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This supplement contains three sections. In the first section, we restate some useful
definitions and theorems about functionals that were used in the proofs of our proposition
2. In the second section, we include the proofs of Theorems 4, and 7. In the third section,
we give additional details about the relationship between our asymptotics and Freyberger
(2015)’s asymptotics.

1 Definitions and Theorems about Functionals

Definition. Suppose f : U → Y is a mapping from an open subset U ⊂ X of a Banach
space to another Banach space Y . Then, f is Fréchet Differentiable at u0 ∈ U if there is
a bounded linear map Df(u0) : X → Y such that for every ε > 0, there is a δ > 0 such that
whenever 0 < ‖u− u0‖ < δ, we have

‖f(u)− f(u0)−Df(u0) · (u− u0)‖
‖u− u0‖

< ε.

The Fréchet Derivative of f at u0, Df(u0), is related to the directional derivative (some-
times called the Gateaux Derivative) of f at u0 in the direction h:

Df(u0) · h = lim
t→0

f(u0 + th)− f(u0)

t
≡ f ′u0(h).

The Mean Value Theorem can be extended to Fréchet differentiable functionals.

Theorem. (Mean Value Theorem) Let U ⊂ X be an open and convex subset of a Banach
space X and let f : U → Y be a C1 mapping from U to a Banach space Y . For u, v ∈ U ,
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assume {(1− t)u+ tv|t ∈ [0, 1]} ⊂ U . Then,

f(v)− f(u) =

∫ 1

0

Df((1− t)u+ tv)dt · (v − u)

= Df(u) · (v − u) +

∫ 1

0

(Df((1− t)u+ tv)−Df(u))dt · (v − u).

Corollary. (Intermediate Value Theorem) Let U ⊂ X be an open convex subset of a Banach
space X and let f : U → R be C1 map. For all u, v ∈ U , there exists a c = (1− t)u+ tv for
some t ∈ [0, 1] such that f(v)− f(u) = Df(c) · (v − u).

2 Additional Proofs of Theorems

2.1 Proof of Theorem 4

Proof. First we will show stochastic equicontinuity. Recall that the implicit function
theorem applied to s(δ̂, X, F̂ ; θ) = S implies that δ̂ (θ) is a continuously differentiable
function of θ. By the intermediate value theorem, there exists θ∗ ∈ [θ, θ0] such that
δ̂t (θ)− δ̂t (θ0) = ∂δ̂t(θ∗)

∂θ
(θ − θ0). It follows that

‖γ̂ (θ)− γ̂ (θ0)− (γ (θ)− γ (θ0))‖

=

∥∥∥∥∥ 1T
T∑
t=1

{
Zt

(
δ̂t (θ)− δ̂t (θ0)− (X ′tθ1 −X ′tθ0,1)

)}
− lim
T,R→∞

1

T

T∑
t=1

E
[
Zt

(
δ̂t (θ)− δ̂t (θ0)− (X ′tθ1 −X ′tθ0,1)

)]∥∥∥∥∥
≤

∥∥∥∥∥ 1T
T∑
t=1

Zt
∂δ̂t (θ

∗)

∂θ2
− lim
T,R→∞

1

T

T∑
t=1

E

[
Zt
∂δ̂t (θ

∗)

∂θ2

]∥∥∥∥∥
2

‖θ2 − θ0,2‖+

∥∥∥∥∥ 1T
T∑
t=1

ZtX
′
t − E [ZtX

′
t]

∥∥∥∥∥
2

‖θ1 − θ0,1‖

≤ sup
θ∈Θ

∥∥∥∥∥ 1T
T∑
t=1

Zt
∂δ̂t (θ)

∂θ2
− lim
T,R→∞

1

T

T∑
t=1

E

[
Zt
∂δ̂t (θ)

∂θ2

]∥∥∥∥∥
2

‖θ2 − θ0,2‖+

∥∥∥∥∥ 1T
T∑
t=1

ZtX
′
t − E [ZtX

′
t]

∥∥∥∥∥
2

‖θ1 − θ0,1‖ .

