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Despite the validity in principle of the taz-subsidy approach in the Pigouvian
tradition, in practice it suffers from serious difficulties. For we do mot know how
to estimate the magnitudes of the social costs, the data needed to implement the
Pigouvian tax-subsidy proposals.

— Baumol (1972, p. 316)

The practical problem, however, arises precisely because these facts are never
so given to a single mind, and because, in consequence, it is necessary that in the
solution of the problem knowledge should be used that is dispersed among many
people.

— Hayek (1945, p. 530)

1 Introduction

Economists have long emphasized the informational advantages of market-based policies for
controlling pollution. Market-based policies only require the regulator to measure the social
cost of pollution (i.e., the externality), whereas command-and-control policies also require
the regulator to measure each firm or agent’s cost of reducing pollution. Because actual firms
and agents know more about their own options to reduce pollution than does the regulator,
market-based policies increase efficiency by empowering them to employ their most cost-
effective options. However, even market-based policies may demand a lot of information
from a regulator: it is often quite challenging to measure the social cost of pollution, as
Baumol (1972) recognizes in the opening quotation. In particular, economists have struggled
to measure the social cost of the carbon emissions that drive global climate change.® As a
result, economists have not converged on an emission price to recommend to policymakers
interested in market-based solutions.?

To date, measurement of social costs has been centralized among academics and regula-
tors, but much information about the cost of climate change is dispersed throughout society.

!Nordhaus (2019, p. 1998) acknowledges, “In reality, projecting impacts is the most difficult task and
has the greatest uncertainties of all the processes associated with global warming.” Some economists even
criticize the social cost estimates underlying the most prominent climate-economy models as “completely
made up, with no theoretical or empirical foundation” (Pindyck, 2013, p. 868). Recent work estimates
the effects of weather shocks and uses these effects to project the consequences of future climate change
(Deschénes and Greenstone, 2007; Carleton and Hsiang, 2016), but despite many advances in this literature,
fundamental questions remain about how to map consequences of weather shocks to consequences of climate
change (Dell et al., 2014; Lemoine, 2021b).

2In a survey of 289 economists with expertise on climate change (Holladay et al., 2009), estimates of the
social cost of carbon had a standard deviation of $339 per tCOg, around three times larger than the average
estimate. The social costs of carbon calculated in Pindyck (2019) from another survey of 113 economists
also shows substantial dispersion, with the standard deviation again of comparable magnitude to the mean.
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Every person and firm on this planet is exposed to climate change. Each may have some
information about their own particular exposure and about their own particular ability to
adapt. Since at least Hayek (1945), a rich tradition in economics views markets as an al-
gorithm that aggregates dispersed information about the costs and benefits of the many
goods produced in society. Yet environmental economists have not studied how to design
markets to aggregate information about externalities, and thereby to perform price discovery
for social costs.

I design and analyze a new market-based policy instrument that simultaneously measures
and controls externalities. In my setting, as is customary, firms in different sectors of the
economy trade off the benefit of emitting carbon against the cost of complying with current
policies. Carbon emissions generate warming that impacts each sector of the economy in an
uncertain, stochastic, and potentially correlated fashion. I introduce two novel features to
this environment. First, firms can pay to remove old emissions from the atmosphere.? Sec-
ond, information about climate change damages is heterogeneous. Agents measure climate
impacts in their own sectors, and a regulator measures the aggregate effect of climate change
from data on final good production and temperature. Both types of measurements may be
arbitrarily imperfect. Agents’ measurements are private information, whereas the regulator
reports its measurement to all actors in the economy and can use it to set policy.

