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A Model

A.1 Final goods producers

The final good Yt is a composite made of a continuum of goods indexed by i ∈ (0, 1)

Yt =

[∫ 1

0

Yt(i)
1

1+λf di

]1+λf

. (A.1)

The final goods producers buy the intermediate goods on the market, package Yt, and

resell it to consumers. These firms maximize profits in a perfectly competitive environment.

Their problem is:

maxYt,Yt(i) PtYt −
∫ 1

0
Pt(i)Yt(i)di

s.t. Yt =
[∫ 1

0
Yt(i)

1
1+λf di

]1+λf

(µf,t)
(A.2)

The FOCs are:

[∂Yt] : Pt = µf,t (A.3)

[∂Yt(i)] : −Pt(i) + µf,t[

∫ 1

0

Yt(i)
1

1+λf di]λfYt(i)
−

λf
1+λf = 0 (A.4)

Note that [∫ 1

0

Yt(i)
1

1+λf di

]λf
= Y

λf
1+λf

t .

¿From the FOCs one obtains:

Yt(i) =

(
Pt(i)

Pt

)− 1+λf
λf

Yt

Combining this condition with the zero profit condition (because these firms operate in a

perfectly competitive market) one obtains the expression for the price of the composite good:

Pt =

[∫ 1

0

Pt(i)
− 1
λf di

]−λf
(A.5)

Note that the elasticity is
1+λf
λf

. λf = 0 corresponds to the linear case. λf →∞ corresponds

to the Cobb-Douglas case. We will constrain λf ∈ (0,∞).
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A.2 Intermediate goods producers

Intermediate goods producer i uses the following technology:

Yt(i) = Z1−α
t Kt(i)

αLt(i)
1−α. (A.6)

The log of the growth rate of productivity zt = log
(
Zt/Zt−1

1+γ

)
follows the process

zt = ρzzt−1 + εz,t, εz,t ∼ N
(
0, σ2

εz

)
(A.7)

The firm’s profit is given by:

Pt(i)Yt(i)−WtLt(i)−Rk
tKt(i).

Cost minimization subject to (A.6) yields the conditions:

[∂Lt(i)] : Vt(i)(1− α)Z1−α
t Kt(i)

αLt(i)
−α = Wt

[∂Kt(i)] : Vt(i)αZ1−α
t Kt(i)

α−1Lt(i)
1−α = Rk

t

where Vt(i) is the Lagrange multiplier associated with A.6. In turn, these conditions imply:

Kt(i)

Lt(i)
=

α

1− α
Wt

Rk
t

.

Note that if we integrate both sides of the equation with respect to i and define Kt =∫
Kt(i)di and Lt =

∫
Lt(i)di we obtain a relationship between aggregate labor and capital:

Kt =
α

1− α
Wt

Rk
t

Lt. (A.8)

The marginal cost MCt is the same for all firms and equal to:

MCt =

[
Wt +Rk

t

Kt(i)

Lt(i)

]
Z
−(1−α)
t

(
Kt(i)

Lt(i)

)−α
(A.9)

= α−α(1− α)−(1−α)W 1−α
t

(
Rk
t

)α
[(1 + γ) ezt ]−(1−α) .

Profits can then be expressed as (Pt(i)− λf,tMCt)Yt(i), where λf,t is a shock to the time-
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varying price markup, assumed to follow the exogenous process:

lnλf,t = ρλf lnλf,t−1 + ελ,t, ελ,t ∼ N
(
0, σ2

ελ

)
(A.10)

Prices are sticky as in Calvo (1983). Specifically, each firm can readjust prices with

probability 1− ζp in each period. We depart from Calvo (1983) in assuming that for those

firms that cannot adjust prices, Pt(i) will increase at the steady state rate of inflation π. For

those firms that can adjust prices, the problem is to choose a price level P̃t(i) that maximizes

the expected present discounted value of profits in all states of nature where the firm is stuck

with that price in the future:

max
P̃t(i)

Et
∞∑
s=0

ζspΞ
p
t+s

[
P̃t(i)Π

s − λf,t+sMCt+s

]
Yt+s(i) (A.11)

s.t. Yt+s(i) =

[
P̃t(i)Π

s

Pt+s

]− 1+λf
λf

Yt+s,

where Π ≡ 1 + π, and Ξp
t+s is today’s value of a future dollar for the average shareholder.

This variable is the appropriate discount factor of future dividends because we assume that

ownership of intermediate goods producing firms is equally distributed among all households.

The definition of average marginal utility is

Ξp
t+s ≡

∑
j

ωjβ
s
jΞ

j,p
t+s,

where ωj represents the measure of type j in the population.

The FOC for the firm is:

0 = P̃t(i)Et
∞∑
s=0

ζspΞ
p
t+s

1

λf
Π
s

(
1−

1+λf
λf

)
P

1+λf
λf

t+s Yt+s (A.12)

−Et
∞∑
s=0

ζspΞ
p
t+s

1 + λf
λf

Π
−s

1+λf
λf P

1+λf
λf

t+s Yt+sλf,t+sMCt+s

Note that all firms readjusting prices face an identical problem. We will consider only

the symmetric equilibrium in which all firms that can readjust prices will choose the same
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P̃t(i), so we can drop the i index from now on. From A.5 it follows that:

Pt =

[
(1− ζp)P̃

− 1
λf

t + ζp [ΠPt−1]
− 1
λf

]−λf
. (A.13)

A.3 Capital producers

There is a representative firm, owned by all households, that operates under perfect

competition, invests in capital, chooses utilization and rents it to intermediate firms. By

choosing the utilization rate ut, capital producers end up renting in each period t an amount

of “effective” capital equal to

Kt = utK̄t−1, (A.14)

where Rk
t is the return per unit of effective capital. Utilization, however, subtracts real

resources measured in terms of the consumption good

a(ut)K̄t−1.

The law of motion of capital is

K̄t = (1− δ) K̄t−1 + µt

[
1− S

(
It
It−1

)]
It, (A.15)

where δ ∈ (0, 1) is the depreciation rate and S(·) is the cost of adjusting investment, with

S ′(·) > 0 and S ′′(·) > 0.

Capital producers maximize expected discounted stream of dividends to their sharehold-

ers:

max
K̄t,ut,It

Et
∞∑
s=0

(ωuβ
s
uΞ

p,u
t+s + ωrβ

s
rΞ

p,r
t+s)

[
Rk
t+sut+sK̄t+s−1 − Pt+sa(ut+s)K̄t+s−1 − Pt+sIt+s

]
subject to the LOM of capital (A.15), with Qt the lagrange multiplier associated with the

constraint, and consider that the multiplier for time t + s constraint is premultiplied by
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(ωuβ
s
uΞ

p,u
t+s + ωrβ

s
rΞ

p,r
t+s). FOC are:

[∂ut] : 0 = Rk
t − Pta′(ut) (A.16)[

∂K̄t

]
: 0 = Et

{
ωuβuΞ

p,u
t+1 + ωrβrΞ

p,r
t+1

ωuΞ
p,u
t + ωrΞ

p,r
t

[Rk
t+1ut+1 − Pt+1a(ut+1) + (1− δ)Qt+1]

}
−Qt(A.17)

[∂It] : 0 = −1 +
Qt

Pt
µt

[
1− S

(
It
It−1

)]
− Qt

Pt
µtS

′
(

It
It−1

)
It
It−1

(A.18)

+Et

[(
ωuβuΞ

p,u
t+1 + ωrβrΞ

p,r
t+1

)
Pt+1

(ωuΞ
p,u
t + ωrΞ

p,r
t )Pt

Qt+1

Pt+1

µt+1S
′
(
It+1

It

)(
It+1

It

)2
]

A.4 Households

The key modification relative to the standard model is the introduction of long-term

bonds and segmentation. We follow the formulation in Woodford (2001) and consider long-

term bonds with coupon equal to κs paid at time t+ 1 + s, for s ≥ 0. This implies that the

gross yield to maturity is given by

RL,t =
1

PL,t
+ κ (A.19)

or, equivalently, the price of such bond is given by

PL,t =
1

RL,t − κ
. (A.20)

The duration of this bond is RL,t/ (RL,t − κ), which we will match to the average duration of

ten-year Treasury Bills. Notice also that the price of a bond issued s periods before is given

by PL,t (s) = κsPL,t, which will be used to write the flow budget constraint as a function of

the stock of total long term debt, BL
t , instead of the current period’s purchases of long-term

debt. As in standard models, short-term assets Bt are one-period bonds, purchased at time

t, which pay a nominal return Rt at time t+ 1.

