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Abstract
We greatly expand the space of tractable term structure models (TTSM). We
consider one example of TTSM with positive yields together with rich volatility and
correlations dynamics. Bond prices can be expressed in closed-form and estimation is
straightforward. We find that the early stages of a recession have distinct effects on
yield volatility. Upon entering a recession when yields are far from the lower bound,
(1) the volatility term structure becomes flatter, (2) the level and slope of yields are
nearly uncorrelated, and (3) the second principle component of yields plays a larger
role. However, these facts are significantly different when yields are close to the lower
bound. Entering a recession in such a setting, (1) the volatility term structure instead
steepens, (2) the level and slope factors are strongly correlated, and (3) the second
principle component of yields plays a smaller role. Existing DTSMs do not capture the
changes in the cyclical responses of the volatility term structure near the lower bound.
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I

Introduction

The Absence of Arbitrage (AOA) is an essential feature of bond pricing models. Given
a model for bond prices, the managers of a bond portfolio should discard estimates of
the portfolio’s future risk and returns if the underlying forecasts of bond yields offer arbitrage opportunities. Similarly, its risk manager should attribute zero probability to these
configurations of yield forecasts.
Producing yield forecasts that are free of arbitrage is not a trivial task. However, the
fundamental theorem of finance can help us transform the problem into a more manageable
form. AOA is equivalent to the existence of a strictly positive change of measure from the
historical measure P to a measure Q, where asset prices are martingales when discounted
at the risk-free rate; the “risk-neutral” measure (Harrison and Kreps, 1979; Delbaen and
Schachermayer, 1994, 1998). Since the terminal price of the risk-free bond is known, the
construction of arbitrage-free bond prices based on this equivalence requires that we specify:
(i) the one-period risk-free rate rt (ii) the dynamics of rt under P and (iii) a strictly positive
change of measure. The price of a bond with any maturity h solves the expectation of future
short rates rt+1 , . . . , rt+h under Q.
We take a different route, introducing the family of Tractable Term Structure Models
(TTSMs). We specify bond prices directly and then check whether these prices are consistent
with the AOA. We proceed in a few steps. First, we show that our construction of bond
prices is free of dominant trading strategies (Rothschild and Stiglitz, 1970; Levy, 1992). Of
course, many arbitrage opportunities are not dominant. We then show that any remaining
arbitrage opportunity within our framework must be self-financing and offer no initial payoff
(if an opportunity exists). Building on these results, we show that our construction of bond
prices precludes arbitrage opportunities as long as transaction costs are non-zero. In other
words, our construction is arbitrarily close to the AOA. Finally, we show (in an Appendix)
how to construct a sequence of no-arbitrage frictionless models that in the limit converge to
our pricing model proposed in Assumption 1.
Our approach comes at a cost. Absent a pricing kernel, the prices of risk remain
unspecified. We can still easily compute bond risk premia and Sharpe ratios, but we cannot
offer a decomposition of the premia between quantities and prices of risk (inside the model).
Yet, our approach nests the widely-used Nelson and Siegel (1987) (NS) term structure
representation of yields, providing an instructive example. Notwithstanding the popularity
and empirical success of the NS representation, Bjork and Christensen (1999); Filipovic
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(1999) show that it is not consistent with the AOA in a context without trading frictions.
Our approach shows that the NS representation is arbitrarily close to the AOA, explaining
the common observations that models based on NS loadings are “almost” free of arbitrage.
Indeed, Coroneo, Nyholm, and Vidova-Koleva (2011) cannot reject the null hypothesis that a
dynamic version of NS (Diebold and Li, 2006) is consistent with the AOA . Conversely, the
empirical success of the NS decomposition supports the usefulness of TTSMs.
What do we gain from moving toward TTSMs? We emphasize that TTSMs are parsimonious, flexible, and highly tractable. Directly specifying bond prices guarantees tractability,
circumventing the need to compute the oftentimes intractable integral under Q. As a prime
example, we can easily impose that all yields are positive. Beyond tractability, our deeper
motivation follows from the enduring tension between fitting the dynamics of yields and of
yield volatility (Dai and Singleton, 2000). Gaussian dynamic term structure models (DTSMs)
with constant variance can fit the evidence on bond predictability (the dynamics of yields)
but not the volatility of yields. In contrast, a Standard An (m) models allows for stochastic
volatility but cannot fit the bond risk premium. Recent research address this tension, but
in situations when yields are far from the lower bound (Cieslak and Povala 2011,CP 2015).
However, approaching (and reaching) the lower bound creates strong implications for the fit
of yields and yield volatility. Failing to impose the lower bound produces biased forecasts
and misses the dramatic volatility compression of short-term yields exhibited in recent years.
Table 1 summarizes how this tension continues to haunt existing models.
Volatility Compression
at the Lower Bound
Cyclical
Short-Rate
Volatility

no

no
A0 (3)

yes
Black (1995)

yes

CP (2015)

this paper

Table 1: Matching yield volatility stylized facts.

Our approach to specifying bond prices relies only on weak technical conditions for the
risk factor dynamics. Within our general framework, we introduce a class of TTSMs which
are as close as possible to the standard models except for two key departures: (i) yields
must be positive and (ii) facilitate a flexible specification of the volatility dynamics.1 In
particular, we specify risk factors with conditionally Gaussian VAR(1) dynamics. To ensure
1

The lower bound can be any constant, and not necessarily zero.
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positivity, we write the short-rate function as a logistic transformation of the usual linear
rule. Intuitively, our specification is close in spirit to that in Black (1995). In fact, we adapt
the logistic form to nest the linear and the max case if one key parameter tends to either 0
or ∞ in the limit, respectively. Finally, we consider a flexible multivariate specification for
the conditional volatilities and correlations of the risk factor innovations.
Our results highlight three key contributions. First, we capture existing stylized facts
within a traditional model with positive interest rates. In the sample away from the lower
bound, our model matches standard risk premium estimates from a standard Gaussian
3-factor model (by construction), but also fits the yield volatility dynamics. We confirm
that the volatility term structure slopes upward but with a hump-shape around the 2-year
maturity (Piazzesi, 2005), that the volatility of all yields rise in recession; and that the
volatility term structure becomes flat or inverted in the early stages of a recession (Cieslak
and Povala, 2011) (the volatility of short-term yield increases most).
Second, we find that changes in the volatility term structure alter the nature and the
explanatory power of the principal components extracted from yields. Consider the following
exercise. Fix a date, simulate the term structure of yields one-period ahead, and compute
the principal components across simulations. This corresponds to a Principal Component
Analysis applied to the conditional correlation matrix of yields.2 Away from the lower bound,
the results show that the explanatory power of the first (conditional) component varies from
close to 95 percent in good times to below 85 percent during the recessions. In these periods,
the second component plays a correspondingly greater role, reflecting the actions of the
Federal Reserve. This effect is entirely captured by changes in the variance of the risk factor,
since the factor loadings are constant.
Finally, we find that response of the volatility term structure to economic conditions
changes sign near the lower bound. The short-rate volatility falls—instead of rises—and the
volatility term structure steepens—instead of flattens—as the Federal Reserve approaches and
reaches the lower bound. Existing models do not capture this shift in the volatility dynamics.
In addition, the volatility compression also changes the correlation structure between yields.
Near the lower bound, the explanatory power of the first component quickly reaches and
stays at 95 percent, while the other components become less important. The first components
play a greater role because yields are more correlated. This happens either away from the
lower bound, where the correlation between the level and slope is large and negative, or near
the lower bound, where the correlation between the level and slope is large and positive (as
2

We use a simulation-based PCA, since yields are non-linear function of the risk factors in our model.
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high as 0.8).
Our specification of bond prices is closely related to several existing DTSMs, and we discus
these connections in detail. We find that results from an affine Gaussian TTSM and a DTSM
with constant variance are indistinguishable. Further, we confirm that risk premia estimates
and short-rate forecasts from linear models suffer from severe bias after 2008, especially for
short maturities and for short horizons. We also show how to construct close counterparts to
the affine-quadratic and Black (1995) max models. Within the standard framework, both
approaches pose severe estimation or tractability problems.3
Section II discusses our key assumptions and introduces the family of TTSMs. Section III
establishes theoretically that our bond prices are arbitrarily close to the absence of arbitrage.
Section IV details the specification, identification, and estimation of one class of TTSMs with
positive yields. Sections V-VI present the empirical results for linear and non-linear models,
respectively, and Section VII concludes.