I show that a regulator who uses an emission tax policy is unable to optimally use new
information about social costs or to observe all of the information about social costs that is
dispersed throughout society.? First, if the regulator did have access to all agents’ information
about social costs, then it could use an emission tax to efficiently control new emissions (as
has long been known). However, an emission tax on its own cannot incentivize the removal
of past emissions other than as means to offset ongoing emissions: once an emitter has paid
the penalty, subsequent information is irrelevant even if it dramatically alters the estimated
social cost of previously emitted carbon and warrants paying for its removal. An emission
tax ultimately places the risk of needing to fund large-scale carbon removal on taxpayers,
which could impose an impractical fiscal burden (Bednar et al., 2019).5 Second, the regulator
will not actually have access to all agents’ information. I show that this regulator’s emission
tax is informationally inefficient in the plausible case that the regulator measures aggregate

3Carbon dioxide removal, or negative emission, strategies include chemically separating carbon dioxide
from air (“direct air capture”), capturing emissions from power plants that burn biomass (“bioenergy with
carbon capture and storage”), accelerating the weathering of rocks, enhancing uptake of carbon by forests
or oceans, and more. See National Research Council (2015), Fuss et al. (2018), and National Academies of
Sciences, Engineering, and Medicine (2018) for recent reviews. Recently, Microsoft and Stripe each received
bids to undertake carbon removal for around $150 per tCOs on average (Joppa et al., 2021).

4Similar critiques apply to cap-and-trade programs, the quantity version of an emission tax.

5A forward-thinking regulator could save the revenue collected by an emission tax for the procurement
of future carbon removal, but as analyzed below, even that revenue would be insufficient if carbon removal
becomes desirable because the regulator learns climate change is more damaging than they had believed at
the time of emission.
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consequences only imperfectly and also in the plausible case that sectors have heterogeneous
value shares and correlated exposure to climate change. In either case, an all-seeing regulator
with access to all of the information dispersed throughout society would choose a different
emission tax than would a more realistic, information-constrained regulator.

I propose a new instrument that I show can incentivize optimal carbon removal and can
efficiently aggregate dispersed information. The new instrument is a dynamic deposit-refund
scheme. The regulator requires that emitters pay a deposit at the time of emission and in
exchange gives emitters a tradeable asset that I call a “carbon share”. In each period, the
regulator refunds part of the deposit to current shareholders based on whether its measure
of aggregate realized damages was as bad as implied by the deposit. The equilibrium value
of the carbon share reflects expected refunds, which are by construction smaller than the
value of the deposit. Emitters have an incentive to reduce emissions in order to avoid giving
up the deposit for the less valuable carbon share. In later periods, a carbon shareholder
may decide to remove the underlying unit of carbon from the atmosphere in order to recover
the share’s deposit. And in each period, the equilibrium price of the carbon share reflects
market participants’ beliefs about the regulator’s future measurements and thus about future
damages from climate change.

I show that there exists a fully revealing rational expectations equilibrium in which the
price of a carbon share perfectly aggregates the information dispersed throughout society
and in which the incentives to reduce emissions and remove carbon are the same as in the
welfare-maximizing, informationally efficient benchmark.® The two critical features of the
policy are that the deposit be sufficiently large and that the regulator make a good-faith
(albeit potentially imperfect) effort to measure and report aggregate recent damages. A
large deposit is critical because the private cost of emitting carbon and the private benefit
of removing carbon are both defined by traders’ expectation of the difference between the
deposit and expected refunds: I call this difference the expected stream of “damage charges”
that correspond to the regulator’s future measurements of aggregate damages. If the initial
deposit is small, then some periods’ damage charges are likely to be constrained by the
deposit and thus be smaller than the regulator’s measured damages. As the deposit becomes
large, traders’ expectations of damage charges converge to the expected future measurements
of damages and thus to their current estimate of the marginal damage from carbon emissions,
which makes the private cost of emitting converge to the social cost of carbon emissions.
Numerical simulations suggest that a deposit around 2-3 times as large as the estimated
social cost of emissions approximates optimal emission and removal incentives.

I also study the Bayesian Nash equilibrium of a game in demand functions in order to

SFollowing the convention in finance and information economics, I use “rational expectations” to indicate
that Bayesian traders use prices to learn about others’ information and trade optimally conditional on their
posterior beliefs. The usage common in macroeconomics is slightly different, as that literature does not
typically model asymmetric information. See Vives (2008, Chapter 3) and Campbell (2017, Chapter 12) for
discussions.
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assess equilibria that are “implementable” via a specific trading mechanism (see, among
others, Vives, 2014; Rostek and Yoon, 2020). Each trader submits a demand schedule that
accounts for their private information and for what they would infer about other traders’
information from any given carbon share price they might observe. I show that carbon
share prices in implementable equilibria use traders’ private information to learn about cor-
related impacts in other sectors and to reduce the impact of measurement error in aggregate
data, similar to how an all-seeing, informationally efficient regulator would update beliefs.
Although implementable equilibria do not achieve full informational efficiency, they do ag-
gregate information in ways similar to informationally efficient beliefs but not achievable by
a regulator with access only to aggregate data.

