A Monetary Business Cycle Model With Labor Market
Frictions®

Lawrence J. Christiano! Mathias Trabandt?
European Central Bank and Sveriges Riksbank, Karl Walentin®

Preliminary and Incomplete.

March 1, 2009

Abstract

We introduce search and matching frictions into a monetary DSGE model. When
job separations are exogenous, we find that the fit of the model is poor by comparison
with the current standard, the sticky wage formulation proposed by Erceg, Henderson
and Levin (2000) (EHL). Model fit is comparable to EHL when separations are endog-
enized. The precise way in which separations are modeled matters. When separations
are modeled as optimizing a total surplus criterion, endogeneity of separations does
not improve fit. Fit is improved when the separation decision is made by the firm. In
all cases, the treatment of separations is fully taken into account ex ante, when workers
and firms solve their bargaining problem.

Keywords: DSGE, labor market frictions, endogenous separations, unemployment,
Bayesian estimation
JEL codes: E2, E3, E5, J6

*The views expressed in this paper are solely the responsibility of the authors and should not be interpreted
as reflecting the views of the Executive Board of the European Central Bank or of Sveriges Riksbank.

"Northwestern University, Department of Economics, 2001 Sheridan Road, Evanston, Illinois 60208, USA.
Phone: +1-847-491-8231. E-mail: I-christiano@northwestern.edu.

Sveriges Riksbank, Research Division, 103 37 Stockholm, Sweden. Phone: +46-8-787 0438. E-mail:
mathias.trabandt@riksbank.se

§Sveriges Riksbank, Research Division, 103 37 Stockholm, Sweden. Phone: +46-8-787 0491. E-mail:
karl.walentin@riksbank.se



Contents

1 Introduction . . . . . . . . . . e 3
2 A Baseline Model . . . . . . . . . .. 4
2.1 Firms . . . . . e 4
2.2 Households . . . . . . . . . 8
2.2.1 Technology for Capital Accumulation . . . . . . ... ... ... ... 8

2.2.2  Household Consumption and Investment Decisions . . . .. ... .. 10

2.2.3 Financial Assets . . . . . . . . ... 11

224 Wage Setting . . . . . . ... L 12

2.3 Fiscal and Monetary Authorities. . . . . . .. .. .. ... ... 18
2.4 Resource Constraint . . . . . . . . . ... . 19

3 Alternative Representation of the Labor Market . . . . . . ... ... ... .... 20
3.1 Sketch of the Model . . . . . . . . . ... .. ... .. ... ... 21
3.2 Model Details . . . . . . . . . . e 24
3.2.1 The Employment-Agency Problem . . ... ... ... ........ 24

3.2.2 The Worker Problem . . . . . .. ... ... ... ... . ..., 34

3.3 An Alternative Bargaining Problem . . . . . . ... ... ... ... ... 38
3.4 Alternative Model of Endogenous Separations . . . ... ... ........ 40

4 Estimation . . . . . . . . . e 43
4.1 Calibration . . . . . . . . . .. 43

4.2 Choice of priors . . . . . . . . e e 45
4.3 Data and Measurement Equations . . . . . . . ... ... ... ... ... 45
4.4 Shocks . . . . . .. e 46
4.5 DSGE-VAR . . . . . e 47

5 Results . . . . . . . e 47
5.1 Posterior Mean Parameter Values . . . . . .. ... ... ... .. ...... 47
5.2 Variance Decompositions and Moments . . . . . . . ... ... .. ... ... 48
5.3 Impulse Responses . . . . . . . . . . . .. 49

6 Conclusion . . . . . . . . e 50
7 Appendix . . ... e 53
7.1 Tables and Figures . . . . . . . . . . .. L o3
7.2 Scaling of Variables . . . . . . . . ... L 67



1. Introduction

Recently, Hall (2005a,b,c) and Shimer (2005a,b), Gertler, Sala and Trigari (2006) (henceforth
GST), Christiano, Ilut, Motto, and Rostagno (2007) (CIMR) and others have integrated
the search and matching framework of Mortensen and Pissarides (1994) into business cycle
models. This literature focuses entirely on a time varying job finding rate to explain the
bulk of movements in unemployment and other aggregate variables. The job separation rate
is assumed to be constant over the business cycle. As emphasized by den Haan, Ramey and
Watson (2000) and Fujita and Ramey (2008), this assumption is counterfactual.! Figure
(7.1) displays the Fujita and Ramey separation data, which exhibits considerable cyclicality.
We argue that understanding business cycle fluctuations requires understanding why the
separation rate fluctuates.

We start with a standard DSGE model with nominal and real rigidities as in Christiano,
Eichenbaum and Evans (2005) and Smets and Wouters (2003, 2007). In this model there
is no unemployment, job search or separations and wages are modelled as being sticky in
the manner proposed by Erceg, Henderson and Levin (2000) (henceforth EHL). We call this
the FHL model. We integrate a standard search and matching framework with exogenous
separations and sticky nominal wages into this model, using the version of the GST model
developed in CIMR (the ezogenous separations model). Then, we relax the assumption of
exogenous separations by introducing idiosyncratic worker productivity and we consider two
different ways to endogenize separations. In the first approach, separations are determined by
maximizing firm surplus (the employer surplus model). In the second approach, separations
are determined by maximizing total (worker plus firm) surplus (the total surplus model).

We estimate four models using Bayesian techniques: the EHL model; exogenous sepa-
rations model; and the employer and total surplus models. We use the following 7 time
series for estimation: GDP, Consumption, Investment, Hours, Real Wages, Inflation and the
Federal Funds Rate.

According to the marginal data likelihood the EHL model performs best in explaining
our 7 macro time series. The employer surplus model is a close second, followed by the total
surplus model. The worst-fitting model is the exogenous separation model. That the EHL
model fits somewhat better than the employer surplus model is perhaps not surprising, since
the latter model imposes severe restrictions on the data.

In terms of impulse responses to a monetary policy shock EHL and the employer surplus
specifications are virtually identical while this is not the case for the other two unemployment

models.

!The job separation rate is defined as the number of people that move from employment to unemployment
divided by the number of employed people.



According to the variance decompositions of the estimated model, the separation rate in
the employer surplus specification is driven equally by shocks to neutral technology, labor
preferences, price markup and the nominal interest rate.

Moreover, the employer surplus model correctly predicts the second moments of the
separation rate, the unemployment rate and vacancies posted. All other models are either
not able to address the second moments of these data or simply get it entirely wrong. Note
that these results are interesting in so far as we do not use any of these data in the estimation
so far.

Summing up, our results indicate by and large that EHL and the employer surplus spec-
ifications perform similarly in terms of standard macro variables and outperform the total
surplus and exogenous separation specifications of the labor market.

The paper is organized as follows. Section 2 introduces the EHL model. The unemploy-
ment models are developed in section 3. In section 4 the estimation is discussed. Results

are presented in section 5. Finally, section 6 concludes.

2. A Baseline Model
2.1. Firms

A homogeneous good, Y;, is produced using

1 % Ad,t
Y, = U Y, di} , 1< Ay < 00, (2.1)
0

The good is produced by a competitive, representative firm which takes the price of output,
P,, and the price of inputs, F;;, as given.

The i intermediate good producer has the following production function:
_ 1-a a +
Yie = (2eHiz) " e K3y — 270,

where K;,; denotes the labor services rented by the i*" intermediate good producer. Firms

must borrow a fraction of the wage bill, so that one unit of labor costs is denoted by
WtR{7

with
Rl =viR +1—-1], (2.2)
where W, is the aggregate wage rate, R; is the interest rate on working capital loans, and 1/{

corresponds to the fraction that must be financed in advance.



The firm’s marginal cost, divided by the price of the homogeneous good is denoted by
mcy .

—a o « l-a
() () (kR (WeRf) T2
me; = P (2.3)

1 11—« 1 «@ N B lfal
_ Tg(l_a) (a) (1) (mrt) ™ 2

where 7¥ is the nominal rental rate of capital scaled by F;. Also, 7¢ is a tax-like shock, which

affects marginal cost, but does not appear in a production function. In the linearization of
a version of the model in which there are no price and wage distortions in the steady state,
7¢ is isomorphic to a disturbance in )y, i.e., a markup shock.

Productive efficiency dictates that another expression for marginal cost must also be

satisfied:

ﬂimﬁ
P MP,
a1 WtR{

E P, (1= ) 2 (kiezy" W /Hig)"
d (N\I/,t)a th{

mcg —

(2.4)

The *" firm is a monopolist in the production of the i* good and so it sets its price.
Price setting is subject Calvo frictions. With probability &, the intermediate good firm

cannot reoptimize its price, in which case,

Pt =TaiPii1, Tar = (me—1)™ (ﬁt)lindiﬂd ()",

where kg, 4, kq + 74 € (0,1) are parameters, m;_; is the lagged inflation rate and 7; is the
central bank’s target inflation rate. Also, 7 is a scalar which allows us to capture, among
other things, the case in which non-optimizing firms either do not change price at all (i.e.,
7T = 243 = 1) or that they index only to the steady state inflation rate (i.e., 7 = 7, 3¢5 = 1).

With probability 1—¢, the firm can change its price. The problem of the i intermediate

good producer which has the opportunity to change price is to maximize discounted profits:

0.]
Ey E ﬁjvt+j{Pi,t+jY;,t+j - mCtJrthJeri,tﬂ}a
Jj=0

subject to the requirement that production equal demand. In the above expression, v is

the multiplier on the household budget constraint. It measures the marginal value to the



household of one unit of profits, in terms of currency. In the profit function, we replace the

firm’s output with the demand function:

2d
Pt Xg—1
Y, =Y,
to obtain, after rearranging,
1- 524 A
i, d— P, t4 g1
E; 5Ut+ I Yt+{( tﬂ) —mcH-( : ) }
jz; T Py 7\ Py
or,
o BNEEYE =
EY  FonPrYe {(Xegpe) e T —meyy; (Xogp) ™'},
=0
where

T d,t+j° T d,t+1
Pzt+] Xt’]pt, Xtd = Titj—Tit1 j >0
; 1, 7=0.
The " firm maximizes profits by choice of p,. The fact that this variable does not have
an index, i, reflects that all firms that have the opportunity to reoptimize in period t solve

the same problem, and hence have the same solution. Differentiating its profit function,
Ad

+
multiplying the result by p;*"" , rearranging, and scaling we obtain?:
Ey Z (BEa) Avyj [Fi X1 — Aamcryj] =0,
§=0

where A, ; is exogenous from the point of view of the firm:

At+j = ¢z+7t+jyt+th,j-

After rearranging the optimizing intermediate good firm’s first order condition for prices, we

obtain, '
= Ly Z;io (B€a)” AvrjAames _ ﬁ
' By 020 (B8a) Avej Xig F
say, where
Kl = E) (6) Ajhamar,
7=0
Ftd = Z (55«1) Ay Xej.

I
=)

J

2See section (7.2) on how variables are scaled in the model.
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These objects have the following convenient recursive representations:

- Td,t+1
¢z+,tyt+< t+> ﬁfd t+1 d =0

Ey
T+ |
. -
ot )\
Ey | Aath+ ygemes + BE, ( ;tT) Kl, - K| = 0.
b+

Turning to the aggregate price index:

1 1 (1-Xa)
([
0
. 102
- [(1 - fp) ‘Pt e + é-p (ﬁd7t-Pt—1)1)\d:|

After dividing by P; and rearranging:

1
1— (ﬂ'd,t) 1-Xg
gd Tt (pt) - 1>\d .
1-¢,

In sum, the equilibrium conditions associated with price setting are:

3

1 -
Tdt+1
¢z+,tyt + ( - i ) de t+1 td =0

E,
t41
) -
7’{- 1-Xg
Ey | A+ yyemes + B, (ﬂ> Kf, - Kl =0,
T41
1 _gd <7T:tt> ! ﬁdt 1)\(/1\,1
p g 1 — + _7p —
r= |1 1-¢&, €d<7ft 1>
. L (1-Xa)
T\ 1=
1-¢, <,,_;> B ﬁ
= Iz

3When we linearize about steady state and set »; = 0, we obtain,

~ ~c N ~c Kd “ ~cC
f-m = 7 ﬂ.dﬂEt (o1 — Tpgn) + T rgB (fre—1 —7)
K’dﬁ (1 - p‘n’)’—\c
-
1+ kaqfs
1 1-— —
( 65(1) (1 gd) T/rL\Ct,
1+ kafB €a

where a hat indicates log-deviation from steady state.