Households are ordered on a continuum of measure 1. A fraction ωu of households

(unrestricted, or u) trades in both short-term (one-period) and long-term (L-period) bonds.

The remaining fraction ωr = 1 − ωu (restricted, or r) only trades in long-term bonds.

Additionally, unrestricted households pay a transaction cost ζt per-unit of long-term bond

purchased while restricted households do not.

The flow budget constraint differs depending on whether the household is unrestricted
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or restricted. For an unrestricted household who can trade both short and long-term bonds,

we have

PtC
u
t +Bu

t +(1+ζt)PL,tB
L,u
t ≤ Rt−1B

u
t−1 +

∞∑
s=1

κs−1BL,u
t−s+W u

t (i)Lut (i)+Pt+Pcpt +Pfit −T ut .

(A.21)

where ζtPL,tB
L,u
t is paid to the financial institution who redistributes the proceeds Pfit to

the household. For a restricted household who can only trade in long-term securities but

does not pay transaction costs, we have

PtC
r
t + PL,tB

L,r
t ≤

∞∑
s=1

κs−1BL,r
t−s +W r

t (i)Lrt (i) + Pt + Pcpt + Pfit − T rt . (A.22)

In equations (A.21) and (A.22), Pt is the price of the final consumption good, W j
t (i) is the

wage set by a household of type j = {u, r} who supplies labor of type i, Pt and Pcpt are

profits from ownership of intermediate goods producers and capital producers respectively,

and T jt are lump-sum taxes.

One advantage of assuming that the entire stock of long-term government bonds consists

of perpetuities of this type is that the price in period t of a bond issued s periods ago PL,t (s)

is a function of the coupon and the current price

PL,t (s) = κsPL,t.

This relation allows us to rewrite the household budget constraint in a more convenient

recursive formulation. One bond of this type that has been issued s − 1 periods ago is

equivalent to κs−1 new bonds. By no arbitrage at time t− 1

PL,t−1B
L
t−1 =

∞∑
s=1

PL,t (s)BL
t−s

PL,t−1B
L
t−1 =

∞∑
s=1

PL,t−1κ
s−1BL

t−s

BL
t−1 =

∞∑
s=1

κs−1BL
t−s

at time t, BL
t−1 is worth BL

t−1 (1 + κPL,t) = BL
t−1

(
1 + κ

RL,t−κ

)
= PL,tRL,tB

L
t−1.

9
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The budget constraint of an unrestricted household becomes

PtC
u
t +Bu

t +(1+ζt)PL,tB
L,u
t ≤ Rt−1B

u
t−1 +PL,tRL,tB

L,u
t−1 +W u

t (i)Lut (i)+Put +Pcpt +Pfit −T ut ,
(A.23)

For a restricted household we have

PtC
r
t + PL,tB

L,r
t ≤ PL,tRL,tB

L,r
t−1 +W r

t (i)Lrt (i) + Pt + Pcpt + Pfit − T rt , (A.24)

where RL,t is the gross yield to maturity at time t on the long-term bond1

RL,t =
1

PL,t
+ κ.

Household j consumption-saving decisions are then the result of the maximization of

(A.25) subject to (A.23) if j = u or (A.24) if j = r.

Households enjoy consumption Cj,t and dislike hours worked Lj,t. The objective function

for all households is

Et
∞∑
s=0

βsjbj,t+s


(
Cjt+s
Zt+s
− hC

j
t+s−1

Zt+s−1

)1−σj

1− σj
−
ϕjt+sL

j
t+s (i)1+ν

1 + ν

 , (A.25)

where j = {u, r}, βj ∈ (0, 1) is the individual discount factor (which may differ between

restricted and unrestricted households), σj > 0 is the individual coefficient of relative risk

aversion (which may also differ between the different types of households), ν ≥ 0 is the

inverse elasticity of labor supply, bjt is a preference shock to individual j, and ψt is a labor

supply shock.

Define Ξp,u
t as the Lagrange multiplier associated with the budget constraint (A.23) and

Ξp,r
t the Lagrange multiplier associated with the budget constraint (A.24). Households per-

fectly share their consumption within their groups (restricted and unrestricted). This as-

sumption implies that the multipliers Ξp,u
t and Ξp,r

t are the same for all households of a

certain type in all periods and across all states of nature.

The first order conditions for consumption and bond holdings for an unrestricted house-

1We match the duration of this bond (RL,t/ (RL,t − κ)) to the average duration of ten-year U.S. Treasury
Bills.
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hold are

[∂Cu
t ] :

1

Pt

{
but
Zt

(
Cu
t

Zt
− h

Cu
t−1

Zt−1

)−σu
−βuhEt

[
but+1

Zt

(
Cu
t+1

Zt+1

− hC
u
t

Zt

)−σu]}
= Ξp,u

t (A.26)

[∂Bt (u)] :Ξp,u
t = βuRtEt[Ξp,u

t+1] (A.27)[
∂BL

t (u)
]

:
1 + ζt
RL,t − κ

Ξp,u
t = βuEt

[
RL,t+1

RL,t+1 − κ
Ξp,u
t+1

]
(A.28)

The first order conditions for consumption and bond holdings for a restricted household

are

[∂Ct (r)] :
1

Pt

{
brt
Zt

(
Cr
t

Zt
− h

Cr
t−1

Zt−1

)−σr
−βrhEt

[
brt+1

Zt

(
Cr
t+1

Zt+1

− hC
r
t

Zt

)−σr]}
= Ξp,r

t (A.29)

[
∂BL

t (r)
]

:
1

RL,t − κ
Ξp,r
t = βrEt

[
RL,t+1

RL,t+1 − κ
Ξp,r
t+1

]
(A.30)

Households are monopolistic suppliers of labor inputs Lt (i), which perfectly competitive

labor agencies aggregate into a homogenous labor composite Lt according to the technology

Lt =

[∫ 1

0

Lt(i)
1

1+λw di

]1+λw

, (A.31)

where λw ≥ 0 is the steady state wage markup. The first order condition for the demand of

labor input i is

Lt(i) =

(
Wt(i)

Wt

)− 1+λw
λw

Lt. (A.32)

Combining this condition with the zero profit condition for labor agencies we obtain an

expression for the aggregate wage index Wt as a function of the wage specific to the ith labor

input

Wt =

[∫ 1

0

Wt(i)
− 1
λw di

]−λw
(A.33)

Household members set wages on a staggered basis (Calvo, 1983) subject to the demand
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for their specific labor input (A.32). The wage gets reset with probability 1 − ζw in each

period, while with the complementary probability the wage grows at the steady state rate of

inflation and productivity. Formally, the problem for a household member i of type j who

can reset her wage at time t is

min
W̃ j
t (i)

Et
∞∑
s=0

(ζwβj)
sbjt+s

ϕjt+s
1 + νj

Ljt+s(i)
1+νj (A.34)

subject to the budget constraint (A.23) or (A.24), the demand for labor (A.32) and the wage

updating scheme

W j
t+s(i) = (Πeγ)s W̃ j

t (i) (A.35)

The first order condition for this problem is

Et
∞∑
s=0

(ζwβj)
sΞp,j

t+sL
j
t+s(i)

[
(Πeγ)sW̃ j

t (i)− (1 + λw)
bjt+sϕ

j
t+sL

j
t+s(i)

νj

Ξp,j
t+s

]
= 0. (A.36)

In the absence of nominal rigidities, this condition would amount to setting the real wage as

a markup over the marginal rate of substitution between consumption and leisure.

All agents of type j = u, r resetting their wage face an identical problem. We focus on

the symmetric equilibrium in which all agents of type j that can readjust their wage choose

the same W̃ j
t , in which case we get

(
W̃ j
t

)1+ 1+λw
λw

νj
= (1 + λw)

Et
∑∞

s=0(ζwβj)
sbjt+sϕ

j
t+s (Πeγ)−s

1+λw
λw

(1+νj) W
1+λw
λw

(1+νj)

t+s L
1+νj
t+s

Et
∑∞

s=0(ζwβj)
sΞp,j

t+s (Πeγ)s(1− 1+λw
λw

)W
1+λw
λw

t+s Lt+s
(A.37)

for j = u, r.