This new policy shifts much of the work of projecting possible climate change damages
from the regulator to markets. However, the regulator does still play a critical role in mea-
suring realized damages from climate change (after all, climate change is still an externality).
Traders use their private information about climate change damages and the observed car-
bon share price to forecast the regulator’s future measurements because those determine
future damage charges and refunds. Whatever the regulator attempts to measure therefore
determines the market incentives to reduce emissions and to remove old emissions.” The
regulator’s measurements should be unbiased on average, as is also critical to setting the
proper emission tax. However, here the regulator’s measurements can also be arbitrarily
noisy without undercutting the policy too severely, because carbon emission and removal
incentives ultimately depend on the dispersed information about future measurements that
is aggregated by the carbon share market.

This paper intersects with several distinct literatures. As mentioned above, a central
theme throughout environmental economics is the importance of using market-based instru-
ments to control pollution, whether in the form of emission taxes or cap-and-trade programs
(see, among others, Metcalf, 2009; Stavins, 2022).8 Instead of focusing exclusively on the
role of emission prices in determining the budget sets of firms and households, I also con-
sider how to design markets so that emission prices convey information about damages from
climate change.” Where dispersed information about damages is relatively unimportant and

"The regulator could choose to measure whatever it cares about. For instance, it could apply equity
weighting and /or value nonmarket impacts.

8The recommendation to address climate change by taxing emissions dates to at least Nordhaus (1977),
and attempts to empirically estimate the consequences of climate change date to at least Mendelsohn et al.
(1994). Weitzman (1974) shows that asymmetric information about abatement costs can break the equiva-
lence between an emission tax and cap. I emphasize asymmetric information about the externality, which I
show can make an emission tax or cap informationally inefficient.

90ther work focuses on the revelation of beliefs about the magnitude of climate change: Schlenker and
Taylor (2021) show that weather derivatives are sensitive to climate model projections, and Hsu (2011)
proposes futures on emission taxes set, following McKitrick (2011), according to a predefined function of
temperature (see also Aliakbari and McKitrick, 2018). Here the focus is on predicting the aggregation of local
damages rather than on predicting the level of global temperature, here price discovery determines emission
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cleanup of past emissions is irrelevant (as may be true of particulate matter or lead pol-
lution), the proposed policy performs like an emission tax. But where information about
damages is dispersed, the proposed policy acts like improving the information underlying an
emission tax, and where cleanup of past emissions is potentially relevant, the present policy
can incentivize such cleanup without requiring the regulator to directly fund it. Climate
change clearly demonstrates dispersed information about impacts and the possibility of ex
post cleanup, and many other externalities will too.!°

My proposed instrument is a dynamic deposit-refund instrument. Static deposit-refund
schemes resolve difficulties monitoring—and thus taxing—improper waste disposal (e.g.,
Bohm, 1981; Russell, 1987; Fullerton and Kinnaman, 1995; Torsello and Vercelli, 1998).1! T
posit no problem monitoring either the act of emission or the act of carbon removal, but I do
resolve difficulties in incentivizing carbon removal that arise from the regulator’s imperfect
ability to tax past emitters for emerging climate damages.!> My dynamic deposit-refund
scheme resolves the difficulties of taxing past emitters by imposing all costs upfront and
offering rewards for subsequently claiming ownership of pollution. From the perspective of
emitters, my policy combines a tax (in the form of the deposit) and a subsidy (in the value
of the carbon share received), with emission incentives determined by the difference between
the deposit and the value of the carbon share. This type of emission incentive is familiar
from the static generalization of deposit-refund schemes in Fullerton and Wolverton (2000).
Here, however, the level of the subsidy is not fixed by the regulator but is instead determined
in equilibrium (in the form of the share prices) by private actors’ information about climate

and carbon removal decisions rather than merely providing a signal useful for long-run investment, and the
carbon share market proposed here is likely to have more liquidity than a prediction market or a futures
market because the traded asset is a property right created by the (still commonplace) act of emitting.