Recall that ∂δ̂(θ)
∂θ1

= 0 and ∂δ̂(θ)
∂θ2

= −
(

1
R

∑R
r=1Gδ

(
δ̂, X, vr; θ

))−1
1
R

∑R
r=1Gθ2

(
δ̂, X, vr; θ

)
. If

we can show that E
[
sup
θ∈Θ

∥∥∥Zt ∂δ̂t(θ)∂θ2

∥∥∥
2

]
< ∞ , then since ∂δ̂(θ)

∂θ2
is continuous in θ and Θ is a

compact set, we will have that the uniform law of large numbers holds (see e.g. Lemma 2.4
in Newey and McFadden (1994)):

sup
θ∈Θ

∥∥∥∥∥ 1

T

T∑
t=1

Zt
∂δ̂t (θ)

∂θ2

− lim
T,R→∞

1

T

T∑
t=1

E

[
Zt
∂δ̂t (θ)

∂θ2

]∥∥∥∥∥
2

= op(1).

Recall that Zt ∈ RL×J for finite L and that E
[
sup
θ∈Θ

∥∥∥Zt ∂δ̂t(θ)∂θ2

∥∥∥
2

]
<
√
LE

[
sup
θ∈Θ

∥∥∥Zt ∂δ̂t(θ)∂θ2

∥∥∥
∞

]
.
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It therefore suffices to show that E
[
sup
θ∈Θ

∥∥∥Zt ∂δ̂t(θ)∂θ2

∥∥∥
∞

]
<∞. Note that

E

[
sup
θ∈Θ

∥∥∥∥∥Zt∂δ̂t (θ)

∂θ2

∥∥∥∥∥
∞

]

≤ E [‖Zt‖∞] + E

[
sup
θ∈Θ

∥∥∥∥∥∂δ̂t (θ)

∂θ2

∥∥∥∥∥
∞

]

≤ E [‖Zt‖∞] + E

sup
θ∈Θ

∥∥∥∥∥∥
(

1

R

R∑
r=1

∇δgt

(
δ̂t, Xt, vr; θ

))−1
∥∥∥∥∥∥
∞

sup
θ∈Θ

∥∥∥∥∥ 1

R

R∑
r=1

∇θ2gt

(
δ̂t, Xt, vr; θ

)∥∥∥∥∥
∞

 .
We showed in lemma 1 that

∫
∇δgt(δt, Xt, vr; θ)dF (vr) is strictly diagonally dominant for

all θ, δt, Xt, and F , which implies 1
R

∑R
r=1∇δgt (δt, Xt, vr; θ) is strictly diagonally dominant

for all θ, δt, and Xt. The Ahlberg-Nilson-Varah bound (Ahlberg and Nilson (1963); Varah
(1975)) states that for all t = 1...T ,

sup
θ∈Θ

∥∥∥∥∥∥
(

1

R

R∑
r=1

∇δgt

(
δ̂t, Xt, vr; θ

))−1
∥∥∥∥∥∥
∞

≤ sup
θ∈Θ

1

min1≤i≤JT

(
|aiit (θ)| −

∑
j 6=i |a

ij
t (θ)|

) ,
where aijt (θ) is the i, jth element of 1

R

∑R
r=1∇δgt

(
δ̂t, Xt, vr; θ

)
. Since aijt (θ) ∈ (−1, 0)∪ (0, 1)

for all θ, there exists a constant C such that max
t=1...T

sup
θ∈Θ

∥∥∥∥( 1
R

∑R
r=1∇δgt

(
δ̂t, Xt, vr; θ

))−1
∥∥∥∥
∞
<

C. Next we show E

[
sup
θ∈Θ

∥∥∥ 1
R

∑R
r=1∇θ2gt

(
δ̂t, Xt, vr; θ

)∥∥∥
∞

]
<∞ by showing that the vector

E

[
sup
θ∈Θ

1
R

∑R
r=1

∣∣∣∣∂gjt(δ̂t,Xt,vr;θ)∂θ2

∣∣∣∣] < ∞ for all j = 1...J . Note that for all t = 1...T , j = 1...J ,

and r = 1...R,

sup
θ∈Θ

∣∣∣∣∣∣
∂gjt

(
δ̂t, Xt, vr; θ

)
∂θ2

∣∣∣∣∣∣
= sup

θ∈Θ

∣∣∣∣∣ exp(δ̂jt + µrjt)