Therefore, the aggregate wage index (A.33) can be written as

Wt =

[
(1− ζw)

(
ωu

(
W̃ u
t

)− 1
λw

+ ωr

(
W̃ r
t

)− 1
λw

)
+ ζw(ΠeγWt−1)−

1
λw

]−λw
. (A.38)
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A.5 Government Policies

The central bank follows a conventional feedback interest rate rule (Taylor, 1993) with

smoothing

Rt

R
=

(
Rt−1

R

)ρm [(Πt

Π

)φπ (Yt/Yt−4

e4γ

)φy]1−ρm

eεm,t ,

where ρm ∈ (0, 1), φπ > 1 and φy ≥ 0.

The presence of long-term bonds modifies the standard government budget constraint

Bt + PL,tB
L
t = Rt−1,tBt−1 + (1 + κPL,t)B

L
t−1 + PtGt − Tt. (A.39)

The left-hand side of expression (A.39) is the market value, in nominal terms, of the total

amount of bonds (short-term and long-term) issued by the government at time t. The right-

hand side features the cost of servicing bonds maturing at time t as well as spending Gt and

taxes Tt.

We assume that the government controls the supply of long-term bond following a simple

autoregressive rule
PL,tB

L
t

PtZt
= S

(
PL,t−1B

L
t−1

Pt−1Zt−1

)ρB
eεB,t , (A.40)

where ρB ∈ (0, 1) and εB,t is an i.i.d. exogenous shock. S is whatever constant needed

to make the above equation an identity at the steady state. We interpret LSAP programs

as shocks to the outstanding government long-term liabilities compared to the historical

behavior of these series.

Finally, we set taxes according to the feedback rule

Tt
PtZt

− Gt

Zt
≡ Φz,t = Φ

(
1

RL,t−1−κ
BL
Z,t−1 +BZ,t−1

1
RL−κ

BL
Z +BZ

)φT

eεT,t (A.41)

where εT,t follows a stationary AR(1) process and the term in parenthesis on the right hand

side is the ratio of total debt value in period t to its steady state value.
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A.6 Term Premium and Preferred Habitat

Our baseline formulation of the relation between transaction costs and the quantity of

debt is

ζt =

(
PL,tB

L
t

PtZt

)ρζ
exp (εζ,t)

The Euler Equation of an unrestricted household for investing in long-term bonds is

(1 + ζt)PL,tΞ
p,u
t = βuEt

(
PL,t+1RL,t+1Ξp,u

t+1

)
. (A.42)

Define PEH
L,t and REH

L,t the price and yield to maturity of the long-term bond that would

arise in the absence of transaction costs, holding constant the path for the marginal utility

of consumption. In defining REH
L,t , we also adjust the parameter κ so that in steady state

the counterfactual long-term bond has the same maturity of the bond in the model with

transaction costs, that is

DL =
RL

RL − κ
=

REH
L

REH
L − κEH

= DEH
L . (A.43)

The counterpart of equation (A.42) in this counterfactual world is

PEH
L,t Ξp,u

t = βuEt
(
PEH
L,t+1R

EH
L,t+1Ξp,u

t+1

)
. (A.44)

No arbitrage implies that the counterfactual long-term bond should have the same risk-

adjusted return as the long-term bond in the actual economy with transaction costs. Rear-

ranging (A.42) and (A.44) and taking the difference yields

Et

{
Ξp,u
t+1

Ξp,u
t

[
PL,t+1

(1 + ζt)PL,t
RL,t+1 −

PEH
L,t+1

PEH
L,t

REH
L,t+1

]}
= 0.

Up to a first order approximation, the previous equation becomes

Et
[
P̂L,t+1 − P̂L,t − ζt + R̂L,t+1 − (P̂EH

L,t+1 − P̂EH
L,t + R̂EH

L,t+1)
]

= 0.

Also up to the first order, from equation (A.43) the relation between price and yields is

P̂L,t = −DLR̂L,t.

14
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We define the risk premium as the difference, in log-deviations from steady state, of the yield

to maturity with and without transaction costs

R̂P t ≡ R̂L,t − R̂EH
L,t .

We can then combine the approximation of the no arbitrage condition and the relation

between price and yield to obtain a first-order forward looking difference equation in the risk

premium

(DL − 1)EtR̂P t+1 −DLR̂P t + ζt = 0.

Because DL > 1, the previous equation can be solved forward to obtain

R̂P t =
1

DL

∞∑
s=0

(
DL − 1

DL

)s
Etζt+s,

which corresponds to the equation in the text.

A.7 Aggregation

A.7.1 Resource constraints

Budget constraint for the unconstrained household:

PtC
u
t +Bu

t +
1 + ζt
RL,t − κ

BL,u
t = Rt−1B

u
t−1 +

RL,t

RL,t − κ
BL,u
t−1 +

∫
W u
t (i)Lut (i)+Pt+Pcpt +Pfit −T ut

Budget constraint for the constrained household:

PtC
r
t +

1

RL,t − κ
BL,r
t =

RL,t

RL,t − κ
BL,r
t−1 +

∫
W r
t (i)Lrt (i) + Pt + Pcpt + Pfit − T rt

Government’s budget constraint

Bt +
1

RL,t − κ
BL
t = Rt−1Bt−1 +

RL,t

RL,t − κ
BL
t−1 + PtGt − Tt

Next, realize that

15
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P =

∫
t

P (i) di =

∫
Pt (i)Yt (i) di−WtLt −RK

t Kt

where Lt =
∫
Lt (i) di is total labor supplied by the labor packers and demanded by the

firms. Kt =
∫
Kt (i) di. We plug the definition of Πt into household’s budget constraints and

realize that the profit of labor packer and good packer is zero.

It must be the case that

WtLt =

∫
W u
t (i)Lut (i) di+

∫
W r
t (i)Lrt (i) di

and

PtYt =

∫
Pt (i)Yt (i) di

The capital producer’s profit is

RK
t Kt − Pta (ut) K̄t−1 − PtIt

The financial institution’s profit is

Pfit = $u
ζt

RL,t − κ
BL,u
t

Finally the budget constraint is:

$uC
u
t +$rC

r
t +Gt + a (ut) K̄t−1 + It = Yt (A.45)

A.7.2 Exogenous Processes

The model is supposed to be fitted to data on output, consumption, investment, employ-

ment, wages, nominal interest rates and market value of bonds.

• Technology process: let zt = ln (e−γZt/Zt−1)

zt = ρzzt + εz,t (A.46)

• Preference for leisure:

lnϕt = ρϕ lnϕt−1 + εϕ,t (A.47)

16
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• Price Mark-up shock:

lnλf,t = ελ,t (A.48)

• Capital adjustment cost process:

lnµt = ρµ lnµt−1 + εµ,t (A.49)

• Intertemporal preference shifter:

ln bt = ρb ln bt−1 + εb,t (A.50)

• Government spending process:

ln gt = ρg ln gt−1 + εg,t (A.51)

• Monetary Policy Shock εm,t.

• Exogenous risk premium shock:

εζ,t = ρζεζ,t−1 + εζ,t (A.52)

• Fiscal shock εT,t

• Long-term bond supply shock εB,t

B Normalized Equations

Consider the following normalizations:

• rkt ≡
Rkt
Pt

; wz,t ≡ Wt

ZtPt
; mct ≡ MCt

Pt
; qt ≡ Qt

Pt

• Ξj
t ≡ Ξp

t (j)ZtPt, ∀j

• xz,t ≡ xt/Zt, ∀xt, except for the cases below

• Bz,t ≡ Bt
PtZt

; BL
z,t ≡

BLt
PtZt

; Gz,t ≡ Gt
Zt

; Tz.t ≡ Tt
PtZt

17
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Real marginal cost

mct = α−α(1− α)−(1−α)
(
rkt
)α
w1−α
z,t (B.1)

Capital demand

Kz,t =
α

1− α
wz,t
rkt

Lt (B.2)

Technology

Yz,t = Kα
z,tL

1−α
t (B.3)

price setting

p̃t =
ωuX

n,u
t + ωrX

n,r
t

ωuX
d,u
t + ωrX

d,r
t

(B.4)

with

Xpn,j
t = Ξj

tYz,t (1 + λf )λf,tmct + βjζpEt

(Πt+1

Π

) 1+λf
λf

Xpn,j
t+1

 , j = u, r (B.5)