10For instance, consider the externalities produced by orbital debris in space. Satellite owners could post a
bond to fund an “orbital-use share” that would incentivize both optimal debris creation and optimal debris
cleanup. Fees for launching satellites are the analogue of an emission tax. They fail to incentivize either
active measures to avoid creating debris post-launch or cleanup of debris post-impact. Rao et al. (2020)
propose orbital-use fees that are the analogue of taxing the stock of pollution, a policy option discussed in
footnote 12. Such a policy is vulnerable to judgment-proofness problems induced by market churn. It also
does not aggregate private information like the carbon share price does.

HDeposit-refund schemes have also been understood as means to avoid the fiscal costs of subsidies and
the distributional costs of taxes (Bohm, 1981). Here one of the motivations is to avoid the fiscal costs of
using the public purse to directly fund carbon removal.

121f the regulator could tax the stock of carbon in the atmosphere (rather than the flow of emissions into
the atmosphere), then the incentive to remove carbon would respond to new information as the stock tax was
updated, analogous to how incentives under carbon shares respond to updated refunds. Emitters’ incentives
would depend on their expectations of future stock taxes (see Appendix B), analogous to how incentives
under carbon shares depend on expected future damage charges. However, the stock tax would be evaded as
emitters go out of business over the many decades that carbon persists in the atmosphere, whereas carbon
shares are instruments with positive payoffs that investors are willing to pay for. Stock taxes have been
proposed in the context of climate change (Lemoine, 2007), mine remediation (White et al., 2012; Yang and
Davis, 2018), and space orbits (Rao et al., 2020).
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change impacts.!?

The possibility of removing enough carbon from the atmosphere to make aggregate emis-
sions “net negative” has become a prominent part of the climate policy discourse. The
Intergovernmental Panel on Climate Change projects that limiting warming to 1.5°C (2°C)
would require up to 700 (250) Gt CO, of net negative emissions over this century (IPCC,
2022), the 2021 U.S. Infrastructure Investment and Jobs Act provided $3.5 billion to estab-
lish carbon removal hubs, and the 2022 U.S. Inflation Reduction Act increased tax credits
for capturing and storing carbon from the air from $50 to $180 per ton of CO,. Despite the
increasingly prominent discussion and promotion of carbon removal, I know of no work on
market-based approaches to incentivizing optimal use of these technologies.!* In the absence
of alternative policy instruments, many assume that governments would directly subsidize
carbon removal, despite concerns about the fiscal burden such subsidies would impose (see
Bednar et al., 2019; Edenhofer et al., 2021).'> T here propose a policy instrument that is
revenue-positive for the government and efficiently adapts the scale of carbon removal to
new information about the cost of climate change.

This paper constitutes a novel link between environmental economics and the literature on
asymmetric information in financial markets. Since Grossman (1976, 1978), much literature
studies financial markets’” ability to efficiently aggregate dispersed information. I here study
an asset tied to an externality. I consider a setting that mixes elements of large- and small-
market models: there are many small traders, but they are attached to a finite number
of sectors and thus have a finite number of distinct information sets. Each small trader
does not account for how its own trades affect the price (i.e., is nonstrategic) but does
account for how the aggregate decisions of similarly informed traders move the price (i.e.,
uses information rationally). The setting and the conclusion that implementable equilibria
are partially revealing share features of the monopolistic competition environment in Kyle
(1989), but Kyle (1989) assumes that traders’ signals are independent of each other. My focus
on correlated information is similar to studies of “fundamental value” (Vives, 2011; Rostek
and Weretka, 2012; Vives, 2014), but here payoffs are common across traders because they
depend on damage charges that are applied uniformly to all shareholders (the externality is

13T show that the ideal deposit would equal the worst-case social cost of carbon. Others have previously
proposed that fees on materials or products be set to their most harmful possible environmental fate, with
fees refunded in accord with the harmfulness of actual outcomes (e.g., Solow, 1971; Mills, 1972; Bohm and
Russell, 1985; Costanza and Perrings, 1990; Boyd, 2002). These informal proposals employ arguments based
on ambiguity aversion, difficulties monitoring pollution, or difficulties posed by judgment-proofness.