1 +
∑

k∈N (t) exp(δ̂kt + µrkt)

([
1, x′jt

]′ ◦ vr − ∑k∈N (t) exp(δ̂kt + µrkt)xkt ◦ vr
1 +

∑
k∈N (t) exp(δ̂kt + µrkt)

)∣∣∣∣∣
≤ max

k=1...J

∣∣[1, x′kt]′ ◦ vr∣∣ sup
θ∈Θ

∣∣∣∣∣
(

exp(δ̂jt + µrjt)

1 +
∑

k∈N (t) exp(δ̂kt + µrkt)

)(
1 +

∑
k∈N (t) exp(δ̂kt + µrkt)

1 +
∑

k∈N (t) exp(δ̂kt + µrkt)

)∣∣∣∣∣
≤ 2max

k=1...J

∣∣[1, x′kt]′ ◦ vr∣∣ .
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Since E
[
max
j=1...J

∣∣∣[1, x′jt]′ ◦ vr∣∣∣] <∞ by assumption, E
[
sup
θ∈Θ

1
R

∑R
r=1

∣∣∣∣∂gjt(δ̂t,Xt,vr;θ)∂θ2

∣∣∣∣] ≤
E

[
1
R

∑R
r=1 maxj=1...J

∣∣∣[1, x′jt]′ ◦ vr∣∣∣] <∞ and E
[
sup
θ∈Θ

∥∥∥∂δ̂t(θ)∂θ2

∥∥∥
∞

]
≤

CE

[
sup
θ∈Θ

∥∥∥ 1
R

∑R
r=1∇θ2gt

(
δ̂t, Xt, vr; θ

)∥∥∥
∞

]
< ∞. This combined with E [‖Zt‖∞] < ∞ im-

plies that E
[
sup
θ∈Θ

∥∥∥Zt ∂δ̂t(θ)∂θ2

∥∥∥
∞

]
<∞ which implies that E

[
sup
θ∈Θ

∥∥∥Zt ∂δ̂t(θ)∂θ2

∥∥∥
2

]
<∞. It follows

that

sup
θ∈Θ

∥∥∥∥∥ 1

T

T∑
t=1

Zt
∂δ̂t (θ)

∂θ2

− lim
T,R→∞

1

T

T∑
t=1

E

[
Zt
∂δ̂t (θ)

∂θ2

]∥∥∥∥∥
2

= op(1).

Additionally, since E [‖ZtX ′t‖2] <∞, the weak law of large numbers implies that∥∥∥∥∥ 1

T

T∑
t=1

ZtX
′
t − E [ZtX

′
t]

∥∥∥∥∥
2

= op(1).

Therefore, stochastic equicontinuity holds:

sup
‖θ−θ0‖≤κm

√
m ‖γ̂ (θ)− γ̂ (θ0)− (γ (θ)− γ (θ0))‖ /

(
1 +
√
m ‖θ − θ0‖

)
≤ sup
‖θ−θ0‖≤κm

‖γ̂ (θ)− γ̂ (θ0)− (γ (θ)− γ (θ0))‖ / ‖θ − θ0‖

≤sup
θ∈Θ

∥∥∥∥∥ 1

T

T∑
t=1

Zt
∂δ̂t (θ)

∂θ2

− lim
T,R→∞

1

T

T∑
t=1

E

[
Zt
∂δ̂t (θ)

∂θ2

]∥∥∥∥∥
2

+

∥∥∥∥∥ 1

T

T∑
t=1

ZtX
′
t − E [ZtX

′
t]

∥∥∥∥∥
2

=op(1).