Xpd,j
t = Ξj

tYz,t + βjζpEt

[(
Πt+1

Π

) 1
λf

Xpd,j
t+1

]
, j = u, r (B.6)

LOM prices

1 = (1− ζp)
(
ωuX

pn,u
t + ωrX

pn,r
t

ωuX
pd,u
t + ωrX

pd,r
t

)− 1
λf

+ ζp

(
Π

Πt

)− 1
λf

(B.7)

Effective capital

Kz,t = e−γ−ztutK̄z,t−1, (B.8)

Law of motion of capital

K̄z,t = (1− δ) e−γ−ztK̄z,t−1 + µt

[
1− S

(
eγ+zt

Iz,t
Iz,t−1

)]
Iz,t, (B.9)

capital utilization

rkt = a′(ut) (B.10)

18
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Law of motion of Q

qt = Et
{
ωuβuΞ

u
t+1 + ωrβrΞ

r
t+1

ωuΞu
t + ωrΞr

t

e−γ−zt+1 [rkt+1ut+1 − a(ut+1) + (1− δ) qt+1]

}
(B.11)

Investment decision

0 = −1 + qtµt

[
1− S

(
eγ+zt

Iz,t
Iz,t−1

)]
− qtµtS ′

(
eγ+zt

Iz,t
Iz,t−1

)
eγ+zt

Iz,t
Iz,t−1

(B.12)

+Et

[
ωuβuΞ

u
t+1 + ωrβrΞ

r
t+1

ωuΞu
t + ωrΞr

t

e−γ−zt+1qt+1µt+1S
′
(
eγ+zt+1

Iz,t+1

Iz,t

)(
eγ+zt+1

Iz,t+1

Iz,t

)2
]

Marginal Utilities for each type:

Ξj
t = bjt

(
Cj
z,t − hC

j
z,t−1

)−σj − βjhEt [bjt+1

(
Cj
z,t+1 − hC

j
z,t

)−σj]
, j = u, r (B.13)

Euler equation: Unconstrained, short

Ξu
t = βuRtEt[e−γ−zt+1Ξu

t+1Π−1
t+1] (B.14)

Euler equation: Unconstrained, long

(1 + ζt) Ξu
t = βuEt

[
Ξu
t+1e

−γ−zt+1Π−1
t+1

RL,t − κ
RL,t+1 − κ

RL,t+1

]
. (B.15)

Euler equation: Constrained, long

Ξr
t = βrEt

[
Ξr
t+1e

−γ−zt+1Π−1
t+1

RL,t − κ
RL,t+1 − κ

RL,t+1

]
. (B.16)

Wage setting

(
w̃jz,t
)1+ 1+λw

λw
νj

=
Xwn,j
t

Xwd,j
t

, j = u, r (B.17)

Xwn,j
t = (1 + λw) bjtϕ

j
tL

1+νj
t w

1+λw
λw

(1+νj)

z,t + ζwβjEt

[(
Πt+1e

zt+1

Π

) 1+λw
λw

(1+νj)

Xwn,j
t+1

]
, j = u, r(B.18)

Xwd,j
t = Ξj

tLtw
1+λw
λw

z,t + ζwβjEt

[(
Πt+1e

zt+1

Π

) 1
λw

Xwd,j
t+1

]
, j = u, r (B.19)
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Law of motion of real wages

wz,t =

[
(1− ζw)

(
ωu

(
Xwn,u
t

Xwd,u
t

)− 1
λw

1

1+1+λw
λw

νu

+ ωr

(
Xwn,r
t

Xwd,r
t

)− 1
λw

1

1+1+λw
λw

νr

)
+ ζw

(
Πwz,t−1

Πtezt

)− 1
λw

]−λw
.

(B.20)

Budget constraint:

Bz,t +
1

RL,t − κ
BL
z,t =

Rt−1

eγ+ztΠt

Bz,t−1 +
RL,t

RL,t − κ
1

eγ+ztΠt

BL
z,t−1 +Gz,t − Tz,t (B.21)

Long term bond policy

PL,tB
L
z,t = S

(
PL,t−1B

L
z,t−1

)ρB eεB,t (B.22)

Transfers feedback rule

Tz,t −Gz,t ≡ Φz,t = Φ

(
1

RL,t−1−κ
BL
Z,t−1 +BZ,t−1

1
RL−κ

BL
Z +BZ

)φT

expεT,t (B.23)

Monetary policy:

Rt

R
=

(
Rt−1

R

)ρm [(Πt

Π

)φπ ( Yz,t
Yz,t−4

ezt−3+...+zt

)φy]1−ρm

eεm,t (B.24)

Term premium:

ζt ≡ ζ(PL,tB
L
z,t, εζ,t) (B.25)

Aggregate resources constraint

ωuC
u
z,t + ωrC

r
z,t + Iz,t +Gz,t + e−γ−zta(ut)K̄z,t−1 = Yz,t (B.26)

C Model Steady State

In steady state, the log of productivity grows at the constant rate γ and inflation is

constant and equal to Π.

We choose a functional form for a(ut) such that u = 1 in steady state and a(1) = 0 (see
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Christiano, Motto and Rostagno, 2009). Furthermore we consider:

Yz = 1,

νu = νr = ν,

S (eγ) = S ′ (eγ) = 0,

and estimate
Cu

Cr
,
Ξu

Ξr

and let the levels of bu and br be whatever they need to be to allow these ratios to be

consistent with each other and the resources constraint in levels.

Euler equations imply

1 = βuRe
−γΠ−1 (C.1)

(1 + ζ) =
RL

R
(C.2)

βu = βr (1 + ζ) (C.3)

Risk premium relation determines level of long debt

BLMV
z = ζ−1 (ζ) (C.4)

Govt BC determines taxes

Tz = Gz −
(
1− β−1

u

)
Bz −

(
1

RL
L − κ

− RL
L

RL
L − κ

1

eγΠ

)
BL
z (C.5)

Unit MEI shock implies

1 = q (C.6)

Unit utilization implies

rk = a′(1) (C.7)

which pins down a′(1) given rk.

FOC for investment implies

rk = β̄
−1
eγ − (1− δ) (C.8)
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with

β̄ ≡ ωuβuΞ
u + ωrβrΞ

r

ωuΞu + ωrΞr
=
ωuβu

Ξu

Ξr
+ ωrβr

ωu
Ξu

Ξr
+ ωr

which is a function of Ξu/Ξr. Hence rk is also known given the estimate/calibration of Ξu/Ξr.

Price setting implies

mc =
1

1 + λf
(C.9)

Definition of marginal cost implies

wz = w̃z
(
rk
)− α

1−α (C.10)

with

w̃z ≡ (1 + λf )
− 1

1−α α
α

1−α (1− α)

Technology function implies

L = K
− α

1−α
z

and plug into capital demand implies

Kz = K̃z

(
rk
)−1

(C.11)

with

K̃z =
α

1 + λf

which then implies that

L = L̃
(
rk
) α

1−α (C.12)

with

L̃ ≡
(

α

1 + λf

)− α
1−α

Effective capital

K̄z = eγK̃z

(
rk
)−1

(C.13)

Investment

Iz = [eγ − (1− δ)] K̃z

(
rk
)−1

(C.14)

Resources constraint
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ωuC
u
z + ωrC

r
z = 1− Iz −Gz (C.15)

and given the ratio of consumptions, we get

Cr
z =

1− Iz −Gz

ωu
Cuz
Crz

+ ωr
(C.16)

Cu
z =

Cu
z

Cr
z

Cr
z (C.17)

Further notice that
Xpn,u

Xpn,r
=
Xpd,u

Xpd,r
=

Ξu

Ξr

1− βrζp
1− βuζp

(C.18)

which is known.

For the wages, we have

Xwn,j

Xwd,j
= (1 + λw)Lνw

1+λw
λw

ν
z

bjϕj

Ξj

and in the log-linearization, we will need the ratio

Xwn,u

Xwd,u

Xwn,r

Xwd,r

=
buϕu

brϕr
Ξr

Ξu
(C.19)

or

χwu =
ωu

ωu + ωr

(
buϕu

brϕr
Ξr

Ξu

) 1
λw

1

1+1+λw
λw

ν

which, given bu/br and Ξu/Ξr is given by ϕu/ϕr. Let us then estimate/calibrate this ratio,

χwu, which has to be between 0 and 1.