II
A

Tractable Term Structure Models
Bond prices

This section introduces the family of Tractable Term Structure Models (TTSMs) where
bond prices are specified directly. This approach to constructing bond prices is flexible and
tractable, guaranteeing that bond yields are available in closed form with only minimal
assumptions about the risk factor dynamics. The next section verifies that the resulting bond
prices are free of arbitrage.
Consider a discrete-time economy endowed with J zero-coupon bonds maturing in n =
1, 2, . . . , J periods, each with a face value of one dollar. Let Pn (Xt ) denote the price of the
n-period bond, where Xt is a state vector with support X (e.g., X = RK ). Assumption 1
provides a direct specification for Pn (Xt ).
3

DTSMs based on Black (1995) based on truncated distributions does not deliver closed-form bond prices
and yields. Closed-form approximation schemes have been proposed recently, but only for the cases where
risk factors have Gaussian VAR(1) dynamics (Krippner, 2011; Christensen and Rudebusch, 2013; Bauer and
Rudebusch, 2013; Wu and Xia, 2013).
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Assumption 1. The n-period bond price Pn (Xt ) is given recursively by:
P0 (Xt ) ≡1,

(1)

Pn (Xt ) =Pn−1 (g(Xt )) × exp(−m(Xt )),

(2)

for functions m(·) and g(·) such that m(X) ∈ M ⊆ R and g(X) ∈ X for every Xt ∈ X.
The recursive structure of bond prices is the distinctive feature of Assumption 1. The initial
value in Equation (1) corresponds to the fact that maturing bonds are redeemed at face
value, which we normalize to one dollar. Equation (2) states that the pricing function for the
n-period bond is given recursively from the pricing function for the (n-1)-period bond. Since,
zero-coupon bond prices are available in closed form for all maturities, it follows that all
forward rates and zero-coupon yields are available in closed form. This calculation is spelled
out formally in Theorem 1.
Theorem 1. Assumption 1 implies that the n-period zero-coupon yield is given by:
yn,t = (1/n)

n−1
X

m(g ◦i (Xt )),

(3)

i=0

and that the one-period forward rate n periods in the future is given by:
fn,t = m(g ◦n (Xt )),

(4)

where the operator ◦ applies the function g(·) iteratively: g ◦i (Xt ) = g(g(. . . g(Xt ))) and
g ◦0 (Xt ) = Xt by convention.
Proof. Starting with P0 (·) ≡ 1 and expanding the recursion (2) we get:
Pn (Xt ) = exp(−

n−1
X

m(g ◦i (Xt ))).

(5)

i=0

Equations (3) and (4) follows from the definition of the n-period yield and forward rate,
yn,t ≡ − log(Pn (Xt ))/n and fn,t ≡ (n + 1)yn+1,t − nyn,t , respectively.
The functions m(·) and g(·) are the primitive blocks in the construction of bond prices.
Their interpretation is straightforward. The function m(Xt ) gives the one-period interest
5

rate. Setting n = 1 we get y1,t = f0,t = − log(P1 (Xt )) = m(Xt ). In turn, the function
g(·) embodies how the price of the bond tomorrow is discounted back to its present value
today. For instance, using Equation 2 with n = 2, the two-period bond price is given by
P2 (Xt ) = P1 (g(Xt )) × exp(−m(Xt )) = exp (−m(g(Xt )) − m(Xt )).

B

Properties

Assumption 2 build on economic principles and summarizes key desirable properties for
the choice of (m(·), g(·)). These additional properties play a central role in our empirical
implementation but we emphasize that our theoretical results only rely on Assumption 1.
Assumption 2. Bond prices satisfy the following properties:
P1 — Positivity Pn (Xt ) ≤ 1 ∀X ∈ X or equivalently yn,t ≥ 0;
P2 — Discounting distant cash flows limn→∞ Pn (Xt ) → 0;
P3 — Invertibility ∃u(·) : R → R such that u−1 (fn,t ) = an + bn Xt ∀n.
P1 requires that yields to maturity are positive. Nominal interest rates are necessarily
bounded below by the costs of alternative stores of value. For instance, negative yields can be
avoided costlessly for small amounts by holding cash. P2 reflects the fact that sure payoffs
that are more distant should have a lower price. Finally, P3 implies that forward rates can be
inverted to a linear transformation of Xt . P3 leads to term structure models where estimation
is fast and robust despite any inherent nonlinearity and regardless of the dimension of the
risk factors Xt . In that regard, P3 ensures that we can “undo” the nonlinearity in forward
rates.
Proposition 1. The following choices guarantee that bond prices constructed as in Assumption 1 satisfy Properties P1-P3:
1. m(·) is continuous and monotonic with m(X) ≥ 0 ∀X ∈ X,
2. g(X) is a contraction with unique fixed-point g(X ∗ ) = X ∗ ,
3. g(X) = GX.
Proof. See appendix.
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From Equations 3-4, it is clear that m(X) ≥ 0 guarantees P1: all forward rates and all
yields to maturity are positive.4 The second condition is necessary for P2, guaranteeing that
long-run forward rates do not diverge. Finally, the last condition takes g(·) as a linear function
of X and, together with the other two conditions, guarantees P3 so that we can invert forward
rates and proceed with fast and robust estimation. In particular, the requirement that g(·) is
a contraction implies that the matrix G has no unit root.

C

Examples

Nelson-Siegel
The direct approach to constructing bond prices in Assumption 1 is reminiscent and
overlaps with a longstanding tradition in fitting observed bond prices. For instance, TTSMs
includes several 3-factor models where the loadings on yield,
yt,n = X1,t b1 (n) + X2,t b2 (n) + X3,t b3 (n),
are identical to those given in Nelson and Siegel (1987) (see also Figure 1):
b1 (n) = 1


1 − exp (−nλ)
b2 (n) =
nλ


1 − exp (−nλ)
− exp (−nλ) .
b3 (n) =
nλ

(6)

The mapping with Nelson and Siegel (1987) is formally stated in Proposition 2.
Proposition 2. Suppose Xt ∈ R3 , with m(·) and g(·) given by:
h
i
−λ
1−e−λ
−λ X ,
m(Xt ) = 1 1−eλ
−
e
t
λ


1 0
0


g(Xt ) = 0 e−λ λe−λ  Xt ,
0 0
e−λ

(7)

(8)

then, bond prices generated from the construction in Assumption 1 have yields-to-maturity
with Nelson-Siegel loadings given by Equation 6.
4

Alternatively, one could impose restriction on the support of X: i.e.,X = RK
+ . We choose instead to
maintain broad flexibility in the time-series dynamics for X at little costs.
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Proof. Direct computation of (1/n)

Pn−1
i=0

m(g ◦i ) yields the result.

Note that we differ from Nelson and Siegel (1987) for several reasons. First, our construction is more general, allowing for choices of m(·) and g(·) beyond Equations (7)-(8). Second,
Section III assesses explicitly any arbitrage opportunity within our framework and provides a
precise economic sense in which these models (including Nelson and Siegel (1987)) are very
nearly arbitrage-free. Third, the choice of m(·) and g(·) in Equations (7)-(8) does not satisfy
P1 and P2.
1
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Figure 1: Nelson-Siegel Loadings

Linear models
Suppose Xt ∈ RN . The following natural specification leads to affine Gaussian TTSMs:
m(Xt ) =δ0 + δ10 Xt
g(Xt ) =KXt

(9)
(10)

where δ0 is a scalar, δ1 is an N × 1 vector and K is an N × N matrix. From Theorem 1,
yields are linear:
yn,t =δ0 + (Bn /n)Xt ,
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(11)

with Bn given by the recursion:
Bn = Bn−1 K + δ10 .

(12)

For comparison, the A0 (N ) Gaussian DTSMs (e.g., Dai and Singleton (2000) and Duffee
(2002)) has a linear short-rate equation and risk-neutral dynamics given by:
rt =δ0 + δ10 Xt
Xt+1 =K0 + K1Q Xt + t+1 ,

(13)

where t+1 ∼ N (0, Σ). The solution for yields in that standard case is given by:
yn,t = An /n + (Bn /n)Xt ,

(14)

Bn =Bn−1 K1Q + δ10 ,
1
0
An =An−1 + δ0 − Bn−1 ΣBn−1
.
2

(15)

with coefficients given by:

(16)

Clearly, the short rate rt and the loadings Bn ’s are identical between these models. The
0
intercept terms An for n > 1 are different only due to the convexity correction Bn−1 ΣBn−1
.
This Jensen term is negligible in a typical application (see Figure 2).

Black’s models
Black (1995) emphasizes that bondholders have an option to hold cash instead of bonds,
which implies a lower bound on nominal yields. Black uses the max function to obtain a
positive overnight rate, i.e., rt = max(st , 0) where st is the so-called “shadow” rate that
would prevail absent the lower bound. In our framework, this yields:
st =δ0 + δ10 Xt
m(Xt ) = max(0, st )
g(Xt ) =KXt ,
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(17)
(18)
(19)
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Figure 2: The Jensen terms is negligible in Gaussian models. Difference to the Jensen Term
1
0
2 Bn−1 ΣBn−1 between the loadings in linear 3-factor models where yield PCA are used as risk
factors and parameter. Estimates based on the canonical representation in Joslin, Singleton, and
Zhu (2011).

and from Theorem 1, forward rates are simply given by;
fn,t = max(0, K n Xt ),

(20)

and yields are given by Equation 3. In sharp contrast, DTSM implementations of Black’s
formulation suffer from severe drawbacks. First, closed-form bond prices are not available and
estimation is computationally demanding.5 Second, Black DTSMs must impose a constant
volatility to remain tractable.6 Finally, this approach does not meet P3, since the max
function cannot be uniquely inverted.