Using similar arguments, we can show that for all θ′, θ′′ ∈ Θ,

‖γ̂ (θ′)− γ̂ (θ′′)‖ ≤ sup
θ∈Θ

∥∥∥∥∥ 1

T

T∑
t=1

Zt
∂δ̂t (θ)

∂θ2

∥∥∥∥∥
2

‖θ′2 − θ′′2‖+

∥∥∥∥∥ 1

T

T∑
t=1

ZtX
′
t

∥∥∥∥∥
2

‖θ′1 − θ′′1‖

≤ BT ‖θ′ − θ′′‖

forBT = sup
θ∈Θ

∥∥∥ 1
T

∑T
t=1 Zt

∂δ̂t(θ)
∂θ2

∥∥∥
2
+
∥∥∥ 1
T

∑T
t=1 ZtX

′
t

∥∥∥
2
≤ 1

T

∑T
t=1

(
sup
θ∈Θ

∥∥∥Zt ∂δ̂t(θ)∂θ2

∥∥∥
2

+ ‖ZtX ′t‖2

)
=

Op(1) since E
[
sup
θ∈Θ

∥∥∥Zt ∂δ̂t(θ)∂θ2

∥∥∥
2

]
<∞ and E [‖ZtX ′t‖2] <∞.

Since γ (θ) = lim
T,R→∞

1
T

∑T
t=1 E

[
Zt

(
δ̂t (θ)−X ′tθ1

)]
is continuous in θ, Θ is a compact set,

4



and ‖γ̂ (θ)− γ (θ)‖ p→ 0 for each θ, Lemma 2.9 in Newey and McFadden (1994) implies that

sup
θ∈Θ
‖γ̂ (θ)− γ (θ)‖ p→ 0.

2.2 Proof of Theorem 7

Proof. Recall that

∂δ̂ (θ)

∂θ2

= −

(
1

R

R∑
r=1

Gδ

(
δ̂, X, vr; θ

))−1

1

R

R∑
r=1

Gθ2

(
δ̂, X, vr; θ

)
.

We showed in theorem 4 that E
[
sup
θ∈Θ

∥∥∥Zt ∂δ̂t(θ)∂θ2

∥∥∥
2

]
<∞. Since θ̂ p→ θ0 and ∂δ̂(θ)

∂θ2
is continuous

in θ, by Lemma 4.3 of Newey and McFadden (1994) and the weak law of large numbers,

Γ̂ =
[
− 1
T

∑T
t=1 ZtX

′
t,

1
T

∑T
t=1 Zt

∂δ̂t(θ)
∂θ2

∣∣∣
θ̂

]
p→
[
−E [ZtX

′
t] , lim

T,R→∞
1
T

∑T
t=1E

[
Zt

∂δ̂t(θ)
∂θ2

∣∣∣
θ0

] ]
.

Since we also assumed E ‖ZtX ′t‖2 <∞ and Zt
(
δ̂t (θ)−X ′tθ1

)
is integrable for θ in a neigh-

borhood of θ0, we can interchange differentiation and expectation so that plimΓ̂ = Γ.
Furthermore, WT = Σ̂−1 p→ W = Σ−1. Therefore, Γ̂′WT Γ̂

p→ Γ′WΓ.
To show that Ω̂

p→ Ω, note that since δ̂
(
θ̂2

)
p→ δ0 , θ̂ p→ θ0, and there exists κm ↓ 0 such that

E

[
sup

‖θ−θ0‖≤κm

∥∥∥Zt (δ̂t (θ)−X ′tθ1

)∥∥∥] <∞, by Lemma 4.3 of Newey and McFadden (1994),

1

T

T∑
t=1

(
Zt

(
δ̂t

(
θ̂2

)
−X ′tθ̂1

))(
Zt

(
δ̂t

(
θ̂2

)
−X ′tθ̂1

))′
− E

[
(Zt (δ0t −X ′tθ0,1)) (Zt (δ0t −X ′tθ0,1))

′] p→ 0.