7

(2.6)

(2.10)



Fap = (M) ()70 () (2.11)
The intermediate output good is allocated among alternative uses as follows:
Y, =G+ Cy + 1 (2.12)

Here, C; denotes household consumption, G; government consumption and I is a homoge-
nous investment good. Some of the latter good is used to add to the physical stock of
capital, K;. The rest of the investment good is used in maintenance expenditures, which
arise from the utilization of capital, a (u;) K;. Here, u; denotes the utilization rate of capital,

with capital services being defined by:
K; = w, K.
We adopt the following functional form for a :
a(u) = 0.5040,u* + 03 (1 — ) u+ 0y ((04/2) — 1), (2.13)

where o, and o, are the parameters of this function. Finally, the integral in (2.12) denotes
domestic resources allocated to exports. The determination of consumption, investment and

export demand is discussed below.

2.2. Households

Household preferences are given by:

(hj,t) 1+op,

2.14
. (2.14)

EJ> B¢ In(Cy = bCi) — (AL

t=0
The household owns the economy’s stock of physical capital. It determines the rate at which
the capital stock is accumulated and the rate at which it is utilized. The household owns

the stock of net foreign assets and determines its rate of accumulation.

2.2.1. Technology for Capital Accumulation
The law of motion of the physical stock of capital is:

—f(t+1 =(1-90) K+ T F (I, Iiq),

where s
Ewh@4)=<1—§(—L>>h
I
and
- 1 — =
S@) = 5{ew [V @ —pom)| +exp [V @ - )| -2} (215)
= 0, 2= 1 lby-



Also,

() = 5V len[VE @ - pm)| —ep [V @ pam)]} 210

= 0, = ppy.
and
. 1~ — —
§'(z) = 55" {exp [V S"(x — uzmwp)} + exp [—V S"(x — umw)}}
= Swu T = [yt g
Also,
~ It =~ It ]t
Fi (L, I = ([1=-85|— -5 —]—
e L) ( (ftl)) (Itl) Iy
— 1 It —
’ ]t—l = Mo+ My,
and,
ay L\’
(I, L) = S—)—
ity = 5 (75 (75)
I
= 0, ]t_j = o+ fhy
Scaling,

F(I,I,1) = (1 -3 (M» Wy

b1
~ Z B Z Z

B (I i) = (1 -8 (M>) _g (Mﬁitﬂxy,t t) Pt b it

-1 bt—1 T4_1

. Oy

~ i ;
F2 (]t7-[t—1) — S/ (ILLZJr,.t,Uf\I/,t t) (qu+itlqu’t t)
-1 (]

In this notation, the law of motion of capital is written,
_ _ ~ 7
ktJrthJr\Ijt = (1 — (S) KtZtJilqjtfl + Tt (1 - S (%)) Z;F\Ijtit,
t—1

or,

Fo = —— R 1, (1 -3 (M)) i (2.17)

oot 1w ¢ 1



2.2.2. Household Consumption and Investment Decisions

The first order condition for consumption is:

c Cc
— th - . ﬁbEt t4+1
t Ct—1

/“Lz"',t

— ¢ pf (1+77) = 0. (2.18)

Coafhz+ p1 = bCy

To define the intertemporal Euler equation associated with the household’s capital accumu-
lation decision, we need to define the rate of return on a period ¢ investment in a unit of

physical capital, RF i

(1—17) [umffﬂ — g a(upgr)| Prpr + (1= 6)Prya Py g1 + Tf5 PPy

RF . =
t+1 -Pth:’,t )

(2.19)

where it is convenient to recall

pi i
—Lp =P
\Ijt t to

the date ¢ price of the homogeneous investment good. Here, Py, denotes the price of a unit
of newly installed physical capital, which operates in period ¢ + 1. This price is expressed
in units of the homogeneous good, so that P, P}, is the currency price of physical capital.
The numerator in the expression for RF '\, represents the period ¢ + 1 payoff from a unit of
additional physical capital. The timing of the capital tax rate reflects the assumption that
the relevant tax rate is known at the time the investment decision is made. The expression
in square brackets in (2.19) captures the idea that maintenance expenses associated with
the operation of capital are deductible from taxes. The last expression in the numerator
expresses the idea that physical depreciation is deductible at historical cost. It is convenient

to express RF in terms of scaled variables:

k & P} ks P
R PV (1 —7) [Ut+17"t+1 - ﬁa(utﬂ)] + (1 —=06)Pw 41 + Tt(sm’—lpkr,t
o Py Py
(1—- Tf) [utﬂfﬁl - pi+1a(ut+1)} + (1= 0)Vi1 P pyr + 755%‘1’#1]%',1‘,
= T¢41 .
Vi1 By
so that
pr o T (1= 79) [uen1Thiy = Phgaluen)] + (1= 0)pw 1 + Tfé%pk',t' (2.20)
ik Hw 41 Pr ot

Capital is a good hedge against inflation, except for the way depreciation is treated. A
rise in inflation effectively raises the tax rate on capital because of the practice of valuing
depreciation at historical cost. The first order condition for capital implies:
Ry,

Tip1 M+ g1

77Z)z+,t = 6Eth+,t+1 (2-21)
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We differentiate the Lagrangian representation of the household’s problem with respect
to It .
_Utpti +w Yo Iy (I, L) + Pwiga Yo Fo (L4, 1) = 0,

where v; denotes the multiplier on the household’s nominal budget constraint and w; denotes
the multiplier on the capital accumulation technology. In addition, the price of capital is the
ratio of these multipliers:

PPy =—.

K Ut
Expressing the investment first order condition in terms of scaled variables,

_wz:t Dy PPy T ll g (Mz*zt:utlf,t t) s (uﬁztu@,t t) et bl t}

2y v, -1 -1 -1

gy [ Mot 1M 141 Moot g1 g1 10+1
+B0141 P P gy1 L1 S’ ( : ; ’ ’ ; ’ = 0.
t t

Now multiply by z," ¥,

: ~ 1 ~ 1 !
s Db+ o P T {1 - S (M) ~ g (“ abin 2 t) At & t} (2.22)
’ ’ -1 -1 -1
. . )
cr [ Pzt 1o t1%4+1 (FX5]
+5¢z+,t+1pk’,t+1Tt+1S/< i > < . > Pyt = 0.

The first order condition associated with capital utilization is:
Ul =d (u),

or, in scaled terms,
T =a' (u). (2.23)
The tax rate on capital income does not enter here because of the deductibility of maintenance

costs.

2.2.3. Financial Assets

The household does the economy’s saving. Period t saving occurs by the acquisition an
asset which is used to finance the working capital requirements of firms. This asset pays a
nominally non-state contingent return from ¢ to t+1, R;. The first order condition associated

with this asset is:

¢z+,t+1 Ry — TIt) (Ri — y41)

Moot t11 Tt+1

_Q/Jz‘*,t + BEt

— 0, (2.24)

where 7% is the tax rate on the real interest rate on bond income (for additional discussion
of 7, see section 2.3.) A consequence of our treatment of the taxation on bonds is that the

steady state real after tax return on bonds is invariant to .

11



2.2.4. Wage Setting

Finally, we consider wage setting. We suppose that the specialized labor supplied by house-
holds is combined by labor contractors into a homogeneous labor service as follows:

Aw

1 1
H - U (hj,t)mdjl 1<, < oo,
0

where h; denotes the j* household supply of labor services. Households are subject to Calvo
wage setting frictions as in Erceg, Henderson and Levin (2000) (EHL). With probability
1 — &, the j household is able to reoptimize its wage and with probability £, it sets its

wage according to:

VVj,t+1 = ﬁ-w,tJrlI/I/j,t (2-25)

Fwppr = ()™ @) 77 ()7 ()™ (2.26)

where Ky, 20y, Dy, fw + 26, € (0,1) . The wage updating factor, 7,41, is sufficiently flexible
that we can adopt a variety of interesting schemes.

Consider the j** household that has an opportunity to reoptimize its wage at time ¢. We
denote this wage rate by W;. This is not indexed by j because the situation of each household
that optimizes its wage is the same. In choosing W, the household considers the discounted
utility (neglecting currently irrelevant terms in the household objective) of future histories

when it cannot reoptimize:

o0

BN (BE,) [—C?H-AL
0

7

Y
-7y

(hjgss) "
I

+ U iWiegih e
1 +O_L 75 75

)

where 77 is a tax on labor income and 7 is a payroll tax. Also, v; is the multiplier on the
household’s period ¢ budget constraint. The demand for the j* household’s labor services,

conditional on it having optimized in period ¢ and not again since, is:

Ay

T~ ~ T—Aw
h o I/Vtﬂ-wﬂf—&-i c w41 H
Jt+i — t+i-

Wit

Here, it is understood that 7y 444 - - - Twi41 = 1 when ¢ = 0. Substituting this into the

objective function,

- D I+or
WiRtw t i Fuw, T
N (o e D).
Bl (B8,) [=ChiAr o

1=0

>\/\
. ~ e y
WiTtwiti =+ Twitl 1- Tt+i]
t+1 3
Wit IL+7¥,

FU i Wi g+ T 41 (

12



It is convenient to recall the scaling of variables:

W, Y, ~ —a_
- + — t ~ t _ 4+ _ 11—
wﬁ,t - UtPtZt y Wt = —/—0 Y = —, W = Wt/VVta Zy = ¥y At
z B <t
Then,
Wtﬁ-w,t—&—i T 7?w,t—l—l o I/Vtﬁ-w,t—‘,—i e 7~Tw,t+1 o VVt X
- - + - = + 124
Wi WyyiZgy i Prya Witz Py
W, (Wt/Wt> w, (Wt /Wt> ot
t Wi
= TXt,z‘ = ,—Xt,z‘ = Xt,i»
Wiz By Wty Wit
where
7hi—w,t+i T ﬁw,tJrl .
Xei = , >0
TpiTpbi—1 " " Tl o+ gy " Mot g1
= 1,i=0.

It is interesting to investigate the value of X} ; in steady state, as ¢ — oo. Thus,

K — 2w i\ Hw i Y
1 D)™ (uie)

(5 - - 7T§+i—1)nw (o1 77T1t+i)( Hozt

i Tpdi—1 " Tep 1ot g " Moot 111

Xii =

In steady state,

(7)™ (@) ) (k)™
T,

)

in the no-indexing case, when 7 =1, s, = 1 and ¢,, = 0.

