exogenously. Assume that ©F > 0. As economic
conditions worsen, the risk of becoming unemployed increases, driving down aggregate demand
and increasing agents’ desire to save. If the precautionary savings mechanism is strong enough,
the nominal interest rate may decline, as argued by for example Werning (2015).2°

Here, we can exploit the solution to the full model to obtain an explicit condition for the
nominal interest rate to decline in response to a negative productivity shock. For simplicity, let
us assume that monetary policy only responds to inflation (5 = 0) and abstract from monetary

policy shocks.?” The log-linearized interest rate rule is given as

~

Rs = 57rﬁs = 57TFi_4[AS7

where J, > 1. In the previous subsection, we have shown that I'{l is negative when ©F = 0.
That is, under complete markets (or exogenous earning risk) the inflation rate, and hence the
nominal interest rate, responds positively to a negative technology shock. However, when O >
Zf/%p (1 — pﬁﬁ), i.e. when markets are sufficiently incomplete and the endogenous earnings risk
is countercyclical, I'jj is positive. Under this condition, a negative technology shock drives down
inflation and the nominal interest rate. If the shock is large enough, the ZLB may become

binding.

26The working paper version of Ravn and Sterk (2017) make a similar point based on numerical simulations
and, but do not consider productivity shocks. Werning (2015) presents analytical arguments, but not a fully
fledged model.

2TWe further assume that I'y > 0, i.e. the job finding rate responds positively to a positive productivity shock.
As shown above, this is always the case in the determinacy region of the parameter space, and may be the case
in the indeterminacy region.
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5.2 Understanding Missing Deflation

Although inflation has been moderate in the aftermath of the financial crisis, no country has
experienced persistent deflation. This is not easily reconciled with the standard NK model:
Under the assumption of complete markets (©%° (n) = 0), the deterministic steady-state real
interest rate is given by R/II = 1/ and it follows that, when the ZLB binds in a steady state,
the gross inflation rate must equal § < 1. Temporary episodes at the ZLB will be even more
deflationary than this since the stochastic Euler equation in that case will only be satisfied as
long as IT < 3 during the ZLB regime.?® It is important to notice that these implications are
independent of the arguments that enter the interest rate rule.

The incomplete markets NK model has different implications. As explained earlier, the

steady-state real interest rate under incomplete markets is:

R__L1 1
M e = p

which implies that the steady-state real interest rate depends on labor market conditions. When
the ZLB binds, the steady-state Euler equation and the policy rule for the interest rate imply
that the following two conditions must be satisfied in a liquidity trap (LT):

HLT _ 6@55 (nLT) > ﬁ,
mr - ﬁgzsg/(s,rﬁfl/&r (nLT)—(%/éﬂ)/(l—a).

Notice that if 5 = 0, the policy rule implies that II1*7 < R /" < 1, so that the liquidity
trap is deflationary, given that in the intended steady state I =II =1 and R = R > 1. When
dg > 0, however, inflation may be positive or negative in the liquidity trap. In particular, steady-
state inflation is likely to be positive if (19 Jw (nLT))_M > 1 and wages are not too responsive to
the job finding rate, i.e. when the endogenous risk wedge is sufficiently countercyclical. Intu-
itively, under these circumstances, deteriorating labor market conditions (worsening tightness)
induces both lower nominal interest rates and lower goods demand which in turn implies a fur-
ther decline in tightness and in nominal rates the end-product of which may be that the ZLB

may be reached at a positive inflation rate.

28Suppose that the ZLB regime persists with probability p while the intended steady-state is absorbing. In
that case, the inflation rate during the ZLB episode is determined as II*7 = 3 (;D +(1—p) (CI/CLT)fu) where

IIX7T is the inflation rate during the liquidity trap, ¢’ is consumption in the intended steady-state and ¢’ is
consumption in the liquidity trap. This condition implies II*" < 3 as long as ¢! > ¢I'7T.
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5.3 Paradoxes at the Zero Lower Bound

It is well known that at the ZLB, the representative-agent NK model has some paradoxical
properties, see e.g. Eggertsson (2010), Eggertsson and Krugman (2012) and Werning (2012).
One prominent example is the “supply shock paradox”: at the ZLB, positive shocks to the
supply side of the economy can trigger a contraction in real activity.?”