To show that Σ̂h
p→ Σh, we first show that max

r=1...R

∥∥∥ĥ(vr; θ̂)− h̃ (vr; θ0)
∥∥∥
∞

p→ 0, where

ĥ
(
vr; θ̂

)
= − 1

T

T∑
t=1

Zt

(
1

R

R∑
r′=1

∇δgt(δ̂t, Xt, vr′ ; θ̂)

)−1(
gt(δ̂t, Xt, vr; θ̂)−

1

R

R∑
r=1

gt(δ̂t, Xt, vr; θ̂)

)

h̃ (vr; θ0) = − 1

T

T∑
t=1

Zt

(∫
∇δgt(δ0t, Xt, v; θ0)dF0(v)

)−1

(gt(δ0t, Xt, vr; θ0)− Ev[gt(δ0t, Xt, v; θ0)]) .
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Note that for all t = 1...T ,∇δgt (δt, Xt, vr; θ) is continuous in δt and θ, and∇δgt (δt, Xt, vr; θ) ∈
(−1, 0) ∪ (0, 1) for all δt, Xt, vr, and θ. Since θ̂ p→ θ0 and δ̂

(
θ̂2

)
p→ δ0, by Lemma 4.3 of

Newey and McFadden (1994),

max
t=1...T

∥∥∥∥∥ 1

R

R∑
r=1

∇δgt(δ̂t, Xt, vr; θ̂)−
∫
∇δgt(δ0t, Xt, vr; θ0)dF0(vr)

∥∥∥∥∥
∞

p→ 0.

By the Continuous Mapping Theorem,

max
t=1...T

∥∥∥∥∥∥
(

1

R

R∑
r=1

∇δgt(δ̂t, Xt, vr; θ̂)

)−1

−
(∫
∇δgt(δ0t, Xt, v; θ0)dF0(v)

)−1

∥∥∥∥∥∥
∞

p→ 0.

Similarly, note that for all t = 1...T , gt (δt, Xt, vr; θ) is continuous in δt and θ, and gt (δt, Xt, vr; θ) ∈
(0, 1) for all δt, Xt, vr, and θ. Since θ̂ p→ θ0 and δ̂

(
θ̂2

)
p→ δ0, by Lemma 4.3 of Newey and

McFadden (1994),

max
t=1...T

∥∥∥∥∥ 1

R

R∑
r=1

gt

(
δ̂t, Xt, vr; θ̂

)
− Ev [gt (δ0t, Xt, v; θ0)]

∥∥∥∥∥
∞

p→ 0.

Note that the Ahlberg-Nilson-Varah (Ahlberg and Nilson (1963); Varah (1975)) bound on
the strictly diagonally dominant matrices

∫
∇δgt (δ0t, Xt, vr; θ0) dF (vr) implies that there

exists a constant C such that

max
t=1...T

∥∥∥∥∥
(∫
∇δgt (δ0t, Xt, vr; θ0) dF0 (vr)

)−1
∥∥∥∥∥
∞

< C.

Also, since gt (δt, Xt, vr; θ) ∈ (0, 1) for all δt, Xt, vr, and θ, there exists B such that

max
t=1...T

max
r=1...R

∥∥∥∥∥gt (δ̂t, Xt, vr; θ̂
)
− 1

R

R∑
r′=1

gt

(
δ̂t, Xt, vr′ ; θ̂

)∥∥∥∥∥
∞

< B.

We assumed in theorem 4 that E ‖Zt‖∞ <∞, which implies that ‖Zt‖∞ = Op (1).
Furthermore, we assumed

max
r=1...R

max
t=1...T

∥∥∥gt (δ̂t, Xt, vr; θ̂
)
− gt (δ0t, Xt, vr; θ0)

∥∥∥
∞

p→ 0.
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Therefore,

max
r=1...R

∥∥∥ĥ(vr; θ̂)− h̃ (vr; θ0)
∥∥∥
∞

≤max
r=1...R

∥∥∥∥∥∥ 1

T

T∑
t=1

Zt

( 1

R

R∑
r′=1

∇δgt

(
δ̂t, Xt, vr′ ; θ̂

))−1

−
(∫
∇δgt (δ0t, Xt, vr′ ; θ0) dF0 (vr′)