Simplifying using the scaling notation,

Aw 140y,
— 1I—-X\
((:;—th) - Htﬂ-)
i h
[—CiAL

Bl Y (5¢)

(2

wtwt wtwt 1=Aw - ;
FUiWepi—— Xy ( — Xy Hyfj———

Wi Wi
or,

Dw 1+or
. T
oo . ((wwift Xt,z‘) Ht+i>
El Y (B€.) [-ClaAr
—0

i

_ W Wy 1= = Ty
+¢Z+7t+¢wttht7i ( = Xm‘) T
W44
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or,

o o

— 17

Wt . w .

wt+iXt’Z> Ht+z) A
w

17>\w(1+0-L)
1+oyp

t

ELY (B8, [—ChaAL <(
=0

- Yy
1+4L Wy 1w 1— Tt—H
+¢z+ t+zwt tht 7 < — Xt,i> HH—Z 1 ]
(i + 7

Differentiating with respect to wy,

Aw 140y,
- 1—Aw
©0 ((mﬁth) Ht—!—i) 2 (Lo,
j i[_~h 1 oL
Ef 2_; (B&,)' [=CiyiAr o A (L o1) w;
)\ 4)‘5\’; 1 Y
w 1= — Ty
+1,+ t—Hwt thm (wt; Xt,z’) Ht—&-zﬁ] =

Dividing and rearranging,

00 Aw 14+o0p,
. ; D =i
LS (56,) [~ChAs (( ! X) H+>
=0

W44
Aw
W 1w (ltor) i e 1 — 7Y
it TTiong - Wt v Ttyiy
+ wy W Xy, ( — Xt,z’) Ht+z‘71 —]=0
Aw Wyyg + Ty

Solving for the wage rate:

)\w 14+o0p,
12w (o) E ZZ’ZO (55w)z C?HAL ((thr Xt%) Ht+z’)

1=2w —
’U)t —

o

iVt i 1-7Y,,
E] D ico (BEw) + o w X < Xt z) Ht+z‘1+T;ﬂ;
ALKw,t

Wiy 4

where

0o Aw 140y,
) T—A\w
Ku: = EY (B (s ((w—tX) H+>
=0 v

t+

Aw Wyt

- i z i w 1w -7/ i
Fuoe = B (Bg,) =Xy, ( t Xt,z-) Hppim——
=0
Thus, the wage set by reoptimizing households is:

1—w

ALKy, ] THalion)

Wy = | ———— .
thw,t
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We now express K,,; and F,; in recursive form:

0 A&U 140
. ; o T—\w
Ky = E} Z<5§w) Clei ((ﬁXtJ Ht+i>

=0

a ) p A 140
—Rw—w) [ v\ Hw w T—w
_ Hl-‘raL +6 7Tt+1) (ﬂ-) (:uer) H
Ct € Ct+1 7Tt+1,uz+,t+1 t+1
(1—Kw—rw) (22\%w 2 \Yw li\/\w o
+ (B¢ )2 Ch (ﬂ—tﬂ—t+1) (Te417e12) (7T) (MZ+) Ho
w t
e T4 2T 41 ottt t41 i
+...
or,
( C)Kiw (— )(1 Kw— yw)( ) ( ) 12/\w(1+0—L)
- wy (m T -
Ko = CIHT" + B¢, ( Lot W Pat ) (G HGT"
Wiy 1 Tip1 o+ 41
a ) 9 Ay 1+or
_ c Rw /_— —Rw—Xw v\ M w 1—Aw
T T T
Ve, ?iit+1( t+1) (Ter2) (7)™ (g ) Hyvs (?H‘i‘.--}
W42 T2 ot 42
Aq
- c\Rw (= (1—Kw—>2w) 1_,\w(1+0'L)
hrrlto Wy (7Tt)"i (Te11) (7)™ (Mz)
= (hEMr LB By | = Ky,
CLH ™" + ¢ t<wtﬂ TR -
~ 24— (1+01)
Tw 1-2w
= (PHTR A E, B | Ku g1,
Tw,t+1
using,
W, U + P W . T
Turs1 = 1 Wer1Zpa e 1+ 1T t+1 (2.27)

M/t Wy Zt+ Pt Wy
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Also,

oo Aw

. U Wy 2w 1—7Y .
Foi = E R X X Hyyj—
D DI v Ewweid T
_ 77bz"",t Ht 1 - Tty
Aw 14+ 79
P Kuw (= — Ky — v\ 5 I+ jww
Uoipr (@ T (7)™ Foe) T () () o 1—71/,4
+B§w — HtJrl—w
Aw Wi y1 Tl Mo+ 111 L+ 78
A
¢z+ t+2 ( Wy > 1=2w
+(BE,) =
(8Ew) W
c._.cC Rw /— — (1—Hw—%w) v 2\ Hw 2 1911} 1+1i—§\}w Yy
X (mimgn) ™ (ReaTree) ()™ (u2,) H, 2—1 — 42
t+ -
Ti42T ¢+ 1 ot g2 Mot 141 L4710
+...
or,
¢z+ t 1— 7—?
F, = ~H,
wit Aw 1t T
P Kw (= — K — 2 v\ 5 1+%
w; \ e [ ()™ (7Tt+1)(1 ww) (7)™ (Mz+)ﬁw o ¢z+,t+1 1- T?+1
+58w | = { Hiq ”
Wiyl T4 1o+ 41 Aw L+ 7,
_ Dw c Rw /— 1—Kw—2w) [ v\>w D 1+%
Wiy \ 1w (7Tt+1) (7Tt+2>( ) (7)™ () o wz+,t+2 I Tty+2
+68w | = Hypo p
Wy yo T2+ 42 Aw L+ 7
+...}
Ay
Vorg 1 =7 Wiqq Tw,t+1 e
= : H . Fw )
Ao 1+ T A Wy T t+1 o
so that R
P, 1—77 W Tw s
Fpi= o H, fv + BELE an las Fuit1,
)\w 1 + Tt Wt Tw,t+1

We obtain a second restriction on w; using the relation between the aggregate wage rate

and the wage rates of individual households:
1 N Ea”
i~ 1-dw ~ RN —
W= |- €0 ()™ 46 i)™ |
Dividing both sides by W, and rearranging,

11— fw (%) s
I- fw

Wt =

16



Substituting, out for w; from the household’s first order condition for wage optimization:

~ 171)\ 17)\w(1+0‘L)
s (B)
AL 1- fw

WeFy = Kyt

We now derive the relationship between aggregate homogeneous hours worked, H;, and

1
he = / hjydj.
0

Substituting the demand for h;; into the latter expression, we obtain,

1 P
W‘t 1—\w )
hy, = — H.d
t /0 ( W, ) taj

H ! Dy
- [y
0

aggregate household hours,

Dw
(W)=
R.YTIE
= w, ™ Hy, (2.28)
where -
Wt /1 A 1 Aw
Wy =—, W, = W )Tw d
=g = | [ 0P g
Also,
Wt = |:(]' - Sw) (Wt> b + fw (ﬁ-w tVVt—l) w:| 5
so that,
- A 1;>\w
7P%wt 1=Aw v
Wy = |(1=&,) (W)™ +¢, <_’wtl) ]
w,t
] JE
[ N e Aw
1- gw <::z> N ﬁwt . 1?5\11”
= [(1-=¢&,) : +&, (—’wtl) . (2.29)
1- gw w,t
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In addition to (2.29), we have following equilibrium conditions associated with sticky wages®:

Auw

Vorp 24, 1—17f Wit ) [Fuwapr) T
Fp = —=Lp, T h ¢ E s F, 2.31
it " W, g T + B8, B o, Tttt 4+l ( )

o ItoL 7 24— (1401)
Kw,t = C? <uo)t e ht> + ngEt <M> Kw,tJrl (232)

T, t+1
_ 171>\ 1-Aw(1+0L)
| 1—&«%ﬁ> i

. 'lIJtFw’t - Kw,t- (233)

A_L 1_€w

2.3. Fiscal and Monetary Authorities

We suppose that monetary policy follows a Taylor rule of the following form:

R R4 T4l Yi—1
log <§t) IPRlog( ]t% >+(1—PR) [Tw10g< ;_;: > + 7y log <t7>]+5R,t-

The parameters would be taken as unknowns to be estimated. In addition, 7; is an exogenous

process that characterizes the central bank’s consumer price index inflation target and its

steady state value corresponds to the steady state of actual inflation.

4Log linearizing these equations about the nonstochastic steady state and under the assumption of s¢,, = 0,
we obtain N N N R e R e
NoWi—1 + M Wi +NoWip1 + 13 (e =) + 774Ag77t+1 — PreTy)
Et +A775 (’ﬁ—gfl _Aﬁ—t) + 776 (’ﬁg - p%cﬁ-t R — O, (230)
N7+ FngHy +097¢ + 01077 + 111G
F110fls+ ¢+ Migha+ 141

where
b Pwor — (1= Ay)]
Y [(1 _65111) (1 _gw)]
and
buwé
Mo whw
m (UL/\w - bw (1 + ﬂgfu))
’I’}2 b’wﬂgw
773 _bwgw
7’}4 bwﬁgw
7’}5 bwgw/{w
176 _ _bwﬂgwlfw
| (1= Aw)
g (1= )7t
1o —(1- /\w)ﬁ
M1 —(1—=Xy)
M12 —bw&,
13 bwBE,,
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We model government consumption expenditures as
— ot
Gt = G¢2p -

where ¢g; is an exogenous stochastic process, orthogonal to the other shocks in the model.
All distortionary taxes are assumed to follow exogenous stochastic processes. Lump-sum

transfers are assumed to balance the government budget.

2.4. Resource Constraint

We begin by deriving a relationship between total output of the homogeneous good, Y;, and
aggregate factors of production. We first consider the production of the homogenous output

good:
1
Ytsum — /Y;7td2
0

1
= / [(thi7t)1—Oé etKint — qub} di
0
1 K’L [e} -
= /0 |iztla6t (H_¢> Hit — Zt+¢:| di

it
KN\ [!
= Ztliaﬁt (ﬁi) /(; Hltdl — Z;r¢

where K is the economy-wide average stock of capital services and H; is the economy-wide
average of homogeneous labor. The last expression exploits the fact that all intermediate
good firms confront the same factor prices, and so they adopt the same capital services
to homogeneous labor ratio. This follows from cost minimization, and holds for all firms,

regardless whether or not they have an opportunity to reoptimize. Then,
YU = 2 G K H T — 21

Recall that the demand for Y, is

Py \*a T Vi
Py Yy
so that R
1 1 -Pt #—1 g . éﬁ_
Ytzfm,tdz’:/n( ) di = Vi (B)T
0 0 Pl',t
say, where
. L Ag %i‘
P = { / Pl dz‘] : (2.34)
0



Dividing by F;,

1y
Lr7p 1—35 £
= — di ,
: / (P)
or,
M Ve
1-— f <M> T T 1)\CAl
o P\ m Tdt o “hd
pr={(1-¢,) ¢ +&, (W—tptl) : (2.35)
The preceding discussion implies:
Lo L o o rrl—a
Yy = (D) 1Yy = (py)ra T [Ztl ek Htl - Zt+ } )
or, after scaling by z;",
NS 1 1 R
Yr = (Pr) e |:€t (— kt) Htl - 4 5
Mg ¢ ot
where
ky = kyuy. (2.36)

We replace aggregate homogeneous labor, H;, with aggregate household labor, h;, as follows:

R Ad 1 1 @ 3 _dw 1-o
Y = (pt)Adfl €t <— kt) <wt T—w ht> — | . (2_37)
Mg ¢ Moot ¢

It is convenient to also have an expression that exhibits the uses of the homogeneous

output,
Ztert:Gt+Ct+I~t;

or, after scaling by z;":

. ky
=g +tc+ |i+aly) —|.
/~L¢,tlu’z+,t

3. Alternative Representation of the Labor Market

This section replaces the model of the labor market in our baseline model with the search and
matching framework of Mortensen and Pissarides (1994) and, more recently, Hall (2005a,b,c)
and Shimer (2005a,b). We integrate the framework into our environment - which includes
capital and monetary factors - following the Gertler, Sala and Trigari (2006) (henceforth
GST) strategy implemented in Christiano, Ilut, Motto, and Rostagno (2007). A key feature
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of the GST model is that there are wage-setting frictions, but they do not have a direct
impact on on-going worker employer relations. However, wage-setting frictions have an
impact on the effort of an employer in recruiting new employees. In this sense, the setup is
not vulnerable to the Barro (1977) critique of sticky wages. The model is also attractive
because of the richness of its labor market implications: the model differentiates between
hours worked and the quantity of people employed, it has unemployment and vacancies.

The labor market in our alternative labor market model is a modified version of the GST
model. GST assume wage-setting frictions of the Calvo type, while we instead work with
Taylor-type frictions. In addition, we adopt a slightly different representation of the produc-
tion sector in order to maximize comparability with our baseline model. A key difference is
that we allow for endogenous separation of employees from their jobs, as in e.g. den Haan,
Ramey and Watson (2000). In what follows, we first provide an overview and after that we
present the detailed decision problems of agents in the labor market.

3.1. Sketch of the Model

As in the discussion of section 2.1, we adopt the Dixit-Stiglitz specification of homogeneous
goods production. A representative, competitive retail firm aggregates differentiated inter-
mediate goods into a homogeneous good. Intermediate goods are supplied by monopolists,
who hire labor and capital services in competitive factor markets. The intermediate good
firms are assumed to be subject to the same Calvo price setting frictions in the baseline
model.