Rest of steady state relations (not explicitly needed for the numerical analysis)

Xpn,j =
ΞjYz (1 + λf )mc

1− βjζp
, j = u, r (C.20)

Xpd,j =
ΞjYz

1− βjζp
, j = u, r (C.21)

Ξj = bj(1− βjh)(1− h)−σj(Cj
z)
−σj , j = u, r (C.22)
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Xwn,j = (1 + λw)
bjϕjL1+νjw

1+λw
λw

(1+ν)
z

1− ζwβj
, j = u, r (C.23)

Xwd,j =
ΞjLw

1+λw
λw

z

1− ζwβj
, j = u, r (C.24)

wz =

[
ωu

(
Xwn,u

Xwd,u

)− 1
λw

1

1+1+λw
λw

ν

+ ωr

(
Xwn,r

Xwd,r

)− 1
λw

1

1+1+λw
λw

ν

]−λw
(C.25)

D Log-linear Approximation

Consider in general that

x̂t ≡ ln (xt/x)

for any variable x, except for ζ̂t ≡ ln
(

1+ζt
1+ζ

)
, rt ≡ ln (Rt/R), and rL,t ≡ ln (RL,t/RL)

Real marginal cost

m̂ct = αr̂kt + (1− α) ŵz,t (D.1)

Capital demand

K̂z,t = ŵz,t − r̂kt + L̂t (D.2)

Technology

Ŷz,t = αK̂z,t + (1− α)L̂t (D.3)

price setting

X̂pn,j
t =

(
1− βjζp

) (
Ξ̂j
t + Ŷz,t + λ̂f,t + m̂ct

)
+ βjζpEt

[
1 + λf
λf

πt+1 + X̂pn,j
t+1

]
, j = u, r(D.4)

X̂pd,j
t =

(
1− βjζp

) (
Ξ̂j
t + Ŷz,t

)
+ βjζpEt

[
1

λf
πt+1 + X̂pd,j

t+1

]
, j = u, r (D.5)

LOM prices

πt =
1− ζp
ζp

[
χpuX̂

pn,u
t +

(
1− χpu

)
X̂pn,r
t − χpuX̂

pd,u
t −

(
1− χpu

)
X̂pd,r
t

]
(D.6)

with

χpu ≡
ωu

ωu + ωr
1−βuζp
1−βrζp

(
Ξu

Ξr

)−1
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Effective capital

K̂z,t = −zt + ût + ˆ̄Kz,t−1. (D.7)

Law of motion of capital

ˆ̄Kz,t = (1− δ)e−γ( ˆ̄Kz,t−1 − zt) + [1− (1− δ)e−γ](µ̂t + Îz,t). (D.8)

Capital utilization

r̂kt =
a′′(1)

rk
ût (D.9)

Law of motion of Q

q̂t = β̄e−γEt
[
rkr̂kt+1 + (1− δ) q̂t+1

]
− Etẑt+1 (D.10)

+Et

[
qu

(
1 + ζ

1 + quζ
Ξ̂u
t+1 − Ξ̂u

t

)
+ (1− qu)

(
1

1 + quζ
Ξ̂r
t+1 − Ξ̂r

t

)]
with

qu ≡
ωuΞ

u

ωuΞu + ωrΞr
=

(
β̄

βr
− 1

)
ζ−1

Investment decisions

0 = q̂t + µ̂t − e2γS ′′
(
ẑt + Îz,t − Îz,t−1

)
+ β̄e2γS ′′Et

[
zt+1 + Îz,t+1 − Îz,t

]
(D.11)

Marginal Utilities for each type:

Ξ̂j
t =

1

1− βjh

[(
b̂jt − βjhEtb̂

j
t+1

)
− σj

1− h

{
(1 + βjh

2)Ĉj
z,t − βjhEtĈ

j
z,t+1 − hĈ

j
z,t−1

}]
, j = u, r

(D.12)

Euler equation: Unconstrained, short

Ξ̂u
t = rt + Et(Ξ̂u

t+1 − zt+1 − πt+1). (D.13)

Euler equation: Unconstrained, long

ζ̂t + Ξ̂u
t =

RL

RL − κ
rL,t + Et

[
Ξ̂u
t+1 − zt+1 − πt+1 −

κ

RL − κ
rL,t+1

]
(D.14)
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Euler equation: Constrained, long

Ξ̂r
t =

RL

RL − κ
rL,t + Et

[
Ξ̂r
t+1 − zt+1 − πt+1 −

κ

RL − κ
rL,t+1

]
. (D.15)

Wage setting

X̂wn,j
t = (1− ζwβj)

[
b̂jt + ϕ̂jt + (1 + ν)L̂t +

(
1 + λw
λw

)
(1 + ν)ŵz,t

]
+ ζwβjEt

[
1 + λw
λw

(1 + ν)(πt+1 + zt+1) + X̂wn,j
t+1

]
, j = u, r (D.16)

X̂wd,j
t = (1− ζwβj)

[
Ξ̂j
t + L̂t +

1 + λw
λw

ŵz,t

]
+ ζwβjEt

[
1

λw
(πt+1 + zt+1) + X̂wd,j

t+1

]
, j = u, r (D.17)

Law of motion of real wages

ŵz,t = (1− ζw)
1

1 + 1+λw
λw

ν

[
χwu

(
X̂wn,u
t − X̂wd,u

t

)
+ (1− χwu)

(
X̂wn,r − X̂wd,r

)]
(D.18)

+ζw (ŵz,t−1 − πt − zt)

with

χwu =
ωu

ωu + ωrw
1

λw+(1+λw)ν
ur

Budget constraint:

B̂z,t +
BL
z /Bz

RL − κ
B̂L
z,t = β−1

u

(
B̂z,t−1 + rt−1

)
+
BL
z /Bz

RL − κ
β−1
r B̂L

z,t−1 (D.19)

+
(1− e−γΠ−1κ)RL

RL − κ
BL
z /Bz

RL − κ
rL,t

+
Gz

Bz

Ĝz,t −
Yz
Bz

T̂z,t −
(
β−1
u +

BL
z /Bz

RL − κ
β−1
r

)
(zt + πt)

with

Tz,t ≡ Tz + YzT̂z,t ⇒ T̂z,t =
Tz,t
Yz
− Tz
Yz
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Long term bond policy

− RL

RL − κ
rL,t + B̂L

z,t = ρB(− RL

RL − κ
rL,t−1 + B̂L

z,t−1) + εB,t. (D.20)

Transfers feedback rule

T̂z,t −GzĜz,t

Tz −Gz

= φT

B̂z,t−1 + 1
RL−κ

(
BL
z /Bz

)
B̂L
z,t−1 − RL

(RL−κ)2
(BL

z /Bz)rL,t−1

1 + 1
RL−κ

(BL
z /Bz)

+ εT,t. (D.21)

Monetary policy:

rt = ρrrt−1 + (1− ρr)

[
φππt + φy

(
Ŷz,t − Ŷz,t−4 +

3∑
i=0

zt−1

)]
+ εm,t (D.22)

Term premium:

ζ̂t = ζ ′B̂L
z,t + εζ,t (D.23)

Aggregate resources constraint

Ŷz,t =
ωuC

u
z

Yz
Ĉu
z,t +

ωrC
r
z

Yz
Ĉr
z,t +

Iz
Yz
Îz,t +

Gz

Yz
Ĝz,t + e−γrk

K̄z

Yz
ût (D.24)

E Data

We use quarterly data for the United States from the third quarter of 1987 (1987q3)

to the third quarter of 2009 (2009q3) for the following seven series: real GDP per capita,

hours worked, real wages, core personal consumption expenditures deflator, nominal effective

Federal Funds rate, the 10-year Treasury constant maturity yield, and the ratio between long-

term and short-term U.S. Treasury debt. All data are extracted from the Federal Reserve

Economic Data (FRED) maintained by the Federal Reserve Bank of St. Louis. The mapping
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of these variables to the states is

∆Y obs
t = 100(γ + Ŷz,t − Ŷz,t−1 + ẑt),

Lobst = 100
(
L+ L̂t

)
,

∆wobst = 100(γ + ŵz,t − ŵz,t−1 + ẑt),

πobst = 100(π + π̂t),

robst = 100(r + r̂t),

robsL,t = 100(rL + r̂L,t),

Bratio,obs
t =

PLB
L
z

Bz

(1 + P̂L,t + B̂L
z,t − B̂z,t),

where all state variables are in deviations from their steady state values, π ≡ ln(Π), r ≡
ln(R), and rL ≡ ln(RL).