)−1


(
gt

(
δ̂t, Xt, vr; θ̂

)
− 1

R

R∑
r′=1

gt

(
δ̂t, Xt, vr′ ; θ̂

))∥∥∥∥∥
∞

+ max
r=1...R

∥∥∥∥∥ 1

T

T∑
t=1

Zt

(∫
∇δgt (δ0t, Xt, vr′ ; θ0) dF0 (vr′)

)−1 (
gt

(
δ̂t, Xt, vr; θ̂

)
− gt (δ0t, Xt, vr; θ0)

)∥∥∥∥∥
∞

+

∥∥∥∥∥ 1

T

T∑
t=1

Zt

(∫
∇δgt (δ0t, Xt, vr′ ; θ0) dF0 (vr′)

)−1
(

1

R

R∑
r′=1

gt

(
δ̂t, Xt, vr′ ; θ̂

)
− Ev [gt (δ0t, Xt, v; θ0)]

)∥∥∥∥∥
∞

≤max
r=1...R

max
t=1...T

∥∥∥∥∥∥Zt
( 1

R

R∑
r′=1

∇δgt

(
δ̂t, Xt, vr′ ; θ̂

))−1

−
(∫
∇δgt (δ0t, Xt, vr′ ; θ0) dF0 (vr′)

)−1


(
gt

(
δ̂t, Xt, vr; θ̂

)
− 1

R

R∑
r′=1

gt

(
δ̂t, Xt, vr′ ; θ̂

))∥∥∥∥∥
∞

+ max
r=1...R

max
t=1...T

∥∥∥∥∥Zt
(∫
∇δgt (δ0t, Xt, vr′ ; θ0) dF0 (vr′)

)−1 (
gt

(
δ̂t, Xt, vr; θ̂

)
− gt (δ0t, Xt, vr; θ0)

)∥∥∥∥∥
∞

+ max
t=1...T

∥∥∥∥∥Zt
(∫
∇δgt (δ0t, Xt, vr′ ; θ0) dF0 (vr′)

)−1
(

1

R

R∑
r′=1

gt

(
δ̂t, Xt, vr′ ; θ̂

)
− Ev [gt (δ0t, Xt, v; θ0)]

)∥∥∥∥∥
∞

≤max
t=1...T

‖Zt‖∞ max
t=1...T

∥∥∥∥∥∥
(

1

R

R∑
r′=1

∇δgt

(
δ̂t, Xt, vr′ ; θ̂

))−1

−
(∫
∇δgt (δ0t, Xt, vr′ ; θ0) dF0 (vr′)

)−1

∥∥∥∥∥∥
∞

max
r=1...R

max
t=1...T

∥∥∥∥∥gt (δ̂t, Xt, vr; θ̂
)
− 1

R

R∑
r′=1

gt

(
δ̂t, Xt, vr′ ; θ̂

)∥∥∥∥∥
∞

+ max
t=1...T

‖Zt‖∞ max
t=1...T

∥∥∥∥∥
(∫
∇δgt (δ0t, Xt, vr′ ; θ0) dF0 (vr′)

)−1
∥∥∥∥∥
∞{

max
r=1...R

max
t=1...T

∥∥∥gt (δ̂t, Xt, vr; θ̂
)
− gt (δ0t, Xt, vr; θ0)

∥∥∥
∞

+max
t=1...T

∥∥∥∥∥ 1

R

R∑
r′=1

gt

(
δ̂t, Xt, vr′ ; θ̂

)
− Ev [gt (δ0t, Xt, v; θ0)]

∥∥∥∥∥
∞

}
=op (1) .
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Then it follows that

Σ̂h =
1

R

R∑
r=1

ĥ
(
vr; θ̂

)
ĥ
(
vr; θ̂

)′
=

1

R

R∑
r=1

(
h̃ (vr; θ0) + op (1)

)(
h̃ (vr; θ0) + op (1)

)′
=

1

R

R∑
r=1

h̃ (vr; θ0) h̃ (vr; θ0)′ + op (1) .