The paradox arises from the fact that a positive supply shock pushes down production costs
and hence inflation. The increase in inflation, in turn, creates paradoxical effects which can be
understood from the consumption Euler equation. Consider, for simplicity, the complete-markets

Euler equation under perfect foresight at the ZLB:

Cst1 N _ 5 1
Cs Hs+1 ‘
1

The effect of a decline in expected inflation, at the ZLB, is that the real interest rate, o

increases. The above Euler equation makes clear that this implies an increase in expected
consumption growth, cgi1/cs. Given that the decline in inflation is transitory however, an
increase in expected consumption growth implies a decline in the current level of consumption,
i.e. an economic contraction.*’

The joint presence of incomplete markets and countercyclical earnings risk, however, can
overturn these results. Mechanically, the endogenous risk wedge in the Euler equation can
absorb the effect of a decline in the real interest rate. Intuitively, an increase in output implies
an increase in hiring, which reduces the precautionary savings motive. This makes an expansion
in output compatible with an increase in the real interest rate.

We now formalize these arguments. Suppose that the economy fluctuates discretely between
a “depressed state” at which the ZLB binds, and a “normal state” which coincides with the
intended steady state. Let p € (0, 1) be the probability that the ZLB regime persists and let the
normal state be absorbing. In Appendix A4 we derive the relation between inflation and the job
finding rate implied by the Euler equation, illustrated by lines labeled “EE” in Figure 4 . The

slope is given by:

=

I,
di)

- %X (1— 8Rp) — BRO".

s

29 Another important and closely related example is the “paradox of flexibility” which states that, at the ZLB,
a higher degree of price flexibility creates a larger drop in output.
30Throughout this subsection, we consider equilibria which ultimately lead to the intended steady state. Prop-

erties of equilibria leading to the liquidity trap steady state can be very different, see e.g. Mertens and Ravn
(2014).
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Figure 5: Supply Shock Paradox at the ZLB: illustration.
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Under acyclical risk (©F = 0), or under procyclical endogenous earnings risk (@F < 0) the
elasticity is positive since py > 0 and BRp < 1. Thus, any additional shock which reduces
inflation must create a labor market contraction. As explained above, this is the source of the
paradox. However, when ©% > ’%(ﬁ_lﬁfl —1), i.e. when the endogenous earnings risk is highly
countercyclical, the slope is negative. In that case, a reduction in inflation coincides with a labor
market expansion.

In order to study explicitly the effect of a change in productivity, consider now the supply
side of the economy. The Phillips Curve implies a positive relation between inflation and the
job finding rate, see Appendix A4 for details. The lines in Figure 4 labeled “PC” illustrate this
relation. An increase in productivity shifts down the PC curve and moves the equilibrium from
point A to point B.

The left panel of Figure 4 depicts an economy with acyclical /procyclical risk and illustrates
the paradox that arises also under complete markets: the increase in productivity reduces the job
finding rate, and hence employment. The right panel illustrates a case with a downward-sloping
EE curve, due to countercyclical risk. In this case, the job finding rate increases in response
to the productivity increase. Thus, the presence of incomplete markets and countercyclical risk

can overturn the supply shock paradox.

6 An Empirical Perspective

A central implication of the model is that the presence of endogenous earnings risk can create

either dampening or amplification of fluctuations. Dampening arises under procyclical risk
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(©F < 0), whereas amplification occurs under countercyclical risk (6 > 0). We now shed more
light on the question which of these two cases is empirically most likely.

To do so we exploit the analytical formula for the endogenous risk parameter ©F in Equation
(30). We consider a time period of one month and evaluate the steady-state job finding rate n and
the job loss rate w, as the average of their counterparts in the Current Population Survey (CPS)
over the period January 1990 until September 2017.3! Recall further that 1 —9¢/w = 1—¢,/c. is
the decline in consumption upon job loss. Following Karabarbounis and Chodorow-Reich (2017),
we assume that consumption drops 20 percent upon job loss. However, we also consider a much
smaller drop of only 5 percent. For the risk aversion parameter . we consider both p = 0.5 and
1 = 2, as estimates of this parameters vary across studies in the literature.