We construct real GDP by dividing the nominal GDP series by population and the GDP

deflator. The observable ∆Y obs
t corresponds to the first difference in logs of this series,

multiplied by 100. We measure the labor input by the log of hours of all persons in the non-

farm business sector divided by population. Real wages correspond to nominal compensation

per hour in the non-farm business sector, divided by the GDP deflator. As for GDP, ∆wobst

is the first difference in logs of this series, multiplied by 100. The quarterly log-difference in

the personal consumption expenditures (PCE) core price index is our measure of inflation.

We use the effective Federal Funds Rate as our measure of nominal short-term rate and

the 10-year Treasury constant maturity rate as our measure of nominal long-term interest

rate. Finally, we identify long-term bonds as U.S. Treasury securities with maturity greater

than one year, consistent with the announcement of LSAP II, and construct the ratio to

short-term bonds as our measure for the quantity of debt.

F Implementing the Commitment to the Zero Lower

Bound

In this section we describe how we implement the commitment to the zero lower bound.

This same approach is also used to guarantee that none of simulation paths violates the

non-negative interest rate constraint.
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F.1 Canonical model

Consider the economic model in its canonical form, as in Sims (2002):

Γ
s(t)
4 (θ) zt = Γ̄

s(t)
0 + Γ

s(t)
1 (θ) zt−1 + Γ

s(t)
2 (θ) εt + Γ

s(t)
3 (θ) ηt (F.1)

where s (t) ∈ {n, zlb} refers to the state of the economy, with n referring to normal times and

zlb for times of in which the zero lower bound is binding; zt is the vector of state variables,

whether they are endogenous or exogenous; εt is a vector of exogenous i.i.d. innovations; ηt

is a vector of endogenous expectational errors; and
{

Γ
s(t)
ι (θ)

}
ι=0,1,2,3,4

are matrices defining

the state space for any given vector of parameters θ.

For simplification of notation, below I will omit the reference to the vector of parameters

when writing the matrices.

With some restrictions it is possible to break the system in (F.1) into two blocks: a

forward looking one and a backward looking one. So for each equation we can write:

j ∈ FL : Γ
s(t)
4 (j)Etzt+1 = Γ

s(t)
0 (j) + Γ

s(t)
1 (j) zt (F.2)

i ∈ BL : Γ
s(t)
4 (i) zt = Γ

s(t)
0 (i) + Γ

s(t)
1 (i) zt−1 + Γ

s(t)
2 (i) εt (F.3)

where i denotes BL equations and j the FL ones.

F.2 Perfect Foresight Solution Method

Consider a sequence of periods {s (t)}Kt=0 such that for t > K we have s (t) = n and

εt = 0 — i.e. n eventually becomes an absorbing state and no additional innovations are

expected beyond K. In this case we can solve for the REE solution backwards.

F.2.1 Absorbing state

In normal times, for t > K, the REE solution can be represented by

zt = Φn
0 + Φn

1zt−1 + Φn
2εt (F.4)

F.2.2 Before the absorbing state

We need to solve for the REE matrices recursively.
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Notice first that for the last period before the absorbing state kicks in, and using (F.4),

we can write the forward looking component of the system as

Γ
s(t)
4 (j)Et [Φn

0 + Φn
1zt + Φn

2εt+1] = Γ
s(t)
0 (j) + Γ

s(t)
1 (j) zt

which we can rewrite as[
Γ
s(t)
4 (j) Φn

1 − Γ
s(t)
1 (j)

]
zt = Γ

s(t)
0 (j)− Γ

s(t)
4 (j) [Φn

0 + Φn
2 ε̂t+1]

and combine this with the backward looking to get the full system written as

Γ̃4 (t) zt = Γ̃0 (t) + Γ̃1 (t) zt−1 + Γ̃2 (t) εt (F.5)

with

Γ̃4 (t) ≡

[
Γ
s(t)
4 (j) Φ1 (t+ 1)− Γ

s(t)
1 (j)

Γ
s(t)
4 (i)

]
(F.6)

Γ̃0 (t) ≡

[
Γ
s(t)
0 (j)− Γ

s(t)
4 (j) [Φ0 (t+ 1) + Φn

2 (t+ 1) ε̂t+1]

Γ
s(t)
0 (i)

]
(F.7)

Γ̃ι (t) ≡

[
0

Γ
s(t)
ι (i)

]
, for ι = 1, 2 (F.8)

and

Φι (t+ 1) = Φn
ι , for t = K and ι = 0, 1 (F.9)

Now we can solve this system for zt and write

zt = Φ0 (t) + Φ1 (t) zt−1 + Φ2 (t) εt (F.10)

with

Φ0 (t) ≡
[
Γ̃4 (t)

]−1

Γ̃0 (t) (F.11)

Φ1 (t) ≡
[
Γ̃4 (t)

]−1

Γ̃1 (t) (F.12)

Φ2 (t) ≡
[
Γ̃4 (t)

]−1

Γ̃2 (t) (F.13)

and notice that we need to use a pseudo inverse, to account for the fact that Γ̃4 (t) might
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not be invertible.

Notice that (F.10) is in the exact same form of (F.4). So, iterating backwards, the system

(F.5) and the REE solution (F.10) are valid for ∀t ≤ K.

F.3 Implementing the ZLB commitment

We use the convention in our simulations that period t = 0 is the period in which LSAP

is announced and implementation started, and the commitment to the zero lower bound

applies to the first four periods, including period t = 0. Given the framework just described,

then implementing the commitment to the ZLB implies setting a sequence of states {s (t)}Kt=0

such that st = zlb for t = 0, 1, 2, 3 and st = n for t > 3. Then iterate backwards, starting in

period 3 towards the initial period to find the REE solution matrices for periods t = 0, 1, 2, 3.

For periods t > 3 the solution is the usual one in the absence of policy regime change.

For the zlb regime we have exactly the same equations as in regime n, but replace the

interest rate rule equation with one setting the interest rate to zero.

F.4 Enforcing Non-Negative Interest Rate

We can also use this same framework to enforce the non-negative interest rate constraint

after the commitment to the zero lower bound is lifted. This is relevant because for some

parameter draws we get this constraint to be violated. In order to accomplish this we use a

guess and verify approach.

In the first step we make the simulation under the assumption that the sequence of states

{s (t)}Kt=0 is the one described above. Then we check for any violations of the non-negative

interest rate constraint and switch the regime for those periods from n to zlb, and solve

again for the solution. We keep doing this until there are no violations.

G Robustness

This section considers four robustness exercises. First, we consider the implications of

extending the duration of the LSAP program. Second, we consider a longer commitment to

the zero lower bound by the monetary authority. Third, we ask how sensitive the model is

to the degree of market segmentation. Fourth, we study the role of nominal rigidities.

The first two robustness check has obvious policy interest and implications. The motiva-

tion for the other two exercises is that the financial crisis may have introduced a (possibly
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temporary) change in regime, both in the financial market structure and in the price set-

ting mechanism. Ideally, we could capture these phenomena with a regime-switching model.

Beside the technical complications, the main limitation of this approach is that the change

in regime is probably one of a kind and occurred at the very end of the sample. As such,

regime-switching techniques may not have enough data to identify the change in the eco-

nomic environment. The less formal robustness analysis presented here is still informative

to document this point, while further research on this is left for future work.

G.1 The Role of the Length of LSAP Programs

In our baseline simulation, the central bank accumulates assets over four quarters and

holds the balance sheet constant for the next two years, before gradually winding down

the program over two additional years. This assumption is fairly arbitrary. Depending on

economic conditions, policy makers may change the length of the programs, as the recent U.S.

and U.K. experience suggests. Without undertaking an exhaustive analysis, this subsection

considers one alternative path: the central bank still accumulates assets over the first year (as

per the FOMC announcement in November 2010) but then holds the balance-sheet constant

for four years, instead of two, before gradually exiting. Figure A.1 shows the corresponding

responses, in the same format as the figures show in the paper, with red continuous line for

the this simulation, with grey shaded regions representing the uncertainty and the dashed

blue line showing the baseline simulation effects for easy comparison.