Quadratic models
The following choice generates linear-quadratic TTSMs:
m(Xt ) =δ0 + δ10 Xt + Xt0 δ2 Xt
g(Xt ) =KXt
5

(21)

Bauer and Rudebusch (2013) use Monte Carlo simulations under the risk-neutral measure. Krippner
(2011) modifies no-arbitrage prices to explicitly account for the zero lower bound in a tractable way (see also
Christensen and Rudebusch (2013)) but does not check check whether prices are consistent with the AOA.
6
Kim and Priebsch (2013), in continuous time, and Wu and Xia (2013), in discrete time, introduce
tractable second-order approximations based on series expansion of yields.
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where δ0 is a scalar, δ1 is N × 1 and δ2 is an N × N matrix. From Theorem 1, yields are
given by:
yn,t =δ0 + (Bn /n)Xt + Xt0 (Cn /n)Xt

(22)

where the linear and quadratic coefficients Bn and Cn are given by:
Cn =K 0 Cn−1 K + δ2
Bn =Bn−1 K + δ10 .

(23)

Compare this to the affine-quadratic DTSMs developed by Ahn, Dittmar, and Gallant (2002)
and Leippold and Wu (2003) where the short rate equation is quadratic:
rt = δ0 + δ10 Xt + Xt0 δ2 Xt ,
and with the risk-neutral dynamics as in (13).7 The solution for yields in this case is given by:
yn,t =An /n + (Bn /n)Xt + Xt0 (Cn /n)Xt ,

(24)

where the loadings An , Bn and Cn are given by the following recursions:
0

Cn =K1Q Cn−1 Ωn−1 K1Q + δ2 ,
Bn =Bn−1 Ωn−1 K1Q + δ10 ,
1
1
An =An−1 + δ0 − log|Ωn−1 | − Bn−1 Ωn−1 ΣBn−1 ,
2
2

(25)

with Ωn−1 ≡ (IN − 2ΣCn−1 )−1 . Comparing loadings in (23) and (25) reveals two differences.
First, the term Bn−1 Ωn−1 ΣBn−1 reflects a convexity adjustment. Second, the matrix Ωn−1
may introduce a wedge between loadings if the quadratic coefficient δ2 is “large”.
7
See also Longstaff (1989), Beaglehole and Tenney (1991), and Constantinides (1992) (the SAINTS model)
for earlier iterations of the affine quadratic models. Realdon (2006) provides a discrete time treatment.
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III

Near-Absence of Arbitrage

Directly specifying bond prices stands in contrast to the standard (indirect) construction
R
of term structure models based on computing (Mt+n /Mt )dP.8 The standard approach
guarantees that bond prices rule out arbitrage opportunities if the proposed pricing kernel
Mt+n /Mt is strictly positive almost surely (∀n). However, computing the integral in this
conditional expectation is not analytically tractable for many interesting choices of (Mt , P).
Our direct approach to bond prices guarantees tractability. On the other hand, we
have yet to assess whether it precludes arbitrage opportunities. For instance, Bjork and
Christensen (1999) and Filipovic (1999) show that the Nelson and Siegel (1987) model does
not ensure the absence of arbitrage. However, it also generally agreed that these loadings
are “almost arbitrage-free”, as put forth in Diebold and Rudebusch (2012).9 In the following,
we provide economic foundations for the pervasive perception that these models are “almost
arbitrage-free”.

Absence of Dominant Trading Strategies
Checking for the absence of arbitrage is a difficult problem. It may seem that we have
traded one intractable problem for another. However, we can build on the simply structure of
bonds. To begin, we check these models for the absence of dominant (AOD) trading strategies
– a requirement which is related to, but weaker than, the absence of arbitrage (AOA) condition.
Recall that the AOA holds if and only if any portfolio with strictly non-negative payoffs
admits a strictly positive price.10 The AOD also imposes a strictly positive price but only for
the set of portfolios with payoffs that are strictly positive in all states. Theorem 2 establishes
that using Assumption 1 to construct bond prices is sufficient to guarantee AOD.
Theorem 2. Assumption 1 guarantees the absence of dominant trading strategies (AOD)
8

The integral can be computed given the relevant informationR set It and
dynamics for Mt+n under the
Pn−1
historical measure P. Equivalently, one can obtain bond prices via exp(− j=0 rt+j )dQ given the dynamics
for the risk-free rate rt under the risk-neutral measure Q.
9
For an excellent account of this literature, see Diebold and Rudebusch (2012) and references therein.
Krippner (2013) tightens this point, showing that the Nelson and Siegel (1987) model can be seen as low-order
Taylor approximations of the generic no-arbitrage Gaussian affine term structure models. The difference is
small in practice, Coroneo, Nyholm, and Vidova-Koleva (2011) find that the no-arbitrage parameters are not
statistically different from those obtained based on Nelson and Siegel (1987). Our line of argument is distinct
from the technical approaches, such as one based on Taylor approximations proposed by Krippner (2013). It
is also much more general, since our results apply to a much richer set of models beyond Nelson and Siegel
(1987).
10
To be precise, any portfolio with positive cash flows for a strictly positive measure and zero cash flows
otherwise.
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between bond prices.

Proof. Let wn denote the amount (in face value)
P invested in each n-period bond. Suppose
that this portfolio guarantees positive payoffs: n wn Pn−1 (Xt+1 ) > 0 ∀Xt+1 ∈ X. From the
pricing recursions in Equation (2), the price of this portfolio is given by:
X
X
wn Pn (Xt ) = exp(−m(Xt )) ×
wn Pn−1 (g(Xt )).
(26)
n

n

P
Since g(Xt ) ∈ X and since n wn Pn−1 (Xt+1 ) > 0 for all Xt+1 ∈ X, it follows that the price
of this portfolio is strictly positive. Thus, a dominant trading strategy does not exist.

Near-Absence of Arbitrage
Given the result in Theorem 2 that TTSMs ensure AOD, can we ask how “close” we
are to the AOA? One way of addressing this question is to ask how negative can the price
of portfolios with strictly non-negative payoffs be? In other words, how close are we to
guaranteeing that their price is positive (as required by the AOA)? A negative price is a
serious violation of the no-arbitrage principle, since one is paid money to own a portfolio
that never requires contributions in the future. In contrast, any model that assign a price of
zero is close to guaranteeing the AOA. Theorem 3 shows that Assumption 1 is also sufficient
to guarantee that portfolios with strictly non-negative payoffs cannot admit negative prices.
Theorem 3. Assumption 1 ensures that portfolios with strictly non-negative payoffs cannot
admit negative prices.
Proof. Let wn denote the amount (in face value) invested in each n-period bond. Consider
P
a portfolio with strictly non-negative payoffs: n wn Pn−1 (Xt+1 ) ≥ 0 ∀Xt+1 ∈ X. From the
pricing recursion in Equation (2), the price of this portfolio is given by:
X

wn Pn (Xt ) =exp(−m(Xt )) ×

n

X

wn Pn−1 (g(Xt )).

(27)

n

P
The price of this portfolio cannot be negative for it requires n wn Pn−1 (g(Xt )) < 0, but this
P
would contradict g(Xt ) ∈ X and n wn Pn−1 (Xt+1 ) ≥ 0 for all Xt+1 ∈ X.
Figure 3 illustrates Theorem 3. For portfolios with strictly non-negative payoffs, TTSMs
allow for prices on the positive half of the real line, including the origin. The absence of
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arbitrage allows for prices on the positive half of the real line, excluding the origin. The one
difference reduces to one point on the real line (the origin).

(
0
Required by AOA

[
0
Implied by our models

Figure 3: Prices of portfolios with strictly non-negative payoffs.

The following example provides another way to see intuitively how the AOD is close to
the AOA. Consider a portfolio w that pays one dollar in some states (with a strictly positive
measure) and zero otherwise. If markets are complete, we can construct a portfolio w that
pays at least  dollars in all states (i.e., either 1 or 1 +  dollar). The AOD implies that the
price p of w must be positive (w earns strictly positive cash flows in every state). Varying
 closer to zero, we obtain a sequence of portfolios w approaching portfolio w. Each of
these portfolios has a positive price. With continuous prices, this example suggests that
the price of portfolio w – the limit of the sequence of positive prices p as  tends to zero –
cannot be negative. For convenience, this heuristic argument invoked assumptions regarding
market completeness and price continuity. Fortunately, the result in Theorem 3 only relies
on Assumption 1.