The final parameter that matters is the wage flexibility parameter, y = ‘9}),“—1;“5%“;5. We

can obtain the second term by differentiating the transition equation for unemployment with

dus
Olnn

respect to the (log of the) job finding rate. Evaluated at the steady state this gives

—nu — wn (1 —u), which we evaluate using CPS data. The semi-elasticity of the wage with

respect to unemployment, ag;’s”s, has been estimated in several studies. Gertler, Huckfeldt and
Trigari (2016) estimate this elasticity to be 6(1911—1;% = —0.16 for job stayers (see their Table 2,

fourth column). We take this number as our baseline, since ©F captures the expected wage of
those currently employed, in the event they remain employed. However, we also consider a much
larger elasticity of —1.5, which is in the ballpark of the estimates which Gertler et al. estimate
specifically for new hires from unemployment (—0.164) and job switchers (—2.085).32

Table 1 shows the results. In most cases, the countercyclical effect of unemployment risk
dominates the procyclical effect of wage risk (i.e. ©F > 0). Only when we assume both a small
consumption drop (5 percent) and a very elastic wage (%1”5 = —1.5), do we find that the effect
of wage risk slightly dominates. Given that these values are relatively unlikely in the light of
most studies in the literature, we conclude that procyclical earnings risk is the more relevant
case.

To get a sense of the magnitudes, note that an increase in the wedge in Equation (30) has
the same partial-equilibrium effect on consumption growth of the employed as a change in the

real interest rate. Consider also the fact that during the Great Recession, the job finding rate

31In particular, we measure 7, as the unemployment-to-employment transition rate, w; = %, given

a series for the unemployment rate u;, consistent with the timing assumptions in our model.
32We also estimated x directly by running a regression of w; on the job finding rate 7, and a time trend. Here,
we measured wy as average hourly earnings of production and nonsupervisory employees, deflated by the CPIL.
While results varied across specifications, the largest wage elasticity we found was ¥ = 0.03 which corresponds
Olnws __
to about “g5 == = —1.5.
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Table 1: Cyclicality of earnings risk in the log-linearized model.

I. baseline wage elasticity (% = —0.16)
consumption loss upon job loss  baseline (20%) low (5%)
coefficient of risk aversion =05  pu=2 pu=05 pu=2
1) ©F: unemployment 0.0436 0.2079 0.0096 0.0399
2) ©F: wage —0.0017 —0.0067 —0.0017 —0.0067
3) ©F: total 0.0420  0.2013  0.0079  0.0333
II. high wage elasticity (% =—1.5)

consumption loss upon job loss  baseline (20%) low (5%)
coefficient of risk aversion w=>5 p=2 pu=05 pu=2
1) ©F: unemployment 0.0436 0.2079 0.0096 0.0399
2) ©F: wage —0.0167 —0.0666 —0.0167 —0.0666
3) ©F: total 0.0270  0.1413 —0.0071 —0.0267

Notes: ©F > 0 implies countercyclical earnings risk. 1): wn ((¢/w)™ — 1), 2): -xpw (1 —n),
3): wn ((9/w)™ = 1) — xpw (1 — ). All results have been multiplied by 100.

fell by about fifty percent. Given this decline, the baseline parametrization under y = 2 implies
a change in the endogenous risk wedge which is equivalent to a fall in the annual real interest
rate of about 120 basis points.

An alternative way of taking the model to the data is to consider the implied relation between
the real interest rate and market tightness, as plotted in Figure 1. Consider the model with
only productivity shocks. Using the log-linearized Euler equation, the real interest rate can be
expressed as }A%’s" = (1—a) (= (1= BRp4) px +OFBRp,) 6, where fig = R, — E,II,.;. This
equation provides a direct relation between market tightness and the real interest rate, which
we can confront with the data. Recall that the relation between }A?s" and /0\8 is overwhelmingly
positive. The above expression implies that in the model this can only be the case if ©F
positive and sufficiently large. Again, the data suggest that procyclical earnings risk is the more
relevant case. Intuitively, increased unemployment risk encourages households to save more

during recessions, pushing down the equilibrium real interest rate.