Not surprisingly, this change in the time profile of the asset holdings by the central bank

induces a stronger response by the risk premium, with a median peak response of -16 bp

(instead of -11 bp). As a result, output and inflation respond more strongly. However,

while the inflation response roughly doubles compared to the baseline scenario (median

response at the peak of 0.059%, compared to 0.031%), the response of output is only 50%

stronger (median response of 0.19%, instead of 0.13%, for GDP growth). Not surprisingly, the

uncertainty around the median is larger, with the 95th percentiles increasing proportionally.

In sum, if the central bank holds the purchased assets for longer, the stimulative impact

on output and inflation increases and becomes more persistent. Moreover, the additional

boost is stronger for inflation than for output. Nominal rigidities play an important role in

this respect. Because the shock lasts longer, more firms and workers are expected to change

their prices and wages over time, which in turn leads the firms and workers who can change

their prices and wages early to do so more aggressively.
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G.2 The Role of the Length of the ZLB Commitment

In the paper we discuss how important is the commitment of the central bank to keep the

interest rate at zero to boost the effects of the LSAP program. Here we take that analysis

one step further by considering a longer commitment. Instead of four quarters, we consider

five quarters of commitment. Figure A.4 shows the corresponding responses, in the same

format as the previous figure.

The figure gives a strong message: adding just one more quarter to the commitment

gives a powerful boost to the effects of LSAP. GDP growth increases on impact by 0.22%

(instead of 0.13%) and inflation increases by 0.045% instead of 0.031. So the effects on the

real economy are stronger by a between 50% and 70%, depending on the variable considered.

This means that the effects of additional quarters of commitment to the ZLB are highly non-

linear, due to the power of the expectations channel. As a result skewness also increases.

This result also confirms the importance of looking at the effects of interest rate policy

and asset purchases in combination. They interact with each other and thus can and should

be used in a coordinated fashion.

G.3 The Role of Market Segmentation

The baseline experiment suggests that the effects of LSAP II are fairly modest on GDP

and quite small on inflation. One reason why our results may underestimate the effects

of asset purchase programs is that the degree of financial market segmentation may have

recently increased due to the financial crisis.2 As discussed earlier, our reduced-form friction

for market segmentation aims at capturing a combination of preferences for certain asset

classes and institutional restrictions on the type of investments certain financial intermedi-

aries undertake. By shifting the true and perceived distribution of risk, the financial crisis

may have induced a fraction of investors previously active in multiple segments of financial

markets to concentrate on one particular asset class.

For this purpose, we repeat the baseline experiment in the presence of a high degree of

market segmentation. Figure A.2 shows the results of the same simulated LSAP II exper-

iment as in the baseline case. The difference is that, in this case, we only draw from the

lower half of the posterior distribution of the parameter ωu. All other parameters are drawn

2Baumeister and Benati (2010) estimate a VAR with time-varying coefficients and stochastic volatility
to account for this type of effects, on top of other changes in the structural relations among macroeconomic
variables potentially triggered by the financial crisis.
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from the same posterior distribution as before.3

The median responses of GDP growth and inflation with the ZLB commitment are about

50% bigger than in the baseline case, at +0.21% and +0.044% respectively (compared to

0.13% and 0.031%). Upside posterior uncertainty is now more pronounced. The 95th per-

centile now nearly reaches 1% for GDP growth and 0.2% for inflation, compared to 0.6%

and 0.15% before. The stronger response of macroeconomic variables requires the central

bank to increase the short-term nominal interest rate by two additional basis points. As a

consequence, given that the drop in the risk premium is the same, long-term rates decrease

one basis point less.

The bottom line from this exercise is that allowing for a higher degree of segmentation

does increase the response of GDP growth and inflation to the stimulus of asset purchase

programs. However, unless segmentation becomes really extreme, the macroeconomic effects

of LSAP remain quite small, especially for inflation.

G.4 The Role of Nominal Rigidities

One reason for the small response of inflation to LSAP II is that the estimated degree of

nominal rigidities, especially for prices, is quite high. While our priors for the probability of

holding prices and wages fixed in any given period (ζp and ζw) are both centered at 0.5, the

posterior medians for the two parameters are 0.93 and 0.73, respectively.

A high degree of stickiness in prices and wages is not an uncommon finding in the

DSGE literature, especially in the absence of real rigidities like in our case (Del Negro and

Schorfheide, 2008). Additionally, Hall (2011) has recently emphasized how prices have failed

to fall substantially in the last recession. As in the case of segmentation, the financial crisis

may have caused a structural change in the price setting process that the model interprets

as an increase in price rigidities (the same consideration applies to wages).4.

Nevertheless, we want to quantify the sensitivity of our results to a lower degree of

nominal rigidities, more in line with standard values from the empirical literature that uses

micro data (e.g. Nakamura and Steinsson, 2008). Figure A.3 shows the results of the baseline

3To be precise, this is a counterfactual simulation. As for the main simulations, we draw a parameter
vector from the MCMC posterior sample. However, we then perform a resample exercise for the ωu parameter
in which we extract the marginal sample for this parameter, perform an ascending ordering and keep only
the lower half of it. Then, for each parameter vector used in the simulation, we draw independently the ωu

parameter value from this modified subsample.
4Indeed, if we consider a sample that ends before the recent crisis (second quarter of 2007), the posterior

median for ζp is somewhat smaller
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LSAP II experiment when we fix ζp at 0.75, more in line with the recent empirical evidence.

All other parameters are drawn from the same posterior distribution as before.

The figure shows that nominal rigidities play an important quantitative role in the re-

sponse of inflation to asset purchases. When prices are more flexible, the median response of

inflation to LSAP II on impact is more than two times bigger than when we use the estimated

posterior distribution. The counterparts are a less persistent inflation process and a slightly

smaller effect on GDP growth. Notice that the effects on the GDP level are now considerably

smaller and less persistent. In equilibrium (i.e., taking into account the endogenous response

of monetary policy), the two effects roughly compensate each other. The increase in the

short-term interest rates is almost the same in the two cases. Therefore, also the behavior

of long-term rates is very similar. The increase in upside uncertainty for inflation is roughly

proportional to the changes in the median. The 95th percentile of the response in inflation

is 0.4%, compared to just above 0.15% in the baseline experiment.

In sum, higher price flexibility shifts the adjustment in response to asset purchase pro-

grams from GDP growth to inflation, by making its process more front-loaded.

H Diagnostics

This section provides more detailed analysis of the empirical diagnostics for the model.

As stated in the main text of the paper, since we include the long-term bond as an observable,

switching on all the shocks, we should match the short rate and long rate perfectly. In order

to evaluate how the model performs empirically, we want to compare the model generated

moments with those of the data. The rest of this section, we will analyze variance, variance

decomposition and historical shock decomposition in turn.

H.1 Variance

In this section we compare the variance of each variable in the data with that predicted by

our model. For the model variance we compute for each parameter draw the unconditional

variance of the relevant state variable and then take the median across draws. We focus on

the short-term interest rate and long-term interest rate for this model diagnostics exercise.

The model’s unconditional variance for the short rate is 0.44, which is just above half of

that observed in the data (0.81) while the model’s unconditional variance for the long rate

is 0.12,which is only one fourth of that observed in the data (0.47). This model does a
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decent job in terms of explaining the variance of the ratio of the long bond to the short

bond. (the data variance is 0.08 and the unconditional model variance is 0.07) This suggests

that this model has a limited ability to match properties of the yield curve in the data.

However, our main purpose is not to explain yield curve shape or dynamics, rather, we

are interested in analyzing how changes in the risk premium affect macroeconomy and the

monetary transmission mechanism of the Fed’s unconventional policy.

H.2 Variance Decomposition

Here we compare the relative importance of different shocks in determining some of

the variables of interest, from an unconditional perspective. Table A.1 shows the median

percentage contribution of each shock to the unconditional variance of some variables of

interest. Figures A.5 through A.7 show the variance decomposition at different forecasting

horizons for the FFR, long yield and slope of the yield curve. Yield curve slope is defined as

the difference between the long and short rate rLt − rt. For the definition of risk premium

and the long rate implied by the expectation hypothesis, see section A.6.