In the baseline model, the homogeneous labor services supplied to the competitive labor
market by labor retailers (contractors) who combine the labor services supplied to them
by households who monopolistically supply specialized labor services (see section 2.1). The
modified model dispenses with the specialized labor services abstraction. Labor services are
instead supplied to the homogeneous labor market by ‘employment agencies’. The change
leaves the equilibrium conditions associated with the production of the homogeneous good
unaffected.’

Each employment agency retains a large number of workers. At the beginning of the
period a fraction, 1 — p, of workers is randomly selected to separate from the firm and go
into unemployment. Also, a number of new workers arrive from unemployment in proportion
to the number of vacancies posted by the agency in the previous period. After separation

and new arrivals occur, the nominal wage rate is set.

® An alternative (perhaps more natural) formulation would be for the intermediate good firms to do their
own employment search. We instead separate the task of finding workers from production of intermediate
goods in order to avoid adding a state variable to the intermediate good firm, which would complicate the
solution of their price-setting problem.
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The nominal wage paid to an individual worker is determined by Nash bargaining, which
occurs once every N periods. The employees of an agency are represented by a union at
negotiations. This assumption has no consequences except that it makes clear which wage
(i.e. the collectively negotiated wage) will apply to workers arriving at the agency during
the duration of the wage contract. Each employment agency is permanently allocated to
one of N different cohorts. Cohorts are differentiated according to the period in which they
renegotiate their wage. Since there is an equal number of agencies in each cohort, 1/N of
the agencies bargain in each period. The wage in agencies that do not bargain in the current
period is updated from the previous period according to the same rule used in our baseline
model.

Next, each worker realizes an idiosyncratic productivity shock and workers with a shock
below an endogenously determined cutoff separate into unemployment. The cutoff level of
productivity is chosen relative to a particular surplus criterion, maximizing the surplus of
the employment agency. The intensity of each worker’s labor effort is then determined by
an efficiency criterion. To explain how labor intensity is chosen, we discuss the implications
of increased intensity for the worker and for the employment agency. The utility function of

the household in the present labor market model is a modified version of (2.14):

oo N—-1 140,
—tf e Si, > i
E; Zﬁl t{fm log(Cry1 — bCii1-1) — C?HAL Z % [1 -F (atH)] il 3D
1=0 i=0

where [1 — F (a;,,)] i, is the quantity of people working in cohort i and ¢;, is the intensity
with with each worker in cohort ¢ works. Asin GST, we follow the family household construct
of Merz (1995) in supposing that each household has a large number of workers. Although
the individual worker’s labor market experience - whether employed or unemployed - is
determined in part by idiosyncratic shocks, the household has sufficiently many workers
that the total fraction of workers employed, L;, as well as the fractions allocated among
the different cohorts, [1 — F (a})]li, i = 0,..., N — 1, is the same for each household. We
suppose that all the household’s workers are supplied inelastically to the labor market (i.e.,
labor force participation is constant). Each worker passes randomly from employment with
a particular agency to unemployment and back to employment according to the endogenous
probabilities described below.

The household’s currency receipts arising from the labor market are:

quantity of people working in cohort %

N-Lo ——~—
(1= L) Pz + Y W [1—F(a)] 1 Si
1=0

Y

1+7y

(3.2)

where W/ is the nominal wage rate earned by workers in cohort i = 0, ..., N — 1. The index,

1, indicates the number of periods in the past when bargaining occurred most recently. As
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in our baseline model, there is a labor income tax 7§ and a payroll tax 7}’ that affect the

after-tax wage. Note that we implicitly assume that labor intensity, ¢;;, is cohort-specific.
This is explained below. The presence of the term involving b* indicates the assumption that
unemployed workers receive a payment of b“z;" final consumption goods. The unemployment
benefits are financed by lump sum taxes.

Let the price of labor services, W;, denote the marginal gain to the employment agency
that occurs when an individual worker raises labor intensity by one unit. Because the
employment agency is competitive in the supply of labor services, W, is taken as given and
is the same for all agencies, regardless of which cohort it is in. Labor intensity equates the
worker’s marginal cost to the agency’s marginal benefit:

&

h
Wi——= = ({Arsiy

= 3.3
s (33)

177'/;’5’
Ut 1473

for i =0,..., N — 1. Here,

13¢)
.
Il

a

£ (d{;aaﬂf) E[ adF (a;044)

F = F(d{;aa7t) :/ t dF (a;044) -
0

Division by 1 — F} is required in (3.3) so that the expectation is relative to the distribution
of a conditional on a > d{ . To understand the expression on the right of (3.3), note that the
marginal cost, in utility terms, to an individual worker who increases labor intensity by one
unit is C?AngtL. This is converted to after-tax currency units by dividing by the multiplier,
v¢, on the household’s nominal budget constraint as well as by the tax wedge due to labor

income taxes and payroll taxes. Scaling (3.3) by Pz, yields:

&
-7

1
1773
2t 14w

Wy

= C?ALGth (3.4)
Labor intensity will be different across cohorts because &/ (1 — F}) in (3.4) is indexed by
cohort. When the wage rate is determined by Nash bargaining, it is taken into account that
labor intensity is determined according to (3.4) and that some workers will endogenously
separate. Note, that the ratio '
&
(1= F) <7
will be the same for all cohorts since all other variables in (3.4) are not indexed by cohort.
Finally, the employment agency in the i cohort determines how many employees it will

have in period ¢ + 1 by choosing vacancies, vi. The vacancy posting costs associated with v}
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are:
_|_

(=5 l%i>2 7 @)l

units of the domestic homogeneous good. Here, [1 — F (a!)]l! denotes the number of em-

ployees in the i'® cohort after endogenous separations have occurred and kz; /2 is a cost
parameter which is assumed to grow at the same rate as the overall economic growth rate.
Also, @), is the probability that a posted vacancy is filled. The functional form of our cost
function nests GT and GST when + = 1. With this parameterization the cost function is in
terms of the number of people hired, not the number of vacancies per se. We interpret this
as reflecting that the GT and GST specifications emphasize internal costs (such as training
and other) of adjusting the work force, and not search costs. In models used in the search
literature (see, e.g., Shimer (2005a)), vacancy posting costs are independent of @y, i.e., c = 0.
We also plan to investigate this latter case. We suspect that the model implies less amplifi-
cation in response to expansionary shock in the case, : = 0. In a boom, (); can be expected

to fall, so that with « = 1, costs of posting vacancies decrease in the GT specification.

3.2. Model Details

An employment agency in the ¥ cohort which does not renegotiate its wage in period t sets
the period ¢ wage, W;, as in (2.25):

Wip = TwWic1i-1, Tws = (Wffl)ﬁw (ﬁt)(l_nw_%w) () (paa )™, (3.5)

fori =1,..., N — 1 (note that an agency that was in the i'* cohort in period ¢ was in cohort
i — 1 in period t — 1) where Ky, 6y, Y, K + 300 € (0,1) . After wages are set, employment
agencies in cohort ¢ decide on endogenous separation, post vacancies to attract new workers

in the next period and supply labor services, lis; ;, into competitive labor markets.

3.2.1. The Employment-Agency Problem

To understand how agencies bargain and how they make their employment decisions, it is
useful to consider F' (I9,w;), the value function of the representative employment agency
in the cohort that negotiates its wage in the current period. The arguments of F' are the
agency’s workforce after beginning-of-period exogenous separations and new arrivals, [, and
an arbitrary value for the nominal wage rate, w;. We are thus interested in the firm’s problem
after the wage rate has been set, when endogenous separations take place, followed by the
setting of vacancies. To simplify notation, we leave out arguments of F' that correspond to
economy-wide variables. We find it convenient to adopt a change of variables. We suppose

that the firm chooses a particular monotone transform of vacancy postings, which we denote
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by ¢ 4
Quvj
(=)0

N
.
Il

where 1 — F/ denotes the fraction of the beginning-of-period ¢ workforce in cohort j which

remains after endogenous separations. The agency’s hiring rate is related to o by:
Xp = Qi 'y, (3.6)
The timing in the endogenous separation model is that at the beginning of period ¢,
exogenous separations occur, and new arrivals occur. Then, if this is a bargaining period,
bargaining occurs. Then, idiosyncratic productivities are realized and a cutoff productivity,
&{, is determined. Thus, the fraction of the current workforce in cohort j that is let go is
F! and the fraction that survives is 1 — F7. So, if I/ is the work force just after exogenous
separations and new arrivals, then
(1-F)u
is the size of the workforce after endogenous separations. The law of motion of the work

force in each cohort is:

i =0d+p) (L-F)U, (3.7)
for j = 0,1,..., N — 1, with the understanding here and throughout that j = N is to be
interpreted as j = 0 and where liill is the workforce after new arrivals and exogenous

separations in period ¢ + j. Expression (3.7) is deterministic, reflecting the assumption that
the agency employs a large number of workers.. After endogenous separations, agencies post
vacancies.

The value function of the firm is:

‘fraction’ of l{ﬂ. with productivity a

00 P
F (17, we) Z 53Et max[ / (Wirja — Ty jwi) Sjers dF (a)
t+] a‘i«k]
costs are proportional to workforce after current period separations
7 Jr N
RZyyi o in2 i v N
— Py ;J (Ui) (1 - f;fj+j) ] b T BNE, ti <lt+N>Wt+N> ;
where ¢, is assumed to satisfy (3.4). Simplifying,
N-1 .
F(lf,w) = ) g, - max[(I/VtﬂEtﬂ Tejwe [L— F]) e (3.8)
§=0 t Ty
’%Zttrj J J
Py 9 ( ) (1 o “Ttﬂ)]ltﬂ

v
+6NEt :NF<lt+N7VVt+N>7
t
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Here,

Ft,j _ { w475 ° 1 Tw,t+1, i z 0 . (39)

Also, WH ~ denotes the Nash bargaining wage rate that will be negotiated when the agency

next has an opportunity to do so. At time ¢, the agency takes WH N as given.
Writing out (3.8):

+
Fo) = mas (| mier - (- #) s - RIS (0 (- )
t+5J j=0
U1 1 /fz;;l ~1
+5Et (Wisr&ly — Trawe (1= FLy)) s _Pt+1T (Ut+1) (1-F)

(Xt + p) [1 fﬂ] 10
+B2E e (Wip2E2y — T 1—F2 e (2
¢ t+2E¢ 10 t,2wt( F t+2))§t+2 Py 5 (Ut+2) ( ]:t+2)

x (X%H + ﬂ) (¢ +p) (L =Fhy) L =F) 1
+8VE, “ZNF (1n Wasn)

The firm chooses vacancies to solve the problem in (3.8). We impose the following

property:
F (lto,wt) = J (wy) lf, (3.10)

where J (w;) is not a function of 9. The function, J (w;), is the surplus that a firm bargaining
in the current period enjoys from a match with an individual worker, when the current wage

is wy. For convenience, we omit the expectation operator E; below. Let

J(w) = max {(VVté’ —wy (1= F)) sop — Ptz;Lg (17?)2 ay
-H}] 0
+ UL—:I |:(Wt+lgt+1 Ft,lwt (1 - ft{kl)) §17t+1 — Pfﬁ»lzalg (171‘/1+1)2 (1 ft+1)] %
Q! +0) (1- 7)

+ 201::2 [(m+28t+2 L'y pwy (1 - -7:152+2)) S2,t42 — Ptﬁzg;?g (’17,52+2)2 (1 '7:152”)} .