7 Conclusion

We have proposed a simple and intuitive heterogeneous-agents New Keynesian (NK) model with
endogenous unemployment, and highlighted that the interaction between market frictions can

give rise to belief-driven fluctuations. Moreover, the interaction between these frictions produces
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potentially a significant amount of amplification of shocks to the economy. This amplification
occurs when the endogenous earnings risk is countercyclical and we have argued that this is the
empirically plausible case. The essence of the interaction is that incomplete markets produces
movements in aggregate demand in response to fluctuations in the job finding rate which impact
on the supply side when there are nominal rigidities and creates a feedback mechanism. In
particular, weak labor demand produces low goods demand which in itself produces low labor
demand. The combination of HANK and SAM therefore has fundamental consequences and
puts labor markets in the centre of the amplification and transmission mechanism.

We have also shown that the new NK model with countercyclical earnings risk can resolve a
number of puzzles that have arisen in the macroeconomic literature. These involve the existence
of persistent low growth equilibria with low but positive inflation, the impact of supply shocks on
inflation dynamics, and various paradoxes at the ZLB. Intriguingly, the model can also provide
a coherent framework for understanding the positive relationship between real interest rates and
labor market tightness which can be observed in the US.

In Appendix A5, we demonstrate that under incomplete markets the NK model becomes
useful to analyze the link between monetary policy and financial asset prices. While we limit the
analysis to simple analytical exercises, it would be interesting to evaluate the extent to which
a full-scale heterogeneous-agents NK can explain observed asset prices. Vice versa, financial
markets data may be useful to impose empirical discipline on the new generation of NK models.

Throughout the analysis, we have assumed that government policies are summarized by a
simple interest rate rule, subject to the zero lower bound. It would be interesting to use the
framework to obtain insights into the stabilization effects of other government policies, such as
fiscal policy or labor market policies. Also, the framework could be used to consider optimal

policies. We leave these issues for future research.
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Appendix

A1l. Steady-state Nash bargaining solution

The steady-state expressions of the asset-poor households’ surplus and value functions are:

1—p
VEA-B-w-m) = g = e- VY,
1-p
Vel =pQ1—-n) = 1_M+577Ve,

where we have exploited that in equilibrium the asset-poor households are the same and consume

their incomes. Now substitute out V" in the first equation:

V=B - wll - ) = - G (f_ﬂ +677V€) |
e, ) Bw (1 —n) _ w' Bw(l—mn) 9+
v (1 Fll=w=m) 1—6(1—77)677> L—p C+1—6(1—n)1—u’

We can now express the two values as functions of 1 and w:

wl—H _g_i_ Bw(]-*n) 191__M

Ve (nw) = 1—p 1-B(1-n) 1-p
S oy 2 =

1-8(1-n)
1—p e
Vh ) = o+ BV (n,w)
’ 1—-p(1—-n)

The first-order condition to the Nash Bargaining problem is given by
(1—v)S°=uvS,

or,
(1 =) (VE (n,w) = V" (n,w)) = ven™ =) .

v
C1—w

(Ve (n,w) = V* (n,w))

R

The above is an equation in two variables, which implicitly defines the wage as a function of the
job finding rate, i.e the function w(n).

Basic properties: Consider the special case in which = 0. From the Nash bargaining
9l —H

solution it follows that the wage must satisfy V¢ (0, w(0)) = V* (0, w(0)) = % It follows that



w(0)l=#  glow

= + ¢ and hence w(0) > ¥} whenever ¢ > 0.

At the other extreme, under n = 1 we get from the Nash Bargaining solution V¢ (1,w) =

V¥ (1,w) + . Also, the worker value functions imply that V¢ (1,w) — V" (1,w) = % —
¢ — 7911:: It follows that %:“ = 1911:: + ¢ + 1%+ and hence w(1) > w(0) , V¢ (L,w(l)) >

Ve (0,w(0)) and V* (1,w) > V" (0,w).
Finally, consider a case in which the worker has no bargaining power (v = 0). It follows

from the Nash bargaining solution that in this case V¢ (n,w) = V" (n,w) which implies that

%L_“ = Til__: + (. As a result, the real wage does not depend of 7, i.e. the real wage is sticky.