Transaction Costs
At this point, we conclude that our framework may allow for the possibility of self-financing
portfolios (with price zero) paying non-negative cash flows. Does this represent a serious
violation of the no-arbitrage principle? Theorem 4 addresses this question formally, showing
that, as long as there is some (however small) transaction cost in short-selling bonds, all
arbitrage opportunities are ruled out by our models.
Theorem 4. Bond prices constructed in Assumption 1 combined with any non-zero level of
transaction costs rule out all arbitrage opportunities.
Proof. See appendix.
The presence of small transaction costs preventing self-financing strategies is economically
plausible. Again, consider a portfolio w that pays one dollar in some states (with a strictly
14

positive measure) and zero otherwise. If this portfolio is self-financing, we must sell short some
bonds to cover for costs of the long positions.11 But this is costly. A substantial literature has
documente the costs to establish and maintain short Treasury bond positions, even for the
most liquid issues. (See e.g., Duffie (1996), Krishnamurthy (2002), Vayanos and Weill (2008),
and Banerjee and Graveline (2013).) In other words, this portfolio may not give rise to an
arbitrage opportunity after shorting (and other transactions) costs are taken into account.
Consistent with this observation, Liu and Longstaff (2004) show that risk-averse arbitrageurs
do not fully exploit arbitrage opportunities in the Treasury market.
We emphasize that the magnitude of transaction costs is inconsequential for the above
argument to go though. That is, we do not require transaction costs to be of certain sizes
(after all, with sufficiently large transaction costs, no trading strategy can be profitable.) The
key of our argument lies in the fact that to finance even very small setup costs, the price of a
portfolio must be in the negative region. And it is the sign, not the magnitude, of the price
that triggers Theorem 3.

IV
A

Estimation
Data

We use data sampled at a monthly frequency between January 1990 and December 2014,
but we only use data up to December 2008—when the overnight rate reached its lower bound—
when estimating affine models. Our sample includes forward rates and macro variables. We
include forward rates with quarterly maturities between three months and ten years. We use
data from GSW for maturities longer than 6 months but we extract the 3-month forward
from CRSP data. Figure 4 shows selected 3-month forward rates with maturities of 6 months,
1 year, 5 years and 10 years.
We also use unspanned macro-economic variables that are relevant for the dynamics
of the risk factors (Joslin, Priebsch, and Singleton, 2013). Specifically, our sample also
includes one-year ahead forecasts of inflation and of GDP growth from Blue Chips surveys of
professional forecasters. This provides forward-looking information useful to forecast future
interest rates (Chun, 2010).
11

To be more precise, a long position on any given zero coupon bond commands a positive price, by
construction our model (see Equation 5). By the same token, any portfolio combining long-positions only will
have a positive price models. It follows that any portfolio to which our model assign a price of zero or less
must include short positions.
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Figure 4: Forward rates reached their lowest range at different dates. Monthly data from 1990 to
2014.

B

Identification

In line with Assumption 1 and Assumption 2, we introduce the following parametrization
for the m(·) and g(·) function:
m(Xt ) =u(θ, δ0 + δ10 Xt )
g(Xt ) =KXt ,

(28)
(29)

where Xt ∈ RN , δ0 +δ10 Xt is a scalar and θ is a parameter (possibly a vector) summarizing nonlinear features in m(·). Taking u(·) as the identity function then collapses to the linear case
(in which case θ is empty). From Equation 28, the n-period forward rate fn,t = m(g ◦n (Xt ))
is given by:
fn,t = u(θ, δ0 + δ10 K n Xt ),
(30)
P3 requires that u(θ, ·) is invertible with respect to the second argument, implying that we
can transform to the familiar linear form,
f˜n,t = u−1 (θ, fn,t ) = δ0 + δ10 K n Xt .

(31)

We use the standard normalization of Joslin, Singleton, and Zhu (2011) to identify δ0 , δ1 and
K, Specifically, δ1 = ι is a vector of ones, K is an ordered Jordan form and g(X) has no
constant. To see why this normalization applies to our case, consider an arbitrary K matrix
16

with decomposition K = U λU −1 , where λ is the diagonal matrix of real eigenvalues. Thus,
Equation (31) is observationally equivalent to:
f˜n =δ0 + δ10 U λn U −1 Xt
=δ0 + ι0K λn diag(δ10 U )U −1 Xt
=δ0 + ι0K λn Zt

(32)

with the restrictions that δ1 = ιK , K1 is diagonal and Zt ≡ diag(δ10 U )U −1 Xt . The second
equality uses the fact that λ is diagonal. Similar arguments can be made for cases where K1
has complex eigenvalues (along the line of Joslin, Singleton, and Zhu (2011)).

C

Yield Portfolios as Risk Factors

Stack J forwards in the vector Yt = (fn1 ,t , ..., fnJ ,t )0 and construct the corresponding
vector of transformed forwards by Ỹt = (f˜n1 ,t , ..., f˜nJ ,t )0 :
Ỹt = AX + BX Xt

(33)

where the coefficients are obtained by stacking coefficients in Equation (31). Note that the
well-known “shadow rate”, st , is a special case with the inversion applied to the one-period
forward rate:
st ≡ f˜0 = u−1 (θ, f0,t ) = δ0 + δ10 Xt .
Next, consider N ≤ J portfolios of Ỹt with an N × J loadings matrix, W ,
Pt = W Ỹt ,

(34)

which are measured without errors, Pt = Pto as in Joslin, Singleton, and Zhu (2011), and
which can be used to uncover the risk factors:
Xt = (W BX )−1 (Pt − W AX ).

(35)

Substituting in Equation (31), we can express the transformed forward rates, f˜n,t , in terms of
the portfolios Pt ,
f˜n,t = δ0 + ι0K K1 n (W BX )−1 (Pt − W AX ) = An,P + Bn,P Pt ,
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(36)

with coefficients given by:
An,P = δ0 − Bn,P W AX
n

Bn,P = ι0K K1Q (W BX )−1 .

(37)

Stacking (36) for the relevant maturities (n1 , ... , nJ ), we obtain a version of the pricing
function but with Pt as risk factors on the right hand side:
Ỹt = AP + BP Pt .

D

(38)

Historical Dynamics

Assumption 1 is sufficient to establish the absence of exploitable arbitrage opportunities.
In the following, we also rely on Assumption 2 to guide our specification of the physical
dynamics for the states Xt . In particular, it is essential that the support of Xt under the
time series measure coincide with the space X over which our bond prices are defined.12
Furthermore, for valid statistical inferences, we need Xt to be stationary and ergodic under
the time series measure. Assumption 3 summarizes these requirements formally.
Assumption 3. The time series dynamics of Xt admits X as support and is such that yields
for all maturities yn,t ≡ −log(Pn (Xt ))/n have a joint distribution that is stationary and
ergodic.
Assumption 3 imposes mild restrictions on the evolution of Xt and accommodates virtually
all common stationary dynamics. Importantly, the dynamics of Xt may involve factors beyond
Xt . For instance, the conditional mean at time t, Et [Xt+1 ], may not be completely spanned by
Xt . This allows for notions of unspanned risks introduced by Joslin, Priebsch, and Singleton
(2013) Duffee (2011) and Feunou and Fontaine (2014). Likewise, the conditional variances,
Vt [Xt+1 ], can be constant, as in standard Gaussian DTSMs, can depend on Xt itself, as in the
AM (N ) models of Dai and Singleton (2000), can depend on the history {Xt , Xt−1 , . . .}, in
the spirit of the ARCH literature pioneered by Engle (1982), or can depend on the history of
other risk factors, capturing the notion of unspanned stochastic volatility in Collin-Dufresne
and Goldstein (2002), Li and Zhao (2006) and Joslin (2011).
Hence, our framework allows for general time-series specifications for Et [Xt+1 ] and Vt [Xt+1 ]
12

This requirement is analogous to the requirement that the time series and risk-neutral measures must
admit the same support (they are equivalent measure) in no-arbitrage models.
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without introducing overly restrictive connection between the mean and variance. This is
a significant departure from affine no-arbitrage term structure models that are burdened
by a significant tension in simultaneously fitting the conditional means and the conditional
variances of yields (Dai and Singleton, 2002; Joslin and Le, 2013). Instead, we choose to let
the data speak concerning the inter-relation between mean and variance in the term structure.
Our approach also contrasts with most implementations of Blacks’ non-affine no-arbitrage
models where the variance is assumed constant.
To operationalize this, consider a vector of macro variables Ut that are not spanned by
yields. For simplicity, we consider joint VAR dynamics for Pt and Ut :
Pt+1
Ut+1