(f}t Qt_L + ,0) (615—&-1@15—;{ + P) ( E—i—l) [1 - ]_—t()}
+.. +

+6NU1:+NJ (VVt+N) (f}? %—L +p) (6151+1Qi_L +p) . (Ut+N 1Qt+JLV—1 +p) X

Uy

(1_}—ﬁ17\/171)"'(1_-7:?)}-
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Differentiate with respect to @ and multiply the result by (o) QI+ p)/ Q; ™", to obtain:
0 = —Puzfrt? [1—FO] (R0Q" +p) /QF
B8 [(Wean€ls = T [1 = Fla]) 1 = Pursiay (1) (1= 7)) %
(TQ ™ +p) [L - F]
HPEE | (Wesofys = Do [L = Fia]) a0 = Prazliag (1) (L= Fio) |
(00Q1 " +p) (0;1Q1s1 +p) 1 — FLa] 1 — F)
ot
HW%TJO%W>@ F ) (0 Q) - (BN Qi ) X
1R [ )
= T () = (W&l =i (L= 7)) cou + P 5 ()" [1 = 7]
—Pzf R [1 = F)] (0Q1 +p) Qi
Since the latter expression must be zero, we conclude:

Tw) = (Wil —won (1= 1)) sou — Pt (1) [1 = 1) + Pt [1— 7] (RQE + ) JQI-

:(mﬁ—%u—ﬁ»m+ﬂ£m;()+?p [1- 7]

Next, we obtain simple expressions for the vacancy decisions from their first order nec-

essary conditions for optimality. Multiplying the first order condition for ¢}, by

(011 Qi1 + 1)

Qrt
we obtain:
~ - ~ - 1
0 = _th+1Pt+13t+1"wt+1 [ ',FtlJrl} (U?Q% —i—p) (UtlJrle}H +:0) [1 fﬂ
Ut Qt+1
-+ U;+2 [(Wt+25t2+2 —Tiowr (1= Fs)) S22 — Pt+22t++2g (02,5)° [1 - JTEHH X
t
(61? ) (vt+1Qt+l + p) [ ftH] [1 - ‘7:150}
+o +
FONLE (1) (QE +9) (01aQ) ) -+ (1@l +9)

(L= Fina] - L= #]

Substitute out the period ¢ + 2 and higher terms in this expression using the first order

condition for 0. After rearranging, we obtain,

N L, -T 1—F}
Pz KOy v (Wini&iy = Doawr (1 = Fily)) s

=1 )2 -1
=T + () | Tae
¢ Ut +Pt+1zt+1"5( ft+1) ( 2+ Qirt
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Following the pattern set with ¢/, ,, multiply the first order condition for o7, , by
- ~ 1
(0712Qi72 +0) 1=
t+2
Substitute the period ¢ 4+ 3 and higher terms in the first order condition for o7, using the

first order condition for o}, , to obtain, after rearranging,
1 Ut42

2 2
X (Wisa€2iy — Trawy (1 — FPy)) S04
Pzt kol —— =p (#2)° | %
+F1et41 VY1 A1— + 2 t+2 ViioP
1 Uit "’Pt+2zt+2’f (1 - ‘7:t+2) 5~ T o
+ Qt+2

Continuing in this way, we obtain,

J+1 7+1
(W&l — Tojpawe (1= FL50)) St

4 1 Vit j
O o _ pUtritl . st ) wif!
P2 iy =y = B +Pii 12 1—F/ Gy ol
Qt+j Ut tHj+H1 % t+j+1 2 Qtri1
J

for j =0,1,..., N — 2. Now consider the first order necessary condition for the optimality of
~N—1

U,) v_q- After multiplying this first order condition by
~N-1  l-
(O N1 Qirn—1 T 9) 5=
t+N-1
we obtain,

—1Vt4N-1 ~N— _ ~ — ~ —
0 = —ﬁN 1U—tPt+N71Zf1N71’WﬁN171 [1 - ‘7:15]1le1] (U?Q% + P) ('Utl—i—lQ%-i—l + P) Tt

~N— — N— . 1 B
c (DN Qe+ P) (O N Qi +p) =——— [1 = FN ] - 1 = F]

t+N-1
+5NUZNJ (WHN> (B0Q1 +p) (L, Q" +p) -+ (BN, QL +p) X
1= =)
or,
PHN*lZ;;NA’wgJVlA 1_1L =p ) <Wt+N> '
Qt+N_1 Ut4N-1

Making use of our expression for .J, we obtain:

<m+N5?+N - VVtJrN (1 - ‘7:P+N)> SOt+N

1 V4N
P, zh koL = 2
+N-14t 4t N1V N1 AT, D) o9
( ) + N p
tHN-1 Vi N1 PNzl nk (t+2 L [1— 7]

11—
Qt+N

The above first order conditions apply over time to a group of agencies that bargain at

date t. We now express the first order conditions for a fixed date and different cohorts:
j+1 % j+1
1 Vg1 <Wt+1ggi1 — LW (1 - -7:5:1 )) Sj+1t+1
i — P g (@) s 2
Q; (o —|—Pt+1ztt_1/§ [1_ﬁ+1} (%_’_L)

Qiti
for j=0,...,N—2

+ 0
Pz kvy
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Divide both sides by P,z;” and express the result in terms of scaled variables:

(w“rlgt]:ll — Gy jnw iy (1 fm ') Si1ee

o1 ¢z+,t 1 )
l{vg -0 = Bw—Jr [ f‘JJrl} (ﬁgil)Z + ”t+1p 7(311)
t ztt t+1 2 Q}H
for j=0,....N —2
where

~w T ~w —1 1 1 .
Giijy = —wtl Twtitl < > ( ) i>0, (3.12)

Tyl ** " Mp—itl Moot 111 ozt t41
Wy Wi
Wy = 17 W= 15
Wi 2 Py
Also,
T t45 Tw,t+1 1 1 .
N >0
Gt,j = Tt Te41 (“z+,t+1> <'u‘z+,t+j> J . (3.13)
1 j=0

The scaled vacancy first order condition of agencies that are in the last period of their

contract is:

Wi1E 1 — Wi Wi (1 — Fq)) s
N 1 _5¢z+,t+1 ( +1C¢4+1 t+1 t+1( t+1)) 0,t4+1

= 5 )? B . .
Ry 1— wzﬂt K [1 _ f'to+1] (( t+1) 4 ?‘l’ip) (3 14)

T—¢
t 2 Qt+{

We require the derivative of J with respect to w;. By the envelope condition, we can
ignore the impact of a change in w; on endogenous separations and vacancy decisions, and

only be concerned with the direct impact of w; on J. Taking the derivative of (?7):

Jur = (1—]:0)§0t
AT s (30 ) (1= F) (1= )

LT s (68 4 0) (b + ) (1= ) [~ ] [1 - 77)

t
N-1Vt+N-1
—.—p —TI N

o —1SN—1,t+N—1 (X? + P) (X%H + ,0) s (Xﬁzz + ,0) X
(1-Finm) - =AY

Let,

—_

j—
f;fj+j H Xt+l+p ‘F;SlJrl) ]>O ) (315)
=0
1—F j=0

J
Qt+]
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It is convenient to express this in recursive form:

Q= 1-F

Qf
1 1 0 ‘ ‘
Dy = (1_‘Ft+1) (Xt—l-p) (1_'7:?)

1
Qt+1

N

Ve

Vo = (1=Fla) O +0) (0 +0) (L=F) (1= T

so that

: : - -
= 1-Fy) O te) Uy
for j =1,2,.... . It is convenient to define these objects at date ¢ as a function of variables

dated t and earlier for the purposes of implementing these equations in Dynare:

Q) = 1-F

t—1
9 = (1-F)Natp) (1-FL)

1
Q1571
A

-~

Q? = (1 - }_152) (th—l + P) (X?—2 + P) (1 - ~7'—t0—2) (1 - El—ly

so that
O = (1=F) (= +0) AL,
Then,

0
Jwt = —€0,tQt
—5Ut+1

1
| IFSTSWARE O
t
v
9 Ut42 2
— L't oS +280 o

t

N—1Vt+N-1 T N—-1
A VI

1§N71,t+N719t+N71

Uy
No1
_ Vv i oV IS
= § 5 INFIUARISRENE
, Uy
Jj=0
In terms of scaled variables,

N—-1
R .
Jug ==Y jﬁfﬁGt,jﬂgﬂgj,tﬂ. (3.16)
2Tt

j=0
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The following is an expression for J; evaluated at w;, = Wt, in terms of scaled variables.

Dividing by P,z :
Lo A (we-wma-m)

()" (1= 7))

Ptzf = Ptzf Sot — 5
6¢z+ t+1 <m+lgt“ ~ LW, (1 ftﬂ)) r (9, )2 (1-F)
N St — 5 U -
o Pt L+l = 5 (U t+1

x (i +p) [L= 7]

Vot 140 <m+28t2+2 N FtﬂWt (1 - ]:t2+2)> K o \2
2 Vot bt Ko o
M Bt oar = 5 (72)” (1= Fa)
x (X +p) (i +0) 1=FLy) 1-F)
+...+
B )
+5N JTFN Jo+ 14N (X? + p) (th+1 + p) - (Xt]ilel + p)
Tt
x (1—F L) - (1= F)
or,
S Yot tt+j - 5tj+g _ K j
. go z+7t wt+j—1 — J:fﬂ- — G jwy | Sjars — 5 (Utﬂ) Qt+g
+5N¢z+,t+N J. QAR (3.17)

oy NS FL
We now turn to the firm’s decision about which workers to cut. Denote:
fgt_dj_d:gv gtzﬂ-
da; Y dal
Consider the decision about @Y, the productivity cutoff for endogenous separation for the
cohort which bargains today. The bargain is assumed to have already occurred. We continue
to denote the outcome of the wage bargain by w;. Then,
dJ (wy)
da?
_th+1 [ (W&l : Il;tg(jllt (12 Fla)) St } (20Q1 + p) 72,
Ut —Priazfng () [1- Fi]
g Utt2 { (Wt+25t2+2 — L'y owy (12 ft+2)) Co,t+2 } (60621_
Ut _Pt+2zttt2§ ({’t2+2) [ }-t+2] te

= (VVth +(Jth t) g0t+PtZt 5 ('U?)Qfo

a,t

+ /0) (@HQ%}H + P) [ '7:754-1} FO

—pN UHN (VVt-i,-N> (0Q: ™ +p) (01 Q ™" +p) -+ (TN Qiins +p)

(%

X [1_}—;117\/171]"'[1_7:1;1]}—&:0

31



We can simplify this equation by multiplying by [1 — F7] /77, :

(Wi, + wiF2,) Sou [L — FP) JF, + Pzt & (#0)° [1 — FY)

Vit (m+15t1+1 — Ty (1 - '7:t1+1)) S1t4+1 ] 50)1—
S 0 +p)[1-F
7 l — Pz (0h)" [1 = Fha) (0PQ +p) [1 = 7]

; Wii0E2 ) — Tyowy (1 — F2 o o
2

—5Nvtu;tNJ (VVHN) (771?Q%7L + p) (ﬁtlﬂQ%ﬂ + p) T (6t+;vl—1Q%IJLV71 + p)
x [1-F Y] [1=F ] 1=F]=0

So,

(Wil +wiFoy) o [L = FF) JF, + Pt 5 (i) [1 = 7]
—J (wi) + (Wil —wi (1= F0)) o0 = P 5 ()" [L = 7] =0,
or,
T (W) = soe { (Wil = Wi (1= 7)) + (Wil + WeFL, ) [L= 0] 7.}
Now consider a; :

~ /ﬁ; ~ 2
(Wté’;t + Ft_l,lwt_lf;,t) Lo+ Pt (o) 7

a,t
v |:<Wt+1gt2+1 - F1671,21/1’/1:71 (1 - ‘7:152+1)) S2+1 Pt+12’£:1§ (ﬁt%rl)Z (1 a ﬂal)]
t
X (27151 i_L "‘P) f;,t
82 | (Wesatl = DeraWion (1= Flbo) ) ava = Praasiins (#010)” (1= )|

t
< (0,Q0" +p) (01 Qii +p) (1= Fiha) Fay
+...+

-l—ﬁN_lUtt}—]le <VT/t+N—1> (@1 %_L + P) (6?+1Q%_L + p) T (6£?V1—2Q;JLV—2 + P)

X (1= Finme) - (L= Fla) 7

a,ty

Ut41
= p

or, after multiplying by [1 — F!] /F,, :

(Wil + DoaaWerrFhy ) <1 [L = R JFoy + Pt 5 (1) (1= 7))

N-2 i+1 7 i+1
_ Z 6]’ Vt+j (m+jgg+j - thl,jJerthl (1 - ]:tjﬂ- )) S2,t+j
=Y

—Pijz % (17513‘1)2 (1-F)

M1
Q4

Y — b~ ~
+8Y QeanELy) (VVt+N—1> Q%—&-N—la

Uy
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where:

G = (a+p)(1-F)

My = (d+p) (Ga+r) O-F) O -F2)

Q%,:a = (X% + P) (X§+1 + P) (X?+2 + P) (1 - ~7:tl) ( ‘Ft—&—l) ( ‘Ft—&—2)
Q%,Nfl = (X% + P) T (Xi\bvlﬂ + P) (1 - ‘7_—1‘/11#72) T (1 - ftl)

The condition for af is:

(Wtezt Do Wiy P ) Saa L= F JFL+ P S WP L-F) (318)
(¢+1) ]
_ v JUHJ (Wtﬂgtﬂ L quVVt 1 ( -7 tJjﬁ)) Sq.t+j 04
- Z 6 tt+j—1

Pt+JZt+J 2 (ﬁg:yq) (1 - }—tjqu)

—qUt+N— =
+5N 1—J (Wt+N—q> Qt,t—&—N—q—l’

(%

where it is understood that the term involving the summation is deleted when ¢ = N — 1.