A2. Log-linearized model
Nash Bargaining block

The first-order condition to the Nash bargaining problem, together with the asset-poor workers’

value functions are given by:

1—v)(VE-VY) = vkn/7),

1—p
Vse - IUS— % o C + BESUJ (1 — 775+1) V;fi_l + 5Es (1 —w (1 - 775+1)> Vvse-H?
9t
Vo= - + BB, (1= 15p1) Vi + BBs1 Vi

After log-linearization, the above system can be written in the following form:

Ve Via
A| Ve | +Bp,=EC | V., | +E,Di,,,

S

-~

Ws Wst1

where A and C are 3 x 3 matrices and B and D are 3 x 1 vectors, all consisting of parameter
values. Note that none of the variables ‘A/j, ‘//\;” and W, is a state variable. Provided that 7,
follows some linear law of motion and given the law of motion for A,, we can apply the method
of undetermined coefficients to find solutions for ‘A/:, 178“ and Wy as linear functions of 7,. We
denote the solution for the wage as wy = x7),, where it follows that y is a function of the

parameters that enter A, B, C and D.



Monetary Policy rule, Euler equation, Phillips Curve

The log-linerarized monetary policy rule is given by:
Ry = 6,11, + 840,

Next, consider the Euler equation of the employed households. Exploiting the fact that in
Equilibrium ¢, s = wy and ¢, s = ¥, we can express the employed workers’ Euler equation,

Equation (21), as:

R,

s+1

w = PE,

(W@ =n) 97"+ (1= w (1 =ng0)) wity)

and note that in the intended steady state we obtain w™ = SR (w (1 —n) 9™ + (1 —w (1 — n)) w™*) . Log-

linearizing the above equation around the intended steady state gives:

_/“/Us = Es - Esﬁerl - BEWW (79/11})_‘u Es/ﬁs—i-l + 5EW77E5/775+1 - Mﬂﬁ (1 —w (1 - 77)) ES@8+17
= _HﬁﬁEs@s—&-l + /Rs - Esﬁs+1 - BRWI ((ﬁ/w)iu - 1) Esﬁs—i-l + NBEW (1 - 77) ES@S—Ha
= _MBEE3@5+1 + ES - Esﬁs+1 - BE@FESﬁS+1’

where O = wn ((9/w) ™ — 1) — xpw (1 — 1) and where we used that @; = x7,.

Next, consider the firms’ price setting condition, which can be written as:

Qb (Hs - ]-) Hs - ¢E3As,s+ly;+1 (Hs—i-l - 1) 1_-[s—&—l

s

v

- T @y

<w5 + m]g‘/(l_a) —(1—-w) RESA575+177?J/F(11_Q) + /\v78> )

and note that at the intended steady state A\, ; = 0 and A, ;41 = 5. Log-linearizing the equation
around the intended steady state with II = 1 gives:
o K ( a . af(l—-w)

_ _ 1
O, - Lm0 = i, + LA, + 2 1—al” 11—

k4 By — 8 (1 — w) EyA, >
7 7 ~ p Ns11 ( ) 541

where we have substituted out the wage using ws = x7,.



Reducing the model

Under the the two assumptions (§, = % and risk-neutrality of the equity investors) and in the

absence of productivity shocks, the log-linearized Euler equation and pricing condition become:

BQR@FES T]s—i—l

—ux B0, + w3 RxEg, .

- K a . af(l-w), .
A (S o St —
wxn, + P (1_0/75 1 — o 773+1)

)
BB+ g,
1-— a

=2 & ::1>

(ﬁs - 6Esﬁs+l>

where in the first equation we have substituted out the interest rate using ES = 5ﬂﬁs + (5953, and

sIls11 in the second

tightness using 55 =

equation gives:

a . af(l-w), . o) - B Bog
TR S EsnsH) =\ s+ 1B RX By — 71—l + B ROB,,., )

~ K
wXUs"‘_ (
q

Collecting terms gives:

Esﬁs+1 = \I}/ﬁm

where o 55
v ux5+713+wx+

Zaﬁ(l w) 4 ,u62RX + ¢62R®F

qla

Productivity shocks

With productivity shocks the model becomes:

. 1—x K a . af(l—-w)_ .
wxm + A + - ( Ns — Esns—i-l
¥ 1 -« 1 -«

= o\ i, + B RYBiTjy g — ﬁns + B ROTE, )

As - pAAs—1+UA€;47

which we can rewrite as

(gw f BQRX+¢62R@F> Tss1 = (wx+—i ©xp+ 2 2% )ﬁs—v_lAs



which gives

ES/ﬁs—i—l = \I];]\s - QAS?