!
= K0P + K1P

Pt
Ut

!
p
+ Σt

εP,t+1
εU,t+1

!
,

(39)

where εt ≡ (εP,t+1 , εU,t+1 )0 is a standard (conditionally) gaussian innovation with time-varying
variance-covariance matrix, Σt . We choose a robust and parsimonious specification for the
time-varying covariance matrix, Σt . First, the N × 1 vector of variances σt2 = diag(Σt ) has
dynamics given by:
2
ln σt2 = (I − B) ln σ̄ 2 + B ln σt−1
+ Aεt + γ (|Aεt | − E[|Aεt |]) ,

(40)

where A is a N × N matrix, and B and γ are N × N diagonal matrices. This vectorEGARCH allows innovations to any of the risk factors to affect the variance of every other
risk factor, since the matrix A is not restricted to be diagonal. Second, we use a Dynamic
Conditional Correlation (DCC) model for time-varying correlations (Engle, 2002). Specifically,
the correlation matrix CP,t and CU,t are defined via the following normalization of the matrix
QP,t and QU,t :


−1/2
−1/2
Ci,t = Qi,t ./ diag [Qi,t ]
⊗ diag [Qi,t ]
(41)
to guarantee a well-defined correlation matrix.13 Each of QP,t and QU,t follows
QP,t = (1 − aP − bP ) Q̄P + aP εP,t ε0P,t + bP QP,t−1
QU,t = (1 − aU − bU ) Q̄U + aU εU,t ε0U,t + bU QU,t−1 ,
13

(42)

The operator ./ is the element-by-element division of matrix, ⊗ is the Kronecker product and diag [Qt ] is
the vector whose elements are the main diagonal of Qt
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where ai > 0, bi > 0, ai + bi < 1 and where Q̄i is a symmetric positive definite.14 Finally,
the matrix of cross-correlations between elements of εP,t and elements of εU,t is set to zero.
Preliminary estimates of the cross-correlations matrix CPU,t were consistently small and
exhibited little time-series variation.

E

Maximum likelihood

The parameters for the pricing function (36) are Θp = {θ, δ0 , K}, subject to the restriction
that K has the Jordan form; the parameters of the conditional mean in (39) are Θm =
{K0P , K1P }; and the parameters of the conditional variance are Θv = {A, B, γ, a, b}. The full
parametrization is given by Θ = {Θp , Θm , Θv }. For each choice of maturities n1 ,. . . , nJ and
loading matrix W , these parameters are identified.15
Estimation of Θ can be implemented by maximizing the log-likelihood of the observed
0
data Dt = (Yto 0 , Uto )0 ,
P(Dt |It−1 ) =P(h(Dt )|It−1 )

∂h(Dt )
∂Dt

=P (We Yto |Pt , Uto , It−1 ) × P (Pt , Uto |It−1 )

∂h(Dt )
∂Dt

(43)

where It−1 = {D1 , D2 , ...Dt−1 } denotes the information generated by the history of the data,
h(Dt ) is a transformation of the data Dt , and We is a J − N × J matrix to be defined. The
first term in the likelihood corresponds to the cross-section of yields measured with error
We (Yto − Ŷt ) ∼ N (0, σe2 IJ−N ),

(44)

where Ŷt is a function of Pt and measurement errors are i.i.d.. We assume that Pt and Ut are
observed without measurement errors (Pto = Pt and Uto = Ut ). The second term P (Pt , Ut |It−1 )
is also a Gaussian density which can be easily derived from Equations (39)-(42). The final
PT
In practice, we target σ̄ 2 and Q̄ using the sample covariance Σ̄ = T1 t=1 ε̂t ε̂0t .
15
We can then applies recent advances in the estimation of affine models. See, for example, Joslin, Singleton,
and Zhu (2011), Joslin, Le, and Singleton (2013), Hamilton and Wu (2011), Adrian, Crump, and Moench
(2013), and de los Rios (2015).
14
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term in the likelihood is the Jacobian of the transformation



We fto


h(Dt ) =  W u−1 (θ, fto )  ,
Ut

(45)

where we note that the second entry W g(fto , θ) gives the observed portfolios Pt . The Jacobian
is given by evaluating the first-order derivative of h(Dt ) with respect to Dt :

∂h(Dt ) 
=
∂Dt

We
−1
W ∂u∂f (fto , θ)

!

0M ×J


0J×M 
,
IM

(46)

leading to:
∂h(Dt )
=
∂Dt

We
∂u−1
W ∂f (fto , θ)

!
.

(47)

In practice, the choice of the matrix W and We must satisfy the restriction that Equation 47
is different from zero, otherwise the likelihood in Equation 43 would be singular. In other
words, the matrix
!
We
−1
W ∂u∂f (fto , θ)
must be invertible almost everywhere. In practice, we choose W as the loadings on the first
N yield principal components, and we choose We Yt selecting J − N elements of Yt .

F

Term Structure Models with Positive Yields

Finally, we choose a specification of m(·) = u(θ, ·)), nesting both the linear and the max
cases, that is consistent with P1-P3. Specifically,
m(Xt ) = lb(θ) + θ1 log(1 + θ2 exp((δ0 + δ10 Xt )/θ1 ))
lb(θ) = −θ1 log(1 + θ2 ).

(48)

where the parameter θ = (θ1 , θ2 )0 controls the lower bound and the curvature of the mapping
between the shadow rate st ≡ δ0 + δ10 Xt and the observed rate u(θ, s). We calibrate θ2 so
that m(·) ≥ lb, where lb is the lowest sample value for the one-period yield. Equation 48 is a
21

generalization of the logistic function.16
Figure 5 shows the one-period bond yield u(θ, s) as a function of s for different values of
the lower bound and curvature parameters. We have that u(θ, st ) always crosses the origin
when st = 0 and that its curvature quickly disappears for large values of st . One can easily
show that u(θ, s) converges to the linear function as θ1 → ∞ (keeping θ2 fixed). We also have
that u(θ, s) converges to the max function as θ1 → 0 (again, keeping θ2 fixed). Therefore,
our specification is closely related both to standard affine models and to the formulation in
Black (1995) based on the max function for the short rate.
10
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Figure 5: Different shapes of the short-rate function u(θ, s) with corresponding lower bound -0.5%,
-0.25% and -0.05%, respectively. The values for θ are (0.80, 0.87), (0.54, 0.59) and (0.032, 0.032)

.
Black (1995) uses the max function to obtain a positive overnight rate, i.e., rt = max(st , 0).
This choice is economically appealing but it is not consistent with P3 (invertibility) because
of the kink in the max function. Our approach captures the essence of Black’s formulation.
The difference between the one-period yield in Equation 48 and the max function is analogous
to the difference between the option value and its payoff. The overnight rate exhibits a kink
max(st , 0) at the strike st = 0 but short-term bond yields (contracts linked to the overnight
rate) may be positive even if st = 0. Hence, yields combine the intrinsic value and time
value of an option. This observation is a common feature of term structure models with a
short-rate equation governed by a max function (e.g., see Kim and Singleton, 2012, Figure
16

The logistic transformation P1 (st ) = 1/(1 + est ) leads to one natural choice m(st ) = log(1 + exp(st ))
where all forward rates remain positive.
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5a).

V

Results–Affine Models Before 2009

This section shows that affine Gaussian DTSM and TTSM with constant variance are
indistinguishable, but that an extended affine TTSM with flexible second moments captures
time-varying volatility and correlations of yields. Cieslak and Povala (2011) show that even a
4-factor A1 (4) does not capture these stylized facts.

A

Model Nomenclature

We consider term structure models with K = 3 risk factors, where the matrix of portfolio
weights in Equation 35 is obtained from Principal Component Analysis applied to our sample
of yields. Figure 6 shows the time series of risk factors.17 We estimate three classes of
affine models. First, we estimate the standard 3-factor Gaussian DTSM using the canonical
form in Joslin, Singleton, and Zhu (2011), which we label A (this corresponds to the A0 (3)
model in Dai and Singleton (2000)). This model imposes two important restrictions: (i)
the computation of bond prices under the risk-neutral measure connects the mean and
variance of the risk factors via the pricing equation and (ii) the variances and correlations
of the risk factors are constant Σt = Σ. Second, we estimate an affine version our 3-factor
TTSM with constant variance, which we label AT (Affine TTSM) and an extended version
with unrestricted EGARCH and DCC dynamics (Equations 40-42), which we label AT V
(Affine TTSM with time-varying Variance). In all cases, the short-rate equation is affine (i.e.,
θ → ∞). We also exclude macro variables in this section for comparability with existing
results. We estimate non-affine versions of these models, with and without macro variables,
in the following section.