The above expression is defined for ¢ =0, ..., N — 1, where

Qf, = ({+p)Q-F)
Qf,

Qg,t+1 = (Xgill +p) (1- ﬂq:f) ng +p) (1 - ]:qj

q
Qf t+1

Upn = (H240) (1= 7D CE+ ) (L= D) (1 7) (L 7).

More generally,
Qgtﬂ (ng—ryj ) (1 - -7:tq:gj) Qgtﬂ 1
for j =0,1..., N —1—¢q. This expression is defined for ¢ = 0,...N —1. The (V’s can be written

in the following form, which is convenient for Dynare:

O, = (I+pQ—F)
ngl,t = (X(tﬁl +P) ( «7'—q+1) (Xt 1 +P) (1 - f;‘/qfl)
O,y = (47 +0) (L=F) (o +p) (1= FLy) (X +p) (1=F,

or, generally, (7the next equation needs checking?)

Qg 7t (X;H_J + p) (1 - f;fq—’_j) ngj+1,t7
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It is convenient to scale (3.18) by Pz, ¢ =0, ..., N — 1 (recall, the expression involving

the summation sign is understood to be absent when ¢ = N — 1) :

R .
(wtggt + thq,qwtqutquit) Sqt [ = F] [ Fas+ 9 (th)2 [1—F]

—(g+1)

- Z ety [ (Onstfl) = Geasatg (1 S sues | o
S5 () (1- 7

N— ?/1 +t+N
+5 Mjﬁ t+N— th7N—q’
wer it

where G and I' are defined in (3.12) and (3.9) respectively.

3.2.2. The Worker Problem

We now turn to the worker. For the bargaining problem, we require the worker’s value
function before they know if they will survive the endogenous separation. It is convenient
to begin by defining the worker’s value function after they have survived the endogenous
separation. We do so first. We then derive the value function of an unemployed worker, and
finally we consider the value function of the employed worker before endogenous separations
occur.

The period ¢ value of being a worker in an agency in cohort i is V}' :

1—177 siror
Vi o= F,iiW,i i —t_chp Wt 3.19
t A T G "1 +op) v (3.19)
U T (A
OB Zl ( (1 o fﬂ) thll [1 —ptp t+1] Ut+1) (3.20)

for i =0,1,..., N — 1. Here, p is the exogenous probability of remaining with the agency in
the next period and ( - F +1) is the endogenous probability of remaining with the agency.
Also, Uy is the value of being unemployed in period ¢. The values, V;* and Uy, pertain to the
beginning of period ¢, after job separation and job finding has occurred. Scaling V;' by P;z;",

we obtain:
1+o
zi+,t = Gtz’,z'wtiwti%,t% —C?AL(l_:;t—L)me (3.21)
+5Et% (P (1= Vil + = ot PP Uitin) . (322)
for:=20,1,...,N — 1, where
Vi — Vi, Usiyq = U1 '
Pzf TP TN TR L
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In our analysis of the Nash bargaining problem, we must have the derivative of V;? with

respect to the wage rate. To define this derivative, it is useful to have:
Moy =(1=F) - (1 =F.;), (3.23)

for j =0,..., N — 1. Then, the derivative of V, which we denote by V (w;), is:

N-1
1—7Y Vigi
Vi (wy) = EtZ(@P) Mt+J§Jt+Jl+ HJFt,j -

Titj Ut

[e=]

.

=

1—r7f (U t+'PtZt+
= E; (ﬁp) MiyiSitti tﬂrt,- <ALy’
B s Tt+j ’ 7vZ’zttPtnLthtLj

7=0
N—-1
-7 w;:*
= E (Bp) Mt+J§Jt+J1+ t+]Gt; ¥ Ak (3.24)
j=0 t+j 2zt

Note w; has no impact on the intensity of labor effort. This is determined by (3.4), indepen-
dent of the wage rate paid to workers.

The value of being an unemployed worker is U, :°

v
Uy = Pz " (1 = 7)) + BE, ;Ll feVida + (1= fi) U], (3.25)
t

where f; is the probability that an unemployed worker will land a job in period ¢ + 1. Also,
Vi is the period ¢ + 1 value function of a worker who finds a job, before it is known which

agency the job is found with:

i X (I=Fi )i,
L= = 1 mHt JLE Vi (3.26)
1=0

after scaling. Here, the total number of new matches is given by:
me=> xi(1—-F)H. (3.27)
In (3.26),

Xifl (1 . 1) llzf 1
mi—1

is the probability of finding a job in an agency which was of type ¢ in the previous period,
conditional on being a worker who finds a job in ¢.
Scaling (3.25),

wz"' Jg+1

UZ+,t = bu (1 Tt) + 5Et [ft 2t t+1 + ( ft) 2t t+1] (328)

2Tt

6Note that in the model, as in swedish data, unemployment benefits are subject to a (labor) income tax.
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This value function applies to any unemployed worker, whether they got that way because
they were unemployed in the previous period and did not find a job, or they arrived into
unemployment because of an exogenous separation, or because they arrived because of an
endogenous separation.

Finally, we consider the value function of a worker before they know whether they will

survive the endogenous separation cut. We denote this value function by V;j :
V= R+ (L= F) VP
Total job matches must also satisfy the following matching function:
my = o (1 — L) v 7, (3.29)

where

?

Li=) (1-7F)4. (3.30)

J

Il
=)

and o, is the productivity of the matching technology.”

In our environment, there is a distinction between effective hours and measured hours.
Effective hours is the hours of each person, adjusted by their productivity, a. The average
productivity of a worker in working in cohort j (i.e., who has survived the endogenous
productivity cut) is £ / (1- Fl ) . The number of workers who survive the productivity cut

in cohort j is (1 — Fl ) I, so that our measure of total effective hours is:

H = ) <&l (3.31)
=0

‘ 00 1
E(a;001) = / adF (a;044) =1 —prob [v< og (@) + 3% | (332)

g Oa,t

where prob refers to the standard normal distribution. We also need:

al log< )"’%"3
F(d0,) = / dF(a;o,) / exp =z dv (3.33)
0 \/ 27T

log (aj) + 5 a]

= prob {v <
Oq

"One could allow for time-variation of o,,. This is necessary if we want to include vacancies among the
observed variables, otherwise we have stochastic singularity as unemployment tomorrow, in that case, is fully
determined by vacancies and unemployment today.
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so that,

Fai (&j;aa) = .1 L exp 2

a’ Oa 2
= Standard Normal pdf <

o,

log (@) 4 02
o4 '

Total measured hours is:

Heos = Zgﬂ —F) .

The job finding rate is:
my

= ) .34
fi= (3:34)
The probability of filling a vacancy is:
Q=2 (3.35)
Ut

The ¢« = 0 cohort of agencies in period ¢ solve the following Nash bargaining problem:

mae (V2 = 0)"  (w) 7 = max (1= F9) (V2 = U))" J () (3.36)

Wi wt

where V? (w;) — Uy is the match surplus enjoyed by a worker and 7, is the bargaining power
of workers which we allow to follow an exogenous time-varying process. We denote the wage
that solves this problem by W,. Note that 1, takes into account that intensity will be chosen

according to (3.4) as well as (3.5). The first order condition associated with this problem is:
ntvw7t‘]2+7t + (1 - nt) [‘/z+ t Uz*,t] Jw,t = O; (337)

after division by z," B,.
We assume that the posting of vacancies uses the homogeneous domestic good. We leave

the production technology equation, (2.37), unchanged, and we alter the resource constraint:

o= g+ +if (3.38)

i

-

B o ()T (=) T (=) 1) i+ 23 (@) [1- .

N | =
I
=)

J
Total vacancies v; are related to vacancies posted by the individual cohorts as follows:

1 N-1

:@Zﬁf(l—j’:ﬁ)lf.
t

j=0

(%

Note however, that this equation does not add a constraint to the model equilibrium. In
fact, it can be derived from the equilibrium equations (3.35), (3.27) and (3.6).
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3.3. An Alternative Bargaining Problem

Our baseline interpretation of the Nash bargaining problem is that the bargain is between
the employment agency and a union which represents the ‘average worker’. The worker’s
interests are summarized by V;, and take into account that with some probability the worker
will separate at some time during the contract. The worker’s outside option is unemployment,
and so its surplus is V, — U,. The firm’s surplus corresponds to .J; and this takes into account
that workers who arrive in the future, while the contract remains in force, will be paid the
wage rate that solves the bargaining problem, (3.36). In addition, if bargaining with the firm
breaks down and the union takes all the workers, {7, into unemployment, then the value of
the firm drops to zero. This is because not only are current revenues from [ set to zero, but
the agency’s ability to ever hire in the future is eliminated when [ is set to zero.

We now consider an alternative formulation of the bargaining problem, in which there
is no union. In the alternative formulation, we imagine that bargaining occurs among a
continuum of worker-agency representative pairs. Each bargaining session takes the outcomes
of all other bargaining sessions as given. Because each bargaining session is atomistic, each
session ignores its impact on the wage earned by workers arriving in the future during the
contract. We assume that those future workers are simply paid the average of the outcome
of all bargaining sessions. Since each bargaining problem is identical, the wage that solves
each problem is the same and so the average wage coincides with the wage that solves the
bargaining problem. There is an important distinction between the atomistic and the union
approach. When the Nash bargaining problem is optimized with respect to the wage, the
impact on the wage earned by future arriving workers is ignored. The outside option of the
worker in the alternative scenario is the same as before, it is the unemployment state, U;.
The outside option of the agency is also the same as before, namely zero. To see this, note
that the agency’s present discounted value of profits, F' (19, w;), still has the following form,
which is linear in [ :

Suppose that each worker in ! is identified with a point, i, on the interval, i € [0,1?]. Then,

profits can be written in terms of each individual worker as follows:

7

F (0 w) = / 7 (wh, ) di
0

where w! denotes the wage negotiated by worker i. We adopt the Riemann interpretation of

this integral:

(ltth _A}EHOOZJ<W15 723) —ij-1)
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where ig = 0, ig < i1 < ... < iy = [9. Thus, in the finite-but-large-value of M case, we
interpret iy, ...,i5 as the M workers. We suppose that if the bargaining session involving
the z';.h worker breaks down, then J (wij , ij> = 0. For this reason, in the atomistic version of
the Nash bargaining problem, we set the outside option of the firm to zero.

We now turn to the computation of .J,, for our alternative formulation. We consider the
surplus associated with a single worker and denote the wage received by that worker by wy.

We denote the average across the wages received by all workers by w;. Then,

J(w) = ; mzfgl{(wt&“ —w; (1= F)) Soe — Ptzj’; (@) (1 - F9)
U§+j j=0
+BU;+1 [(m+15t1+1§1,t+1 - Pt+12j+1§ (77tl+1) (1 ~7:t+1)) (X +p) (1=F)

t

—Lyawi (1= FLy) siap (L= F)) = Toawy (1 — FLy) cimaxy (1= 7))

To simplify the notation and given that we only want this expression for the purpose of

computing J,,, we drop all terms that do not involve wy:

J(wy) = —wy (1 - .7:150) So.t
+5U;+1 [—Ft,lwt€1,t+1p ( -7:,5+1) ( ff)]

t

P [T nsaan] 0 (1 i) (1= Fh) (1= 70)

t

+...+
—i—ﬁN*l% [—Ten—wisn—1pen—1) P~ (1= Finy) - (1= F)
t
So that
‘]’u},t = (1 - FO) So,t

—I—BUHI [ L'y 1S1,041p ( -7:1s+1) ( -7:?)]