As = PAA5—1+UA55A7

where
_ (v=1)/y
Q= aﬁ(l w) 27 b 227,
£ + uﬁ Rx + [5’ ROF

q

Monetary policy shocks

Now consider the model with monetary policy shocks. The log-linearized model, assuming again

risk-neutral investors and 0, = %, becomes:

—uxXB, + pFRXBy = I = fEILey + 7], = ROV By + e
O (= ~ K o K« ~
; (Hs - ﬁEsHsH) = ans + E 1 77 - p (1 - W) 71— Es775+1
Gf = pResR—l + URES

Combining the first two equations gives:

a . af(l—-w)_ .
_ E,
1_a'ls 1—a 775+1)

= 5\ o+ B RYBT]y y — ﬁns + B*ROTE D, — Bef ),

K
WX + — (

which we can re-write as

(E—O‘B(l__ ) 1 2,5 Rx + ¢B2R@F> T = (wx+f%+?uxﬁ+? e )ﬁsﬂﬁe?-
¢ 1-a ~ gl—a 71-a gl

Which delivers which gives
Esﬁerl - \Ij/ﬁs - QRG??

where U is as given in the main text and

—¢
yeale) 4 guBfRx + ¢FROT

Qf =

We again concentrate on the determinate case (¥ > 1) and apply the method of undetermined



coefficients and guess a solution of the form 7, = Ffef. Plugging this guess into the above system

of equations yields the following solution:

= : (36)

It can now be shown that, in the determinacy region of the parameter space, the job finding rate
responds negatively to contractaionary monetary policy shocks, i.e. Fff < 0. To see why, note
the numerator of Equation (36) is negative and the denominator is positive under determinacy,
since it then holds that ¥ > 1 > pp.

Writing out the solution for Fff explicitly gives:

—¢

= — — .
! (bﬁ(l‘i—ga—pRR@F)#—%gw—l—<%w—|—¢u(1—pRﬁR))X

Let us now solve for the inflation rate, guessing a solution of the form I, = I'Rel. Plugging
this guess into the log-linearized Euler equation gives:
B (BRO"pp — 15 — X (1 — ppBR)) T = 8

FR — 11—«
" 1—Bpr

Belief shocks

From Equation (34) it follows that if the equilibrium is locally determinate (¥ > 1), then the
only stable solution is given by 77, = 0 at all times. When equilibria are locally indeterminate,
the solution is given by

ﬁs-{-l = \Ilﬁs + TB€E+17

where €2 is an i.i.d. belief shock with mean zero and a standard deviation normalized to one,
and Y? is a parameter. Thus, in a model with only belief shocks the job finding rate follows an
AR(1) process. While the magnitude of the belief shocks, captured by T2, is not pinned down
in the model, the persistence of the effects of belief shocks on the job finding rate is captured
by ¥, and thus endogenously determined. Persistence is maximal at W = 1, i.e. exactly at the

border between the determinacy and indeterminacy region of the parameter space.



A3. Risk-averse investors

When we log-linearized the model, we have assumed for simplicity that the asset-rich firm owners
are risk neutral. The reason is that, technically, the unemployment rate becomes a state variable
for inflation and the job finding rate, once we assume risk averse investors. With an additional
state variable, the analytical solution of the model becomes more cumbersome, detracting from
the key intuitions of the model.

Below, we use numerical simulations to compare versions with risk-neutral and risk-averse
investors, showing only very small differences. We parametrize the model as follows. We choose
the subjective discount factor [ target a steady-state interest rate of 3 percent per annum.
The coefficient of risk aversion, pu, is set to 2, whereas the elasticity of substitution between
goods, v, is set to 6. To calibrate the price-stickiness parameter ¢, we exploit the observational
equivalence between the Calvo and Rotemberg versions of the log-linearized New Keynesian
model, and target an average price duration of 5 months. The home production parameter, 9,
is set to imply a 20 percent consumption drop upon unemployment.