B

Fitting Yields and Bond Risk Premium

Table 2 provides summary statistics on the pricing errors from models A, AT and AT V ,
respectively. These models are indistinguishable based on pricing errors. Since the pricing
factors are the same across these models, the small differences between pricing errors imply
that factor loadings are similar across models. Figure 17 of the appendix compares the factor
17

Inspection of the weights (not reported) reveal that these portfolios have the standard interpretation in
terms of level, slope and curvature factors.
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Figure 6: Pricing Portfolios. Monthly data from January 1990 to December 2014.

loadings, Bn,P . The differences are so small that we cannot distinguish them visually.
A
RMSE ME
1yr
3yr
5yr
10yr

6.1
2.5
2.3
3.0

-1.5
-0.7
-0.4
-1.0

AT
RMSE ME
6.1
2.5
2.3
3.0

-1.5
-0.7
-0.4
-1.0

AT V
RMSE ME
6.1
2.5
2.3
3.0

-1.5
-0.7
-0.4
-1.1

Table 2: Yield pricing errors from models A, AT and AT V are indistinguishable. Root Mean
Squared Error (RMSE) and Mean Error (ME) in annualized basis points.

Following Dai and Singleton (2002), we use Cambpell-Shiller (CS) regressions (Campbell
and Shiller 1991) to next check wether each model captures variations in bond risk premium.
Figure 7 shows OLS estimates of the coefficients from CS predictability regressions in our
sample alongside estimates derived from three term structure models. We repeat the exercise
for monthly and quarterly returns. In both cases, the model-implied coefficients are remarkably
close to each other.18
Summing up, the linear model, with constant variance, constructed based on an explicit noarbitrage argument is indistinguishable from a linear model with constant variance constructed
within our new framework. This was expected. Moving between models A and AT , the
only difference is the introduction of the Jensen’s term in the equation for An,X . Figure 2
18

The A0 (3) model does not match the OLS coefficients as closely as reported by Dai and Singleton (2002)
in a sample from 1970 to 1995. Noticeably, the expectation hypothesis is not rejected for the shortest maturity
in our sample, which could be due to the FOMC’s increased transparency since the early 1990’s.
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above shows that this term is very small. Then, moving between models AT and AT V , the
pricing equations for yields are identical except for differences in parameter estimates. But
the estimates for δ0 and K are nearly identical across models (the factor structure in the
cross-section of yields is measured very precisely).

C

Yields’ Volatilities and Correlations

Existing affine DTSMs face a well-known tension in fitting the cross-section and the
(time-series) variance of yields. This section assesses whether the AT V model can also
capture stylized fact of yields’ variances and correlations. Figure 8 compares model-implied
conditional volatilities with EGARCH volatility estimates for the 1-year and 5-year yields in
Panels (a)-(b), respectively.19 Our framework produces a close fit to the conditional volatility
of yields. The fit from the AT V model is remarkably close throughout the sample and across
yield maturities.
The results show that the volatilities of yield peak at times when the Federal Reserve
is loosening its target rate in the midst of a recession. We also find significant variation
across the term structure of yield volatility. To see this, Figure 8 compares the model-implied
volatility for the 1-month, 1-year, and 10-year yields (Panels c and d). The volatility of
the 1-year yield is generally higher than the volatility at both shorter and longer maturities
(i.e., the red line generally sits on top of the others) but this hump in the term structure of
volatility varies substantially over the sample.
Figure 9 reports the difference between the volatility of 2-year and 1-month yields, as
implied by the AT V 3-factor model. This provides a direct measure of the term structure
hump. The hump declines substantially in 1991, in 2001 and in 2007, which correspond to
the peaks in the level of volatility in Figure 8.
Necessarily, variations in the humps are entirely driven by the time-varying volatility and
correlation of the risk factors, since the factor loadings are constant. What is less evident,
and which is still undocumented (to the best of our knowledge), is that the changes in the
volatility term structure implies that the nature and explanatory power of the principal
components of yields change over time. Figure 10 shows the explanatory power of the first two
(conditional) components at each date. We stress that these components do not correspond
to the unconditional (full-sample) principal components used to construct the risk factors
19

The EGARCH is used as a benchmark by Kim and Singleton (2012) and Joslin (2014). For comparability
between models, the yield innovations in the unrestricted EGARCH(1,1) are computed relative to the
projection of current yields on the lagged principal components, as in the VAR(1).
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Pt .20 The importance of the level factor varies between 85 and 95 percent over the sample.
By construction, the explanatory power of the other components must vary in the opposite
direction. We find that the importance of the slope factor rises by as much as 10 percent
in absolute terms (to 15 percent) in these episodes where the short-rate is relatively more
volatile in Figure 9 (the hump-shape in volatility is less pronounced).
Our model captures the following stylized facts about the yield volatility term structure.
First, the early stages of a recession are characterized by lower yields (higher bond prices) but
higher volatility.21 Second, we confirm that the volatility of yields exhibit a downward-sloping
term structure but with a hump-shape around the maturity of one or two years (Piazzesi,
2005). Third, the volatility of the short rate increases relative to other rates during episodes
where the Federal Reserve loosens its policy rate (consistent with Cieslak and Povala (2015)).
Finally, the explanatory power of the first conditional principal component falls in these
episodes, but the explanatory power of the second component rises. Note that the conditional
volatility implied by our model is not spanned by contemporaneous yields, which is consistent
with Collin-Dufresne, Goldstein, and Jones (2009), but derived from the history of shocks to
the yield curve using the EGARCH-DCC filter.

VI

Results– Non-affine Models

This section uses the full-sample period, including six years of data when the target rate
is tied to a lower bound. Consistent with Joslin, Priebsch, and Singleton (2013), we also add
macro variables to the dynamics of the risk factors. We estimate three term structure models.
First, we re-estimate the AT V model. Second, we estimate one non-linear model where
the short-rate is given by Equation 48, but assume constant variances for the risk factors.
This model is closely comparable to existing implementations of Black’s term structure
model. Finally, we estimate a non-linear model allowing for time-varying covariances as in
Equations (39)-(42). We label these two non-linear versions P T and P T V , respectively.
20

At each date, we simulate several paths of the risk factors and compute the corresponding yields. We
then apply PCA to the cross-section of yields across simulated paths. This produces principal component
with different loading at each date. This procedure measures the strength of the factor structure in yields.
21
This contrasts with results based on data covering the late 1970s and early 1980s when the level and
volatility of yields were positively correlated.
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A

Model Fit and Bond Risk Premium

Table 3 compares the Root Mean Squared Errors (RMSEs) and Mean Errors (MEs), all
in annualized basis points, from the AT V , P T and P T V models. Overall, pricing errors are
very similar across models. If anything, non-linear models provide small reduction in bias.

Yields

1yr
3yr
5yr
10yr

AT V
RMSE

ME

PT
RMSE

ME

PTV
RMSE

ME

5.5
2.5
2.9
3.8

-1.2
-1.1
-0.6
-1.7

5.6
2.5
2.9
3.6

-1.2
-0.9
-0.5
-1.5

5.6
2.5
2.9
3.6

-1.1
-0.9
-0.5
-1.5

Table 3: Full-sample summary statistics of pricing are similar across models. RMSE = root mean
squared error; ME = mean error; (all in basis points).

We also compare differences between term premia across models.22 We define the term
premium as the difference between the Q-expectation and the P-expectation. We can compute
both terms form the models:
" n−1
#
" n−1
" n−1
#!
#
X
X
X
12
12
(n)
(n)
tpt =
(EtQ
rt+i − EtP
rt+i
= ŷt − EtP
rt+i .
(49)
n
n
i=0
i=0
i=0
Figures 11 shows that the 1-year and 2-year term premium estimates are very different in
the affine model (Panels a-b, respectively). Term premium estimates appear biased upward
by as much as 30 bps between 2009 and 2011 and, after switching sign, biased downward by
as much as 40 bps between 2011 and 2013. Term premium from the non-affine models are
more stable and do not reach as deeply into negative territory.
The differences between term premium estimates are driven by differences between longhorizon forward forecasts (the second term in Equation 49). Figure 11 also compares 1-year
and 2-year ahead forecasts of the short rate from different models (Panels c-d, respectively).
One-year ahead forecasts of the short rate turn negative in the linear model, reaching as low
as -0.5%. In addition, short-rate forecasts from the affine model can diverge substantially
and extend far in the future. Figure 12 shows the term structure of short-rate forecasts on
two given dates—December 2010 and August 2012—across horizons from one month up to
22

Section V emphasized comparison with the linear risk CS premium model. Yields become non-linear
near the lower bound and this benchmark becomes inappropriate. Section 2 reports significant changes in
estimated CS coefficients due to the lower bounds.
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ten years ahead. Figure 13 reports the Sharpe ratio for an investment horizon of one year
and for bonds with two and 10 years to maturity, computed from the different models.
As expected, the bias in term structure estimates from the linear model is due to severe
downward bias in short-rate forecasts. The poor forecasts suggest that the model estimates
can fit the cross-section of yields near the lower bound, avoiding breaches of the lower bound,
but only at the added costs of poor time-series properties.23 Their yield forecasts are based
on a distribution that have significant mass below zero and the precision of their forecasts is
poor (Kim and Priebsch, 2013; Christensen and Rudebusch, 2013; Bauer and Rudebusch,
2013).
Figure 14 displays the expected liftoff for the P T and P T V models, starting in 2009. Of
course, the expected liftoff time remains zero until the end of 2008 when the shadow rate
first passes below zero. The results show that the expected liftoff time is very similar across
models, slowly increasing until the summer 2011, and reaching 1.5 years at the time. This is
consistent with survey forecasts by primary dealers. The median liftoff forecast was for the
fourth quarter of 2012. At the end of our sample, liftoff estimates were pointing towards the
middle of 2015, again consistent with survey forecasts made at the same time.