Note that 1
R

∑R
r=1 h̃ (vr; θ0) h̃ (vr; θ0)′ is a two-sample V-statistic, which is known to satisfy a

weak law of large numbers (see e.g. van der Vaart (1998)). Therefore, for k (δ0t, Xt, vr; θ0) =

−Zt
(∫
∇δgt(δ0t, Xt, v; θ0)dF0(v)

)−1
(gt(δ0t, Xt, vr; θ0)− Ev[gt(δ0t, Xt, v; θ0)]),

1

R

R∑
r=1

h̃ (vr; θ0) h̃ (vr; θ0)′
p→ E

[
k (δ0t, Xt, vr; θ0) k (δ0t, Xt, vr; θ0)′

]
= Σh.

We have shown that Σ̂ = min
(
1, R

T

)
Ω̂ + min

(
1, T

R

)
Σ̂h

p→ Σ = (1 ∧ k)Ω + (1 ∧ 1/k)Σh.
Therefore,

ÂsyV ar
[
θ̂
]

=
(

Γ̂′WT Γ̂
)−1

Γ̂′WT Σ̂WT Γ̂
(

Γ̂′WT Γ̂
)−1 p→ (Γ′WΓ)

−1
Γ′WΣWΓ (Γ′WΓ)

−1
.

3 Comparison with Freyberger (2015)

We reproduce the formulas for Φ1 and Φ2 in Freyberger (2015) and compare them to our Ω

and Σh. In the following expressions, we reproduce Freyberger (2015)’s notation under the
assumption of overlapping simulation draws: vrt = vr for all t. First note that Freyberger
(2015) uses νjt when defining the market shares while we use gjt.

νjt (θ, xt, ξt, vr) =
exp

(
X ′jtθ1 + ξjt + µrjt

)
1 +

∑
k∈N (t) exp (X ′ktθ1 + ξjt + µrkt)

= gjt (δt, Xt, vr; θ)

σt (θ, xt, ξt, Pt) =

∫
νt (θ, xt, ξt, v) dPt (v) =

∫
gt (δt, Xt, v; θ) dF (v) .
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Freyberger (2015) defines H0t as the Jacobian matrix of the true market shares with respect
to ξt, which is the same as our Jacobian matrix of the true market shares with respect to
δt = X ′tθ1 + ξt.

H0t =
∂σt (θ0, ξt (θ0, P0t) , P0t)

∂ξ
=

∫
∇δgt (δ0t, Xt, vr; θ0) dF0 (vr) .

Freyberger (2015) also defines

ε0rt = νt (θ0, xt, ξt (θ0, P0t, st) , vr)−
∫
νt (θ0, xt, ξt (θ0, P0t, st) , v) dP0t (v) .

Freyberger (2015) uses zt ∈ RJ×p to denote the matrix of instruments for market t while we
use Zt ∈ Rp×J . His expression for Φ1 coincides with our Ω under our assumption that the
data are i.i.d. across markets.

Φ1 = lim
T→∞

E

[
1

T

T∑
t=1

z′tξt (θ0, P0t, st) ξt (θ0, P0t, st)
′ zt

]

= lim
T→∞

E

[
1

T

T∑
t=1

Zt (δ0t −X ′tθ01) (δ0t −X ′tθ01)
′
Z ′t

]
= E

[
Zt (δ0t −X ′tθ01) (δ0t −X ′tθ01)

′
Z ′t
]

= Ω.

Freyberger (2015)’s Φ2 is not exactly the same as our Σh, but only differs by a o(1) term.
To see this, note that Φ2 = lim

T→∞
1
T

∑T
t=1 V ar

[
z′tH

−1
0t ε0rt

]
can be rewritten using the fact that

vr are i.i.d. as lim
T→∞

V ar
[

1
TR

∑T
t=1

∑R
r=1 q (Zt, Xt, vr; θ0, δ0t)

]
, where

q (Zt, Xt, vr; θ0, δ0t) = −Zt
(∫
∇δgt (δ0t, Xt, v; θ0) dF0 (v)

)−1(
gt (δ0t, Xt, vr; θ0)−

∫
gt (δ0t, Xt, vr; θ0) dF0 (vr)

)
.