+52UH2 [—Ti262442] p° (1= FPo) (1= Fhy) (1= F7)

Ut
+...+

+5N_1Ut+v—]:1 [—Tenvoisn—1panv—1] oV (1= Fiy) - (1= F),

which (after scaling) is identical to (3.16) with the understanding that in the definition
of +j» Xi4; = 0. To implement this alternative version of the model, we simply use this

definition of J,,; together with the previous definition of .J; in the equation that characterizes
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the solution to the Nash bargaining problem. This is the only change required to implement
this alternative version of the model. An alternative representation of .J,, is convenient, and
highlights how firms discount future wages now in the same way as the household does in
Vi :

‘]’u},t = —MtOCOt
(ﬁﬁ) Mtl

'Ut+2
—(5P) Mt,2 N Ft,2§2,t+2
t

V41
111&1@1 A1

N-1 Ut+N-1
—(Bp)" T Myna » Lt N—1SN-144N -1,
t

It is interesting to compare J,,; and V,,;:

=2

1-— 7' Vi s
Ve = (Bp) Mm@ytﬂl g e
i Tivj Ut

I
o

Note that one is just the minus of the other, if we ignore the tax wedge. That is, absent the
tax wedge a change in the wage simply reallocates resources between the firm and the worker.
In our baseline case, this is not true because the firm and the worker discount the future
differently. This implies that if there were not restrictions on the intertemporal pattern
of wage payments in the baseline model, then it would be desirable to shift wages into the
present. When we take into account the tax wedge, increases in the wage take resources away
from the firm and only incompletely transfer them to households. As a result, we conjecture
that the presence of the tax wedge causes the equilibrium pre-tax wage to be smaller.

3.4. Alternative Model of Endogenous Separations

In this section we consider a total surplus criterion for determining the a cutoff in period
t. We begin by discussing the cutoff for cohort, j = 0. We identify each worker with a
productivity level, a, in the current period and this allows us to define a total surplus for
the firm and worker for each a. Because of the linearity in our environment, it must be that
when we integrate over the surplus of all the individual a’s, we arrive at the aggregate surplus

implicit in our construction of the Nash bargaining problem:
(1= FO) (Vi—U) + Jy = / s:(a)dF (a), (3.30)

where s (a;) denotes the surplus of the match associated with a worker with productivity,
a. Here, (1 — F?) (V; — U;) is the average surplus of workers in 2, over all values of a > 0.

We arrive at this expression from the fact that each worker with a > a receive the same
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surplus, V; — U;, and workers with a < a receive zero surplus. Similarly, J; denotes the
average surplus of a worker across all a > a. Let s; (a) be defined as follows:
K, \2 DY
st (a) :V;O_Ut"‘(m/ta_wt)§o,t_PtZ:§ (Uto) +1—t;7__0>
Y

where DY denotes:

DY = BEEL [(Winlo — s (1= F)) ons = Pnctny ()’ [1 = 7]
< (#Qi +0) [1 - 7]

HO O [(Wisafhin = T (1= Fa)) saase = Prosilagy (7,2)" (1= 72
X (HQ +0) (0@t +0) L= Fa] 1= 7]
+... +
+5N“ZN J (VVHN) (0/Qi ™" +p) (Bena @+ p) -+ (BN Qi1 + )
y [1 —ftjij_vl—l] o {1 __75?}}
= Ji— (W& —w [t = F]) soa— P ()" (1 - 7))

so that
Jtzm/t[gt()—dg (1—?]50)} Sot — (1_/’.?) (‘/tO_Ut)

An alternative representation which may aid intuition is the following:

(1 — f;‘/o) (V;/O — Ut) + Jt = ” Wt [CL — C_Lg] §0’tdF (CL)
Dividing by P,z;", we obtain:
Jorg=w [E) —a) (1= F)) ] cou— (L=F) (V2 , = Ussy). (3.40)

Now, consider a;. We require a representation of the surplus of the match associated with
productivity, a. The surplus of the firm is:

Ftl (wi-1)

I

= i) = (W€ = Tegawes (1= 7)) <o = Pt 5 (0) (1= 7))

Vt+1 s

+ﬁv_ [(Wt+151€2+1 — L1 2w (1 - -7:t2+1)) S2,t4+1 — Pt+lzt++1§ (ﬁt+1)2 [1 - ‘,’E;‘,2+1}i|
t

x (i +p) [1-F]

+...+

—i—ﬁNl—th]Zl J <Wt+N—1> (X;El + P) T (Xi\fﬁvlfg + ﬂ) [1 - 'Ejiz_vlfz} T [1 - ftl}}
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As noted before, J} (w;_1) is the average, over a > @, of workers who are employed at the

agency. It is convenient to express J} (w;_1) as a function of J;_; (w;_1) :
K /. 2
Jia (wia) = (W&l — @y (1= FL)) o1 — Pt—lztt@ (%¢-1)

+A-—— (Wit = Tovawis (1= F)) v = Rzt (8)° (L= ) + D}

Vi—1

()
d Jtl (wi-1),

Vg—1

= (W& —a), (1—F4)) soit —Pt—lzttlg (17?71)2+5

where

Dg = 61};:1 |:(VVt+18t2+1 - Ft—1,2wt—1 (1 - ‘F't2+1)) S2,t+1 — Pt-l—lz:-_s-lg (6152-&-1)2 (1 ‘F'H—l)}
(Xt —l—p) ( _‘7:251)
2Ut+2 [ (Wiso€fry — Tiorswio (1 — FPiy)) Sa42 — Pt+2%12§ (17f+2)2 (1- }—Hz)]
+)

[1 - ]:1} (Xier +p) (1= F)

x (e

+.. +
NI (W) () - O+ 0) (L= BN (1= R

Ut
If we define the total surplus associated with an a—productivity worker as follows:
Dy

Ko
s; (a) =V, = U+ (Wia — [pq1we) S — Ptz:ra (vtl)2 + T
¢

then,
[t @ar@ = (=) (7 - 0) + (W& = T (1= £))

~Pizt5 ()’ (L= F) + D}
= (1 — El) (‘/tl — Ut> + Jtl (wt_l) s

which is aggregate surplus in period ¢, over cohort j = 1. Thus, the equation defining a; is:

_ K . 2 Dl
th - U+ (Wt@% — thl,lwtfl) S1t — Ptzf— (Utl) : =0.
2 1-F
We scale by dividing by P,z :
Dl
K 112 .
‘/z+ it Uz+,t + (wtat Gt 1 1wt 1Wi— 1) it — (Utl) —+ it =0.
2 1— 7}
We conclude that the efficiency conditions for cohorts, j = 1,.., N — 1 are:
j - =] = Ro~i\2 Di*t
V2 = U+ (087 = Goj ey ) 60— 5 () + % (3.41)
- t
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Thus, the equilibrium conditions determining @, for j =0, ..., N — 1 are (3.40) and (3.41).
We now turn to the expression for D; »=1.,N—1. With j=1:

D} a1 (W12 — i1 pwi (1 F2q)) S
PtZ? B ¢z+,t Pt+12t++1 l _Pt+12';;1§ (ﬁt2+1) ( ]:t+1) ]
< (xi +p) (1-F)
62¢z+ tr2 1 [ (Wi2E2 5 — Tim1 3w 12(1 F2)) Saue1 }
(L Pt+2zt+2 Pt+2zt+22 (Ut+2) (1 ]:t3+2)
< (xi +0) (1= F) (i +p) (1= F)
+...+

J(WHNA) ) o
Vory  Panaziy I(Xt+'0)"'(xt+zv72+,0)
) - —

(=R (1= A

or, generalizing to arbitrary j € (1, N — 1) :

_{_BN,l wzit-&-N—l

=0, for j=N-1
Dj  pletm (@1 &L = Goj ity W (1= F5)) sinem
~74+1 1
Diy=gr=" " —5 (@) (- F) (3.42)

x (i +p) (1—F)
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x (ati+p) (1= FH) x (d +p) (1= F)
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To implement the version of the model discussed in this subsection, we replace the N
formulas in (3.18) by (3.40) and (3.41).

4. Estimation

We estimate the model using Bayesian techniques. In this section, we discuss the calibration
parameters that we do not estimate, the data, the choice of priors, the specification of shocks

and the measurement equations.

4.1. Calibration

We calibrate the models to US data. The time unit is a quarter. Parameters that are related

to “great ratios” and other observable quantities in the data are calibrated. These include
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the discount factor 5 and the tax rate on bonds 7, which are calibrated to yield a real
interest of rate of roughly 2.5%. We calibrate the capital share o to 0.3, consistent with a
capital-output ratio of roughly 10 on a quarterly basis. We set the depreciation rate ¢ to 0.02
to match the ratio of investment over output of 0.25 in the data. In line with output data,
steady state balanced growth is calibrated to 0.44% on a quarterly basis. To keep things
simple, we assume that all balanced growth is due to neutral unit root technology growth.

The following table provides a list of all parameters that we calibrate and keep fixed in the

estimation.
Parameter Value Description
Q 0.3 Capital share in production
15} 0.998  Discount factor
un 0.2 Government consumption share on GDP
Tk 0.32 Capital tax rate
Tw 0.0 Payroll tax rate
Te 0.05 Consumption tax rate
Ty 0.24 Labor income tax rate
Th 0.0 Bond tax rate
i, 1.0044 Steady state growth rate of neutral technology
Fy 1 Steady state growth rate of investment technology
T 1.0061 Steady state gross inflation target
s 1.0061 Third indexing base
n 1 Wage indexing wrt.steady state technology
N 2 Number of agency cohorts/length of wage contracts
L 1 Parameter in vacancy posting cost function
bshare 0.7 Replacement ratio taking utility of leisure into account
unemp 0.06 Steady state unemployment rate
totalseparation  0.05 Total separation rate
o 0.5 Unemployment share in matching technology
Om 0.8 Level parameter in matching function

In the model, some further parameters are calculated endogenously in the steady state.
These parameters are the bargaining power 7 to ensure a given unemployment rate, the
disutility of labor scaling parameter A; so that employed individuals spend a fraction of
0.25 of their time working and the exogenous separation rate p such that the unemployment
models match total separations. Furthermore, the standard deviation of idiosyncratic worker
productivity o, is set such that the to be estimated steady state endogenous separation rate
F is obtained and we set the vacancy posting costs parameter s to ensure a to be estimated

steady state recruiting cost to output ratio.
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4.2. Choice of priors

Table (7.11) shows our choice of priors which is in line with the literature. 2 parameters are
novel: the steady state probability of endogenous separation F, which we assign a beta prior
with a mean of 0.6% and a standard deviation of 0.05 and the steady state recruitment costs
to output ratio for which we choose a prior mean of 0.05% and an inverse gamma distribution

with 2 degrees of freedom.

4.3. Data and Measurement Equations

We estimate all 4 models using US data. Our sample period is 1985Q1-2008Q3. We use the
following 7 data time series for all 4 models: real GDP, real private consumption, real private
investment, hours worked, real wages, GDP deflator inflation and the Federal Funds rate.
All real quantities are in per capita terms. Except for inflation and the nominal interest
rate, we take logs and first differences. In addition, we demean each first-differenced time

series for the estimation. Thus, we have the following data set:
Aln Y;data7 Aln Ctdata’ Aln [talata7 Aln thata’ A h’l(Wt/Pt)dam, ﬂ_;iataRiiata

We demean the first-differenced time series because in our sample from 1985Q1-2008Q3
variables such as output, consumption, real wages, investment grow on average at substan-
tially different rates. The model, however, allows for two different real long-run growth rates
only. In order to match these different trends in the data the estimation is likely to result
in a series of negative or positive shocks for some stationary exogenous process. We want to
avoid this and therefore demean the data. After the estimation we compare the growth rates
of the data with those implied by the model. See figure (7.3) in the Appendix for plots of
the above data used in the estimation. We do not use measurement errors in the estimation.