B

Volatility

The presence of a lower bound changes the dynamics of yields volatility fundamentally.
The lower bound compresses the volatility of yields with short maturities but, on the other
hand, the volatility of yields with long maturities remains elevated and continue to reveal the
changing variance of the risk factors. For instance, Swanson and Williams (2014) show that
the response of long-term yields to macroeconomic news remain high even when the response
of short-term yields is pinned down to zero.
Figure 15 shows the volatilities of the 1-year and 10-year yields throughout the whole
sample (Panels a-b) and in the period where the short-rate is near its lower bond (Panels c-d).
The AT V and P T V provide a very similar picture of volatilities before the 2008. This should
be expected, since the short-rate equation is nearly linear in the P T V model when yields are
high (see Figure 5) and since these models share the same variance dynamics for the risk
factors.
Of course, these two models draw a very different picture after 2008, where the linear AT
23

Note that forecasts from 2-factor affine models, which has less parameters, do not diverge as much,
providing additional evidence that the 3-factor affine model uses additional parameters to offer a better fit in
the cross-section of yields but at a costs in the time-series (unreported).
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model cannot capture the volatility compression for short-maturity yields. Panels (a) and (c)
illustrates this contrast in the case of the 1-year yield. The volatility from the AN D3 − DCC
model is twice the volatility in the P T V model. Repeating this exercise for shorter maturities
reveal an even starker contrast.
The P T model implies a constant variance for the risk factor. Nonetheless, Panel (c)
shows that accounting for the lower bound is enough to capture the volatility of short-term
yields since 2008. The volatility compression implies that the term structure of volatility is
strictly upward sloping (the hump disappears). But Panel (d) shows that the assumption
of constant risk factor volatility (embedded in the P T model) fails to capture the volatility
dynamics at longer maturities. The 10-year yield volatility implied by the model is almost
constant.
Summing up, our new TTSM resolves two tensions that existing models face when fitting
the volatility of yields. To see the first tension, compare the periods before and after 2008.
Tractable implementations of the Black term structure models can match the volatility
dynamics of (short-term) yields after but not before 2008.24 In contrast, affine models with
time-varying volatility can match the volatility terms structure before but not after 2008.
To see the second tension, compare the volatility of short-term and long-term yields after
2008. A linear model with changing volatility captures the volatility dynamics of long-term
yields but does not match the volatility compression of short term-term yields. Black’s term
structure models achieve exactly the opposite. The P T V can match the yield volatility at
the opposite ends of the yield curve, both before and after 2008 (see Panels c- d).

C

Correlations

The volatility compression at short maturities also changes the correlations between yields.
As in Section VC, we use simulations to compute the explanatory power of the (conditional)
principal components of yields at each date. Figure 16 reports the results for the first two
components (Panels a and b, respectively). The explanatory power of the first component
is always high, typically close to 90 percent, but with three significant declines to less than
85 percent around 1991, 2000 and 2007. Our full-sample estimates produce pre-2008 results
that are consistent with those presented in Section V (see Figure 10). By construction,
this reduced explanatory content is captured by other components. Panel (b) shows that
24
Priebsch (2013), in continuous time, and Wu and Xia (2013), in discrete time, introduce tractable secondorder approximations based on series expansion of yields. These approximations rely on the assumption of
constant variance for the risk factors.

29

the second component explanatory explains more than 15 percent in these episodes (the
explanatory power of the third PC is below 1 percent—unreported). Obviously, linear or
Black model with constant volatility fails to capture the changing correlation structure of
yields in that period.
The explanatory power of the first component quickly rises to 95 percent after 2008 in
both P T and P T V models, but the linear AT V model fails to capture this sharp increase.
The explanatory power of the second component is close to 5 percent and that of the third
component is close to 1 percent. Intuitively, the volatility compression in the front of the
term structure implies that the level and slope factors become highly correlated. Panel (c)
confirms this intuition, showing the correlation between the first and second components of
yields in our simulation. The conditional correlation between the first and second PCs varies
over every business cycle, going from positive to negative during most loosening cycles and
increasing toward an average near 0.2 at the end of tightening cycle. The recent period is
simply an extreme example of this changing correlation.25

VII

Conclusion

We introduce a family of Tractable Term Structure Models where bond prices are analytical
by construction and very nearly arbitrage-free. Our results show how this new class of model
captures the dynamics of yields and yield volatility before and after 2008, when yields
reach the lower bound. Variations in the volatility term structure remain a challenge for
existing models. The family of TTSMs is large and permits flexible specifications of the
dynamic interactions between yield and macro variables. This should lead future research to
revisit several results involving the trade-off between the risk premium and yield volatility
faced by investors, the influence of conventional and unconventional policy actions on this
trade-off (including QE and forward guidance), and the correlations among international
term structures (when far from or near to their respective lower bounds).

25

There is no necessary connection between the average conditional correlation and the unconditional
correlation. The law of iterated covariance cov(X, Y ) = E[cov(X, Y | Z)] + cov(E[X | Z], E[Y | Z]) also
involves terms from the conditional mean equation.
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Figure 7: Model-implied Campbell-Shiller coefficients are close to each other. Results from monthly and
quarterly CS predictability regressions estimated with OLS and coefficient implied from different 3-factor
models: A, AT and AT V . Monthly data, December 1990 to June 2008.
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Figure 9: The yield volatility term structure hump changes over time. Difference between the 12-month
conditional volatility for the 1-year and 1-month yield, respectively, implied by the AT V 3-factor model.
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Figure 17: Portfolios loadings are almost identical across linear Gaussian models. Constant and risk factor
loadings An,P and Bn,P across models A, AT and AT V . Monthly data from CRSP and GSW, January
1990-June 2008.

2

CS Regressions before and after 2008

The CS risk premium regressions are linear and does not provide a reliable benchmark in a sample
including episodes with interest rate at the lower bound. If the short-rate is fixed, then a steeper slope
predicts a faster decline of longer-term yields as they mature and CS regressions should produce large
negative coefficients after 2008. To check this, Figure 18 compares regression estimates of CS coefficients in
subsamples before and after December 2008, respectively. Coefficients in the first sample correspond to the
benchmark case in Figure 7 and displays the well-known pattern. Estimates are close to one for very short
maturities–a higher slope predicts a higher short rate–but the estimates decline gradually to values around
-2 for longer maturities–a higher slope predicts higher bond returns. The pattern is very different in the
second subsample. Estimates start close to zero for the shortest maturity. This was expected: the slope has
little predictive power when the short-rate is pinned down to its lower bound. Estimates decline rapidly for
longer maturities, ranging between -2 and -7 at maturities between one and ten years.
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Figure 18: Coefficients from Campbell-Shiller regressions are much more negative after 2008, reflecting the
effect of non-linearities the short rate reaches its lower bound. Results from regressions with a one-month
horizon for bonds with maturities between 3 months and 10 years, in two samples before and after December
2008, respectively. Monthly data from 1990 to 2014.
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Figure 19: The volatility of yields exhibit a clear break in 2008. Likelihood Ratio test statistics for break
in all parameters of univariate EGARCH estimated for yields with maturity of 3 month, 1, 2, 5 and 10
years, where yields innovations are obtained from projections on lagged principal components from all
yields. Monthly data from 1990 to 2014.