The vacancy cost is parametrized to target a stead-state hiring cost of about 5 percent of the
quarterly wage. We further target a monthly job finding rate of 0.3 and set the job loss rate,
w, to 2 percent. The matching function elasticity parameter, «, is set to 0.5. Regarding the
monetary policy rule, we set 6, = 1.5 and dp = 0. The persistence parameter of the technology
shock is set to p, = 0.95. For simplicity we assume sticky wages (y = 0).

The left panel of the figure below plots the response of the job finding rate to a positive
technology shock under sticky prices. Quantitatively, however, the differences are small. Next,
we consider a version of the model with flexible prices (right panel). Effectively, this removes the
amplification mechanism from the model. The right panel of the figure below (“complete mar-
kets”) again compares the versions with risk-averse and risk-neutral investors. The differences

are similar to the complete markets case. Most importantly, differens are again small.

A4. The Euler equation at the ZLB

Consider the setup described in Section 5.3. For simplicity, we further assume that when the
economy is in the depressed (ZLB) state, the households do not expect any further shock other
than that the economy returns to the normal state with a probability p.

In the depressed state it holds, for x = {n,II}, that Byzs1 = pEaZ5? + (1 — p)z, where
x is the level at the indended steady state and a superscript ZLB indicates that the economy
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Figure 6: Responses to a positive technology shock.

remains in the depressed state. Log-linearization of this equation around the intended steady
state gives E;T;1 = pE,2ZP. Note further that at the ZLB, R; = 1 and hence }A*ZS =—InR.
Applyying these results to the Euler equation, log-linearized around the intended steady

state and as derived above, gives:

(1x (1 — BRp) — BRO"p) 1), = In R + pll,.
Here we have used that if the ZLB binds in period s then E Zy,1 = pB2ZLP = pz;, exploiting the
fact that variables remain constant as long as the depressed state persists. The Euler equation
thus defines a linear relation between ﬁs and 7)., with a slope given by:
I,
dn

=

- %X (1 - BRp) — BRO".

s

Applying the same logic, the log-linearized Phillips Curve at the ZLB can be written as:

0] ~ e N
S(1-Bp)l, = S 1-B8(1-— — wA,,
7( Bp) wx+q1_a( Bl-w)p))n,—w
which again defines a linear relation between ﬁs and 7),, conditional on the level of productivity

A,. The slope of the Phillips Curve is given by:

dfi,  wx+ 1 (1-B(1—w)p)

Y



which is always positive. Note that an (unexpected) increase in productivity (As) shifts down

the Phillips Curve, i.e. it reduces inflation, conditional on a certain level of the job finding rate.

A5. Pricing Risky Assets

This section explores asset pricing implications of the model. We show that the model generates
a positive risk premium, but only if markets are incomplete. Intuitively, agents dislike asset
with returns that co-move negatively with the probability of becoming unemployed, and hence
require a discount relative to asset with acyclical returns.

For simplicity, consider the model with sticky wages (x = 0) and no sunspots. We focus
on equilibria around the intended steady state. The stochastic discount factor of an employed
household is given by Ac, 11 = Bw (1 —n,4) (0/w) ™ + B (1 —w (1 —n,,,)). Note that the
period-s conditional correlation between A, 41 and 7,,; (and hence between A, 41 and Agyq)
is perfectly negative, due to the fact that ¥ < w. The appendix shows that the conditional

variance of the stochastic discount factor is given by:
2
Var, {Aceu} = 8 (07) 207,

Note that under complete markets (©F = 0), we obtain Vars {A.ss11} =0, i.e. the stochastic
discount factor is constant. Intuitively, when agents’ income is fully insured against unem-
ployment risk and wages are sticky, their income, and hence their desire to save, is completely
constant. When markets are incomplete, the precautionary savings motive emerges and fluctu-
ates with the cycle since the amount of unemployment and wage risk varies over the business

cycle.

Exogenous payoffs: We now use the model to price risky assets with simple payoff structures.
First, consider a risky asset that pays off 1 + A,,; — pA, in period s + 1. We choose this payoft
structure as it has the simplifying property that the expected payoff is one, while at the same
time payoffs increase after an expansionary shock to productivity.