Below we report the measurement equations we use to link the model to the demeaned
data. First differences are written in annualized percentages so model variables are multi-
plied by 400 accordingly. Furthermore our data series for inflation and interest rates are

annualized, so we make the same transformation for the model variables i.e. multiplying by
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400:®
AlnY%® = 400(In oty + Alny) —400(In g+
AlnC{** = 100(Inp,+ , + Alncy) — 400(In 1)
k
Aln I# = 400 |In Moty +Inpy, + A (111 ir + a(ut) —t)] —400(In p1,+ +1Inpyy)

Hoop b2+ ¢
mdata —  400logm, — 400 log

Rdate —  400(R; — 1) — 400(R — 1)

In the unemployment models, hours worked are measured as follows:

Aln H™ = 400A In H™,

whereas in the EHL model we have

Aln H* = 400A In h;.

Furthermore, in the unemployment models, the demeaned real wage is measured by the

demeaned employment-weighted average Nash bargaining wage in the model:

N
a’L)g _ —
- E :l G j Wi Wt
L 7=0

Given this definition the measurement equation for wages is:

Wy
Aln(W,/P,)%" = 400A In —— ¥ = = 400(In g1+, + Alnwi™) — 400(In o+ )

Zt t

and for the EHL case it follows accordingly that

Aln(W,/P,)%" = 400A In

1% _
+; =400(In pi+ , + Alnw;) — 400(In g2+

Zt t
4. Shocks

We estimate the model using 7 shocks in total. The following stochastic variables in the

model evolve according to AR(1) processes, i.e.

8Note that in the data we measure 7' = 400(log Pf%*® — log P#%?). In the model, we have defined
T = %. Matching data with the model results in the above measurement equations for inflation.
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Stationary neutral technology: &= (1—p)loge+p.loge 1+ ey
Stationary investment specific technology: Y; = (1 — py)log T + pylog Y1 + e

Labor preference: h=(1- pen) log ¢h+ per 10g o+ Ech g
Government consumption: 9= (1—p,)logg+p,log g1+ ey
Price markup: T4 = (1= pra)logr®+ pralog Tl | +eray
Inflation target: 7= (1—pz)log T+ pslogT_1 + €xs

Finally, we have the shock to the nominal interest rate ez; which we assume to be i.i.d.

All other exogenous processes in the model are set to their steady states in the estimation.

4.5. DSGE-VAR

We estimate all models using a standard DSGE-VAR Bayesian estimation procedure. This
way, not only the marginal data likelihood provides information about the fit of each re-
spective model but also the hyperparameter A gives us an idea about the strength of the
cross equation restrictions of the respective DSGE models. In particular, we seek to obtain
information whether the added complexity in the unemployment models and the implied
restrictions are supported or rejected by the data.

We obtain estimation results using random walk Metropolis-Hasting chain with 250000
draws after a burn-in of 50000 draws. The first 20 observations are used to initialize the
estimation. Substantial analysis has been spent on ensuring that the Hessian used for the

Metropolis-Hasting algorithm approximates the curvature well.

5. Results

In this section, we discuss the estimated parameters, the implied variance decompositions,
first and second moments of data and models as well as impulse responses of shocks, all at

the estimated posterior mean.

5.1. Posterior Mean Parameter Values

We start by commenting briefly on the parameter estimates at the posterior mean. See the
prior-posterior table (7.11)in the appendix.

According to the marginal data likelihood the EHL model performs best in explaining
our 7 macro time series. The employer surplus specification of the labor market comes next
followed by the total surplus and the exogenous separation specifications. The differences in
the fit between the EHL and the unemployment models may not be surprising as the latter

impose much more cross equation restrictions on the data. What is interesting, however, is
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that the endogenous separations employer surplus specification outperforms the endogenous
separations total surplus and the exogenous separation specifications.

The DSGE-VAR hyperparameter A posterior mean estimate is 1.1 for the EHL model
whereas it is 0.9 for the employer surplus model and 0.8 for the total surplus model and
exogenous separations model. These values indicate that there are more cross equation
restrictions imposed in the unemployment models relative to the EHL model. However, the
difference is not striking.

The estimated posterior mean values for the standard parameters are in line with the
existing literature. 2 parameters deserve special attention. The steady state endogenous
separation probability F takes a mean of 0.63 and 0.62 in the employer and total surplus
models respectively. Relative to the prior, the posterior has not moved much, which is also
partly due to the relatively tight prior. By contrast, the other parameter, the steady state
recruitment cost to GDP ratio has moved relatively much relative to the prior. The posterior
is roughly 0.01%. At a first glance this number might appear very low. The following
back-on-the-envelope calculation shows that the implied recruiting cost are reasonable. The
annual job finding rate in Fujita and Ramey (2006) is roughly 1. The number of unemployed
people in the US in 2008 is 8.924 millions. Given this information, the number of people
that moved from unemployment to employment is in 2008 is 8.924 mullions. Suppose the
0.01% recruiting cost to GDP ratio as obtained from the estimation is true. Then, annual
US nominal GDP in 2008 which equals 14 281 bn $.times 0.01% amounts to 1.4281 bn $
for total recruiting costs in the US in 2008. Now, dividing this number by the number of
people that got recruited (e.g. moved from unemployment to employment) results in 160
$ recruiting costs per person employed. This number does not appear to be unreasonable.

However, it needs to be checked against the literature, of course.

5.2. Variance Decompositions and Moments

Table (7.12) presents asymptotic variance decompositions at the estimated posterior mean.
Interestingly, the stationary neutral technology shock is much more important for GDP
growth in the unemployment models compared to the EHL while the opposite is true for the
stationary investment specific technology shock.

According to the results, the separation rate in the employer surplus specification is driven
equally by shocks to neutral technology, labor preferences, price markup and the nominal
interest rate.

Moreover, the table shows that especially labor market related variables are driven by
different shocks depending on which unemployment model is considered. Note, however,
that all four models have been estimated with the same data set which does not include data

for separation and finding rates, unemployment and vacancies. A next step forward will be
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to use these additional data in the estimation of the respective unemployment models.
First and second moments of the data and the models are presented in table (7.13).
Except for the growth rate for investment, hours and wages the first moments of the models
are roughly in line with the data. As regards of the second moments, all models tend to
overpredict the standard deviations of output and inflation and the unemployment models
appear to underpredict the variability of hours and overpredict the variability of wages.
More importantly, however, the employer surplus model correctly predicts the second
moments of the separation rate, the unemployment rate and vacancies posted. All other
models are either not able to address the second moments of these data or simply get it
entirely wrong. Note again, that these results are interesting in so far as we do not use any

of these data in the estimation so far.

5.3. Impulse Responses

Finally, figures (7.4) to (7.10) show the impulse responses at the posterior mean for all shocks
considered in the estimation.

In terms of impulse responses to a monetary policy shock the EHL and the employer
surplus specifications are virtually identical with respect to the macro variables of the mode
while this is not the case for the other two unemployment models.

Interestingly, the employer surplus model produces much more fluctuations in the un-
employment rate compared to the total surplus model. Most of these fluctuations are due
to large changes in the separation rate in response to a contractionary monetary policy. As
apparent from the figure, cohort 1 employers , i.e. the ones that cannot renegotiate their
wages, increase their separation heavily. By contrast, cohort 0 employers even decrease their
separations. The reason being that cohort 0 employers are able to negotiate wages with their
employees at the time when the monetary policy shock hits the economy.

An interesting feature of the employer surplus model is the positive response of hours
per employee after a monetary tightening. It seems as if utilizing the intensive margin and
at the same time laying people off is the optimal strategy for an employment agency that
determines the separation rate according to its own surplus.

A perhaps counterfactual result, however, is the fall in the unemployment rate in the
exogenous separations model after a monetary policy shock. We have experimented with
the recruitment cost to GDP ratio. Had we imposed a prior mean of 0.25% instead of
0.05% for the exogenous separations model, the posterior would have been 0.23% while
the marginal data likelihood would have worsened by 5 log points. However, given this
alternative parameterization, the fall in the unemployment rate would disappear and turn
into a rise in the unemployment rate.

Interestingly, according to the total surplus model, vacancies and unemployment rise in
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response to a monetary tightening. According to the data, there appears to be a strong
negative correlation of vacancies and unemployment (see figure (7.2). On the one hand, our
results from the variance decompositions confirm, that monetary policy shocks are not the
main driving forces of business cycle fluctuations including vacancies and unemployment. On
the other hand, this issue needs to the checked thoroughly. As a next step we are planning
to include further data in the estimation for the unemployment models i.e. data on job
separation and finding rates, unemployment and vacancies. Imposing the dynamics of these
data on the models will be an important next step in order to build confidence in the results
obtained so far as well as enables better identification of crucial parameters related to the

respective labor market specifications.

6. Conclusion

In US data, job separation rates vary over the business cycle. In this paper we analyze the
determinants of time varying job separation rates and their consequences for the macroecon-
omy. To do so, we have developed a monetary model with nominal rigidities, idiosyncratic
worker productivity and endogenize separations along the following two dimensions: maxi-
mization of either the employer surplus or total employer-employee surplus determines how
many employees are laid off in response to shocks. We contrast the implications of these
alternative assumptions to the cases of exogenous separations and the Erceg, Henderson and
Levin (2000) (EHL henceforth) approach to model the labor market without unemployment.
We have estimated all four models on 7 key macro time series using Bayesian techniques.
Our results indicate by and large that EHL and the employer surplus specifications per-
form very similar in terms of standard macro variables and outperform the total surplus and
exogenous separation specifications of the labor market.

As a next step we are planning to include further data in the estimation for the unem-
ployment models i.e. data on job separation and finding rates, unemployment and vacancies.
Imposing the dynamics of these data on the models will be an important next step in order
to build confidence in the results obtained so far as well as enables better identification of
crucial parameters related to the respective labor market specifications.
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Figure 7.1: US Job Separations and Job Findings
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Figure 7.4: Impulse Responses to a Nominal Interest Rate Shock at the Estimated Posterior

Mean
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Figure 7.5: Impulse Responses to an Inflation Target Shock at the Estimated Posterior Mean
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Figure 7.6: Impulse Responses to a Stationary Neutral Technology Shock at the Estimated
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Figure 7.7: Impulse Responses to a Stationary Investment Specific Technology Shock at the
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Figure 7.8: Impulse Responses to a Labor Preference Shock at the Estimated Posterior Mean
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Figure 7.9: Impulse Responses to a Price Markup Shock at the Estimated Posterior Mean
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Figure 7.10: Impulse Responses to a Government Consumption Shock at the Estimated

Posterior Mean
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7.2. Scaling of Variables

We adopt the following scaling of variables. The neutral shock to technology is z; and its

growth rate is p, , :
I Zt B
21 - /’Lz,t'
The variable, ¥,, is an embodied shock to technology and it is convenient to define the

following combination of embodied and neutral technology:

(e}
—+ _ 1—a
= W%,

Moty = Mﬁﬂz,t- (7.1)

Capital, K;, and investment, I;, are scaled by z"¥,. Consumption goods C;, government
consumption G; and the real wage % are scaled by z. Also, v; is the shadow value in
utility terms to the household of and v, P; is the shadow value of one consumption good
(i.e., the marginal utility of consumption). The latter must be multiplied by z; to induce

stationarity. Thus,

A Kiyi 7 K i Iy o Ci o= Gy 0 — Wi
1 = T Rl = o = s = o Gt = 1, W=
2, 2, 2, PR PAN 2 P,
D 1 J
(0 —UPerg]—Y; ﬁ—th——VVt T
+t td t~t t — — L t — — t = +, = .
zt, ; Zt_|_7 Pt7 VVt7 2Tt PtZ;—

We define the scaled date t price of new installed physical capital for the start of period ¢+ 1

as pp; and we define the scaled real rental rate of capital as 7 :
Pirt = Vi P 4, Ff = \Ijtrf-

where Py, is in units of the homogeneous good. We define the following inflation rates:

ko, P
Tt = T, =

, T = ——.
Py Ptz_1

Here, P; is the price of the homogeneous output good and P} is the price of the domestic

final investment good.
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