The marginal efficiency of the investment shock (µ) is the single most important factor

in determining the short rate at the business cycle frequencies, which is consistent with the

findings in Justiniano, Primiceri and Tambalotti (2010). In the very short run (less than

2 years) the short rate is also somewhat influenced by the policy shocks. Preference shock

(shock to the discount factor) becomes relatively more important to the short rate in the

medium to long run, climbing to as much as 19%.

On the contrary, shock to the risk premium is the most important driver for the long

yield volatility, accounting for 64% in the short run and 39% in the long run. In second

place come the shock to the discount factor (ranges between 13% and 24%) and the shock

to the marginal efficiency of investment (ranges between 13% and 22%). Productivity shock

accounts for very little in the short run (3%) but rises to 9% in the long run.

The largest contributor to the volatility of the slope of the yield curve is the monetary

policy shock. On impact it accounts for 57% and decays to only 7% in the long run. The risk

premium shock accounts for as much as 42% 2 to 3 quarters ahead, and keeps its important

role throughout by fluctuating around 30%, depending on the horizon. The shock to the

marginal efficiency of investment has a more limited role in the short run but becomes the

single most important driver for the volatility of the yield curve slope over the medium and

long run, accounting for more than 50% for horizons of 8 quarters and longer. Discount factor
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shock plays a more or less residual role, and contributes mostly in the long run, reaching

eventually 6%.

If we look at the expectations hypothesis component then the contributions are similar

to the long rate, but now the contribution of the shock to the risk premium is smaller, as

expected. The only reason the risk premium shock even shows up here is due to the real

effects and the endogenous response of the economy and monetary policy to the shock to

the risk premium.

H.3 Historical Shock Decomposition

In this exercise, we use a disturbance smoother (as described in Carter and Kohn, 1994)

to recover draws for the historical paths of the shocks. We then feed these shocks to the

model, one at a time, to generate the counterfactual path of each variable, which gives us

the marginal contribution of each shock to the evolution of each variable at each point in

the sample. We show the median across parameter draws. Figures A.9 through A.18 show

select contributions of shocks to the yield curve related variables. The black line shows the

median estimated path for the variable under consideration and the vertical bars show the

marginal contribution of each shock in each period in time to that variable’s path.

In terms of the short rate, Figure A.8 shows that shock to the risk premium has been

pushing the FFR down since 1994 by 2 to 3 percentage points. Interestingly Figure A.9

demonstrates that monetary policy shock has been pushing the FFR up since 2007. This

means that the recent low interest rates are more likely to be explained by the economic

conditions, as opposed to being artificially low due to discretionary policy decisions. As

Figure A.10 shows, the marginal efficiency of investment, the key factor in the unconditional

analysis, captures fairly well the cyclical movements in the FFR except the early 90s and

the recent period of time. Finally, the productivity shock has been pushing the FFR down

since the beginning of 2000.

In the 1990s the risk premium shock (Figure A.11) contributes heavily to the movements

in the long rate, and was compensated down by other shocks. In the most recent period

leading to 2009, the risk premium contributes to increase in the long rate, with help from

the increasing ratio of long term debt in the hands of the public. (Also see Figure A.12 for

the long-term bond supply shock). On the other hand, Figure A.13 shows that the shock to

the discount factor has been pushing the long rate down at the end of the sample. Similarly

Figure A.14 demonstrates the productivity has been pushing down the long yield.
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The volatility of the slope of the yield curve is mostly explained by the evolution of the

risk premium shock. (Figure A.15) At the end of the sample the risk premium shock is

pushing the slope up, helped a bit by the shock to the discount factor and the shock to the

long term bond supply that increases the ratio of the long debt to the short debt in the

hands of the public. However the effects are countered by the negative contributions by the

monetary policy shock and the shock to the marginal efficiency of investment. (See Figure

A.16 Figure A.17 and Figure A.18)
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Table A.1: Variance decomposition for short and long rates, slope of the yield curve, risk
premium component of the slope and expectations hypothesis component of the long rate.
For each variable the table shows the median marginal contribution of each shock to the
unconditional variance of that variable, shown in percentage points.

short rate long rate slope risk premium long rate (EH)
productivity (εz) 4.8 9.4 1.4 0.1 12.2

markup (ελ) 0.2 0 0.2 0 0
investment (εµ) 58.4 21.7 52.3 0.1 31.6

discount factor (εb) 1.8 0.5 1.5 0 0.7
labor supply (εφ) 18.8 24 5.6 0.1 30.8

long bond supply (εBL) 0.1 0.7 0.4 0.6 0.2
tax (εT ) 0.0 0 0 0 0

monetary policy (εm) 0.6 1.2 6.9 0 1.6
risk premium (εζ) 5.7 38.6 29.1 98.8 15.7

government spending (εg) 0.1 0 0 0 0
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Figure A.1: Responses to simulated shock to market value of long-term debt (as shown in
Figure 1 in the paper) in the case in which the central bank keeps the purchased assets for
four years (instead of two). All responses are in annualized percentage rates (except the
output level, shown in percentage deviations from the path in the absence of the shock).
The continuous red line corresponds to the posterior median response and the grey shades
to different posterior probability intervals (50, 60, 70, 80 and 90 percent, from darker to
lighter shading). The dashed blue line is the posterior median response of the variables in
the baseline simulation, shown in Figure 3 in the paper.
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Figure A.2: Responses to simulated shock to market value of long-term debt (shown in Figure
1 in the paper) in the presence of a high degree of market segmentation (by considering the
lower half of the distribution of ωu). All responses are in annualized percentage rates (except
the output level, shown in percentage deviations from the path in the absence of the shock).
The continuous red line corresponds to the posterior median response and the grey shades
to different posterior probability intervals (50, 60, 70, 80 and 90 percent, from darker to
lighter shading). The dashed blue line is the posterior median response of the variables in
the baseline simulation, shown in Figure 3 in the paper.
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Figure A.3: Responses to simulated shock to market value of long-term debt (shown in
Figure 1 in the paper) in the presence of lower price rigidities (ζp = 0.75). All responses are
in annualized percentage rates (except the output level, shown in percentage deviations from
the path in the absence of the shock). The continuous red line corresponds to the posterior
median response and the grey shades to different posterior probability intervals (50, 60, 70,
80 and 90 percent, from darker to lighter shading). The dashed blue line is the posterior
median response of the variables in the baseline simulation, shown in Figure 3 in the paper.
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Figure A.4: Responses to simulated shock to market value of long-term debt (shown in Figure
1 in the paper) in the case in which the central bank keeps ZLB for five quarters (instead
of four). All responses are in annualized percentage rates (except the output level, shown
in percentage deviations from the path in the absence of the shock). The continuous red
line corresponds to the posterior median response and the grey shades to different posterior
probability intervals (50, 60, 70, 80 and 90 percent, from darker to lighter shading). The
dashed blue line is the posterior median response of the variables in the baseline simulation,
shown in Figure 3 in the paper.
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Figure A.5: Variance decomposition for the FFR at different horizons.
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Figure A.6: Variance decomposition for the long yield at different horizons.
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Figure A.7: Variance decomposition for the yield curve slope at different horizons.
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Figure A.8: Historical shock decomposition: contribution of the shock to the risk premium
to path of the short rate.
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Figure A.9: Historical shock decomposition: contribution of the shock to monetary policy
rule to the short rate.
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Figure A.10: Historical shock decomposition: contribution of the the shock to the marginal
efficiency of investment to the path of the short rate.
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Figure A.11: Historical shock decomposition: contribution of the shock to the risk premium
to the long rate.
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Figure A.12: Historical shock decomposition: contribution of the shock to long bond supply
to the path of the long rate
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Figure A.13: Historical shock decomposition: contribution of the shock to the discount factor
to the path of the long rate.
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Figure A.14: Historical shock decomposition: contribution of the productivity shock to the
path of the long rate.
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Figure A.15: Historical shock decomposition: contribution of the shock to risk premium to
the path of the slope of the yield curve.
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Figure A.16: Historical shock decomposition: contribution of the shock to the discount factor
to the path of the slope of the yield curve.
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Figure A.17: Historical shock decomposition: contribution of the shock to monetary policy
to the path of the slope of the yield curve.
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Figure A.18: Historical shock decomposition: contribution of the shock to marginal efficiency
of investment the slope of the yield curve.
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