To obtain analytical tractability, we again assume that the asset is in zero net supply and
that households cannot go short in the asset. As a result, the employed asset-poor households
are the ones pricing the asset at the margin, whereas the other two types of households are
in equilibrium at the no-short sale constraint. Krusell, Mukoyama and Smith (2011) exploit a

similar setup to price risky asset under incomplete markets, but in an economy with exogenous



endowments. Here, we analyze the importance of the endogenous feedback mechanism created
by HANK and SAM, and study the effects of monetary policy on asset prices.
Below we show that the employed households’ stochastic discount factor and the solution of

the log-linearized model imply that the price of the risky asset, denoted z,, is given by:
ze = ByAesop1 — BOFT, 0%

In the above equation, the term SOFT,c?% is the discount relative to a riskless asset. To see
this, consider a riskless asset that pays out one unit of goods in the next period regardless of
the state of the world (i.e. a real bond). Again imposing the no-shortsale constraint, it follows
immediately from the households’ discount factor that the price of the riskless asset is given by
Boleaoi1:

The above equation thus makes clear that if the endogenous earnings risk is countercyclical,
i.e. ©F > 0, there is a risk premium, which emerges despite the fact that the above equation
is based on the solution of the log-linearized model.** Further, recall that I',, is the response of
the job finding rate to a productivity shock. The magnitude of I';, depends on the strength of
the endogenous interaction between HANK and SAM, as well as on the monetary policy rule.
By responding more aggressively to economic shocks, the central bank stabilizes the economy,
reducing the strength of the precautionary savings mechanism and thereby the risk premium.

Finally, note that without shocks, i.e. 04 = 0, there is no risk premium.

Endogenous payoffs: Consider now another risky asset with an payoff equal to 147, , — p7,.
Note that, again, the expected payoff is one and that the payoff is increasing in next period’s
job finding rate. Again, we impose the no-shortsale constraint. Below we show that the price of
the asset is given by:

s = EsAe,s,sH - ﬁ@FF%Ui-

Note that in the return of the risky asset we now observe FE] rather than I',. This reflects the
fact that the payoff of the asset is now endogenous. As a result, market frictions and monetary
policy affect the risk premium via two channels: through the households’ stochastic discount

factor (via their unemployment risk) and through the asset payoff (via the equilibrium effects of

household demand).

33Tn representative agent models risk premia typically vanish after log-linearization since in the steady state
there is no risk. Recall that in our model, by contrast, there is still idiosyncratic risk in the steady state.



Derivations: Consider the stochastic discount factor of the employed, asset-poor households:

Aessp1 = Pw (1 - 775+1) (ﬁ/w)_u + 8 (1 —Ww (1 - 775+1)) :

Given the solution, the job finding rate is —up to a first-order approximation— given by 7n, =
n+nl', As. We exploit this to write the period—s conditional expectation and variance of A 11,

respectively, as:

EsAe,s,s-i-l = 6(*) (1 - Esnerl) (ﬁ/w)ﬁu + 6 (1 —w (1 - Esns+1)) )
= Pw(l=n—panlyAs) (F/w) "+ 51 —w(l —n—pamlyas)),

and

VGTS {Ae,s,s+1} = 20}2 (1 - (ﬂ/w)*M)Q VCLTS {773+1} 9
= B (1= W/w) ™) ToVar, {pads+ oacla}
= B (1 (0/w)™) 22,
— g2 (eF)’r

2 2
w0 A

Exogenous payoffs: The pricing equation for the asset that pays off 1 + A, 1 — pA, in period
5+ 1 reads:

zs = Eg{Acssi1 (1+ Asi1 — pads)}
= EAcs 1B (14 Agpr — paAs) + Covi(Acs o1, 1+ Ag1 — paAs)
= BsAessi1 — \/ Varg{Aessii} Vars {1+ Agpr — paAs}
= B\ g1 — 59Frngi

where we exploited the fact that the Corg {As 541, Ast1} = —1, that 1+ E;A, 1 —p Ay = 1, and
that Var, {1+ Agp1 — pyAs}t = o4,

Endogenous payoffs: Consider now another risky asset with an payoff equal to 1+7,, — p7,.



The pricing equation for this asset reads:

z, = I {Ae,s,s+1 (1 + o1 — PAﬁs)} ;
= B {Acssi1 (1 +1A000 — pal'yAs)t,
= Elewset — Var A} Vare {1+ Ty Av — pa0yAL,
— Bsin - GO