Recall that 1
TR

∑T
t=1

∑R
r=1 q (Zt, Xt, vr; θ0, δ0t) is a two-sample U-statistic whose decompo-

sition is

1

TR

T∑
t=1

R∑
r=1

q (Zt, Xt, vr; θ0, δ0t) =
1

R

R∑
r=1

h (vr; θ0) + op (1) .

h (vr; θ0) = −
∫ {

Zt

(∫
∇δgt (δ0t, Xt, v; θ0) dF0 (v)

)−1 (
gt (δ0t, Xt, vr; θ0)−

∫
gt (δ0t, Xt, vr; θ0) dF0 (vr)

)}
dP (Zt, Xt, ξt) .
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It follows that Φ2 = lim
T→∞

V ar [h (vr; θ0) + op (1)] = Σh + o (1). Next we explain why Φ̂1 = Ω̂

and Φ̂2 = Σ̂h. Note that

Ĥt =
∂σt

(
θ̂, xt, ξ̂t, Prt

)
∂ξ

=
1

R

R∑
r=1

diag
(
νt

(
θ̂, xt, ξ̂t, vr

))
− νt

(
θ̂, xt, ξ̂t, vr

)
νt

(
θ̂, xt, ξ̂t, vr

)′
=

1

R

R∑
r′=1

∇δgt

(
δ̂t, Xt, vr′ ; θ̂

)
.

ν̄t

(
θ̂, xt, ξ̂t, vr

)
= νt

(
θ̂, xt, ξ̂t, vr

)
− σt

(
θ̂, xt, ξ̂t, Prt

)
= gt

(
δ̂t, Xt, vr; θ̂

)
− 1

R

R∑
r′=1

gt

(
δ̂t, Xt, vr′ ; θ̂

)
.

It follows that

Φ̂1 =
1

T

T∑
t=1

z′tξ̂tξ̂
′
tzt =

1

T

T∑
t=1

Zt

(
δ̂t −X ′tθ̂1

)(
δ̂t −X ′tθ̂1

)′
Z ′t = Ω̂.

Φ̂2 =
1

RT

R∑
r=1

T∑
t=1

z′tĤ
−1
t ν̄t

(
θ̂, xt, ξ̂t, vr

)
ν̄t

(
θ̂, xt, ξ̂t, vr

)′ (
Ĥ−1
t

)′
zt

=
1

R

R∑
r=1

ĥ
(
vr; θ̂

)
ĥ
(
vr; θ̂

)′
= Σ̂h.

ĥ
(
vr; θ̂

)
= − 1

T

T∑
t=1

Zt

(
1

R

R∑
r′=1

∇δgt

(
δ̂t, Xt, vr′ ; θ̂

))−1(
gt

(
δ̂t, Xt, vr; θ̂

)
− 1

R

R∑
r′=1

gt

(
δ̂t, Xt, vr′ ; θ̂

))
.

We can also show that our standard errors are the same as Freyberger (2015)’s standard er-

rors. Our estimate of the finite sample variance of θ̂ is 1
m

(
Γ̂′WT Γ̂

)−1

Γ̂′WT Σ̂WT Γ̂
(

Γ̂′WT Γ̂
)−1

where

1

m
Σ̂ =

1

m
min

(
1,
R

T

)
Ω̂ +

1

m
min

(
1,
T

R

)
Σ̂h

=
1

T
Ω̂ +

1

R
Σ̂h

=
1

T

(
Φ̂1 +

T

R
Φ̂2

)
.
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1
T

(
Γ̂′WT Γ̂

)−1

Γ̂′WT

(
Φ̂1 + T

R
Φ̂2

)
WT Γ̂

(
Γ̂′WT Γ̂

)−1

is Freyberger (2015)’s estimate of the fi-

nite sample variance of θ̂.
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