3

Breaks in Volatility

The behavior of yields’ volatilities also change abruptly after 2008. To see this, we estimated univariate
EGARCH across different maturities, but allowing for one break in every parameter. Since the optimal
break date is unknown, we re-estimate the EGARCH but varying the break date between December 2006
and December 2010. Figure 19 reports the likelihood ratio (times 2) between the EGARCH estimated either
without a break or with one break on December 2008, across a range of maturities. For every maturity, the
sup test from Andrews (1993) reject the null (absence of a break) at standard significance level for every
maturity, yielding p-values that are essentially zero for maturities of two years or less.26
The test places the break date between June 2008 and June 2009 in almost every case.
26

We estimate univariate EGARCH models based on the forecasting errors from a projection of individual yields on
lagged yield PCs. We allow for a break in every parameter. With 8 parameters, the critical values are 20.5 and 25.2 a
the 1% and 5% significance levels, respectively.
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B

Proofs

1

Proof of Proposition 1

1.1

Discussions on limn→∞ Pn (Xt )

Given that
Pn (Xt ) = exp −

n−1
X

!
m(g ◦i (Xt )) ,

i=0

lim Pn (Xt ) → 0

n→∞

if and only if
lim

n−1
X

n→∞

m(g ◦i (Xt )) → +∞.

i=0

Pn−1

Given that m(X) ≥ 0, i=0 m(g ◦i (Xt )) is a positive term series, and hence either converge
or diverge to +∞.
P
◦i
If we further assume that m(X) ≥ lb, with lb > 0, then we can check easily that n−1
m(g
i=0 P (Xt )) diverge
n−1
to +∞, and limn→∞
0. Indeed, if m(X) ≥ lb, with lb > 0, we have n × lb ≤ i=0 m(g ◦i (Xt )),
PP∞n (Xt ) →
◦i
which implies that i=0 m(g (Xt )) = ∞.

1.2

Discussions on limn→∞ fn,t

Next, we are going to discuss convergence of the forward rate and yield. To do that, we need to make
further assumptions on function g(·).
The forward rate is
fn,t = m(g ◦n (Xt )),
∞
◦n
which converges if the sequence g ◦n (Xt )∞
n=0 converge. g (Xt )n=0 is also known as the Picard sequence,
and its convergence have been studied in the mathematic literature. If X is a complete subset (i.e. that
every Cauchy sequence converges in X) of RK , and g(·) a contraction (i.e. there exists L ∈ [0, 1) such that
kg(X) − g(Y )k ≤ LkX − Y k for all X, Y ∈ X), then the “Contraction mapping principle”, also known as
the Banach fixed-point theorem states that:

1. g(·) has a unique fixed point, say X ∗ in X,
∗
2. the sequence g ◦n (Xt )∞
n=0 in X converges to X .

Hence if g(·) is a contraction, and m(cot) is a continuous function, then the forward rate fn,t converges to
m(X ∗ ).

1.3

Discussions on limn→∞ yn,t

Turning next to yield, the n-period zero-coupon yield is given by:
yn,t = (1/n)

n−1
X

fi,t .

i=0

To proceed forward, let recall the following definition and result:
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• Definition: Two sequences xnn≥0 and yn n≥0 of positive real numbers will be called
asymptotic if limn→∞ xynn = 1. It is then denoted by xn ∼ yn .
P
P
• Result: If xn ∼ yn , and either sequence of partial sums, nk=1 xk or nk=1 yk , ends to ∞
as n → ∞, then both partial sum sequences tend to ∞ and the partial sum sequences are
asymptotic.
Applying this result, we have that fn,t ∼ m(X ∗ ) (i.e limn→∞
P
Pn−1
∗
that n−1
i=0 fi,t ∼
i=0 m(X ). Hence

fn,t
m(X ∗ )

= 1.), and

P∞

i=0 fi,t

= ∞ we have

Pn−1

lim

n→∞

fi,t
= 1,
n × m(X ∗ )
i=0

thus the n-period zero-coupon yield yn,t converges to m(X ∗ ).

1.4

What happens if the lower bound on m(·) is negative?

In the discussions on limn→∞ Pn (Xt ) and limn→∞ yn,t , we have assumed that the lower bound on
function m(·), denoted by lb, is strictly positive. What happens if lb ≤ 0?
If we assume that g(·) is a contraction, and m(·) is continuous, then the forward rate (m(g ◦n (Xt )))
converges to m(X ∗ ) where X ∗ is the fixed point of g(·) (i.e. the unique point in X satisfying g(X ∗ ) = X ∗ ).
If we further assume that m(X ∗ ) > 0, it implies that there exists a strictly positive number (say  > 0)
with m(X ∗ ) > .
Applying the definition of the convergence of m(g ◦n (Xt )) to m(X ∗ ) implies that, there exists an N ()
such that for all n ≥ N (), |m(g ◦n (Xt )) − m(X ∗ )| < .
|m(g ◦n (Xt )) − m(X ∗ )| <  is equivalent to
m(X ∗ ) −  < m(g ◦n (Xt )) < m(X ∗ ) + .
We can then split

P∞

n=0 m(g
∞
X

◦i (X ))
t

in two terms:
N ()−1

m(g ◦i (Xt )) =

n=0

X

m(g ◦i (Xt )) +

n=0

∞
X

m(g ◦i (Xt )).

n=N ()

Because m(g ◦n (Xt )) > m(X ∗ ) −  > 0 when n ≥ N (), we have

P∞

n=N () m(g

◦i (X ))
t

= +∞.

Thus

lim Pn (Xt ) = exp −

n→∞



N ()−1

X

m(g ◦i (Xt )) exp(−∞) = 0,

n=0

and yn,t converges to m(X ∗ ).

2

Proof of Theorem 4

Consider again a portfolio in which the amount (in face value) invested in each n-period bond is given
by wn . To account for transaction costs, let’s assume that the setup costs at time t of the portfolio is C0
and to realize the cash flows at time t + 1, the transaction cost is given by C1 . The existence of transaction
costs means that C0 and C1 cannot be jointly zeros. The one-period ahead cash-flows net of transaction
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costs are given by:
CF (Xt+1 ) =

X

wn Pn−1 (Xt+1 ) − C1 .

n

Recall that the absence of arbitrage is equivalent to requiring that any portfolio with non-negative payoffs
must command a positive price. Thus, the key question here is: if CF (Xt+1 ) ≥ 0 for every Xt+1 ∈ X, can
we show that the price of the portfolio, net of transaction costs:
X
P rice(Xt ) =
wn Pn (Xt ) + C0
n

must be strictly positive? From Equation (2), we have:
X
P rice(Xt ) =exp(−m(Xt ))
wn Pn−1 (g(Xt )) + C0 ,
n

=exp(−m(Xt )) × (CF (g(Xt )) + C1 ) + C0 ,
=exp(−m(Xt )) × CF (g(Xt )) + exp(−m(X))C1 + C0 .

(50)

The first term on the right hand side of (50) is non-negative since g(Xt ) ∈ X ⇒ CF (Xt ) ≥ 0. Additionally,
the last two terms must add up to a strictly positive number since C0 and C1 cannot be jointly zeros. Thus,
P rice(Xt ) > 0 as needed.

3

Ruling Out Arbitrage Opportunities

This section constructs a model that rules out arbitrage opportunities in frictionless markets. We then
construct a sequence of such models that in the limit approach the model proposed in Section II.
Assumption 4. The n-period bond price Pn is determined by the following recursion for each n:
P0 (X) ≡1,
Pn (X) =

(51)

J
1X
Pn−1 (gi (X)) × exp(−mi (X)),
J

(52)

i=1

for functions gi (.) and mi (.), i = 1..J, such that gi (X) ∈ X for every X ∈ X. Let vi (X) denote the price
vector: vi (X) = (P0 (gi (X)), P1 (gi (X)), ..., PJ−1 (gi (X)))0 . We assume that the matrix obtained by stacking
vi ’s column by column (v1 , v2 , ..., vJ ) is full rank for all X ∈ X.
Theorem 5. Assumption 4 rules out all arbitrage opportunities.
P
Proof. Consider a portfolio with non-negative payoffs:
n wn Pn−1 (X) ≥ 0 for all X ∈ X. According to
(52), the price of this portfolio for each state is given by:
!
X
X
1X
wn Pn (X) =
exp(−mi (X)) ×
wn Pn−1 (gi (X)) .
(53)
J
n
n
i

P
Because gi (X) ∈ X, it follows each of the n wn Pn−1 (gi (X)) terms is a possible payoff from the portfolio
thus these terms must be non-negative. Therefore the price of the considered
portfolio must be non-negative.
P
For the price of the portfolio to be zero, each of the summations n wn Pn−1 (gi (X)) = w · vi (X) must
be zero, where w = (w1 , w2 , ..., wJ )0 . That is, w · (v1 , v2 , ..., vJ ) = 0. Because (v1 , v2 , ..., vJ ) is full rank, it
follows that the price of the portfolio can only be zero when w ≡ 0. This means that the portfolio’s payoff
must be uniformly zero across all states.
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Finally, consider g1 (Xt ) ≡ g(Xt ) andm1 (Xt ) ≡ m(Xt ) and for i > 1, exp(−mi (Xt )) ≡ a for some constant
a > 0, then we have:
!
J
X
Pn (Xt ) = Pn−1 (g(Xt )) × exp(−m(Xt )) + a
Pn−1 (gi (Xt ))/J .
(54)
i=2

Letting a → 0, we obtain the model proposed in Section II in the limit.
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