4Conventional emission pricing policies could incentivize use of carbon dioxide removal technologies up to
the point at which net emissions are zero. However, the European Union’s flagship cap-and-trade program
historically has not provided the credits for carbon dioxide removal that could sustain even this limited
incentive (Scott and Geden, 2018; Rickels et al., 2020). Bednar et al. (2021) propose “carbon removal
obligations” that would extend standard cap-and-trade schemes to allow temporarily overshooting longer-
run carbon targets.

15Bednar et al. (2019) calculate that the subsidies required for carbon removal could exceed even the share
of output that the U.S. spends on defense.
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common to shareholders). My environment therefore mixes payoffs that are a pure common
value with an information structure reminiscent of studies of fundamental value.

Dynamics are also central to my analysis. My traders aim to predict the regulator’s
future measurements, both because they directly determine a carbon share’s refunds and
because they determine capital gains as future traders use those signals to update their
own beliefs about subsequent refunds. Much of the literature on asymmetric information in
financial markets analyzes static models. I analytically solve a dynamic equilibrium model
of information aggregation by assuming that each generation of traders has access to all
public information from previous periods (i.e., to all previous prices and regulator reports)
but not to any private information from previous periods. This assumption is similar to the
critical assumption in Vayanos (1999, 2001) because traders begin each period in a symmetric
informational position.!®

The next section describes the economic and informational environment. Section 3 de-
rives outcomes in the informationally efficient, welfare-maximizing benchmark. Section 4
analyzes emission taxes, focusing on the constraints they face in using new information and
in observing all available information. Section 5 formally defines carbon shares and estab-
lishes the conditions under which this policy resolves the issues demonstrated with emission
taxes. The final section concludes. The appendix contains numerical details, analysis of
stock taxes, and proofs.

2 Setting

2.1 Production, Consumption, and Emissions

Let there be a unit mass of households and N > 1 intermediate-good sectors, each of which
is perfectly competitive. Output from sector ¢ in period ¢ is

Yii = eXp[_Q‘tTt] L Yit(eit)-

L;; € [0,1] is labor offered by households to sector ¢ in exchange for wage w;;. The representa-
tive firm in sector ¢ has gross production function Y (e;), with e;; > 0 indicating emissions.
Y'(-) is strictly increasing and concave. Temperature T; imposes damages (;; in sector 7 at
time ¢.17 The multiplicative effect of climate damages follows the DICE model (Nordhaus,
1992, 2013), among others, and the exponential form for damages follows Golosov et al.

16Other dynamic models assume that traders are risk-neutral (e.g., Kyle, 1985) or myopic (e.g., Singleton,
1987), or they assume ordered information structures (e.g., Wang, 1993) that do not make sense in the
present paper’s multisector economy. In Vives (1995), the asset is liquidated after a finite number of periods,
at which time its true payoff is revealed. Here carbon shares can endure forever and the true nature of
climate impacts is never revealed.

1"The index i could equivalently be interpreted as indicating either regions or sector-region pairs.
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(2014) and Lemoine (2021a), among others. Firms can condition their emission decisions on
Git-

The representative firm in sector ¢ can fund the removal of quantity R;; > 0 of emissions
from the atmosphere. It purchases this emission removal from a competitive industry whose
costs c(R;) as a share of total output (see below) depend on aggregate removal R, = Zfil Ry,
with ¢(+) strictly positive, strictly increasing, and strictly convex.'®

Cumulative emissions up to time t are M; = M, + Zi;é [Zfil Cis — Rs}, with pre-
policy cumulative emissions My > 0 given. Time ¢ warming is 7; = o M;, with o > 0. This
representation recognizes that carbon dioxide is a globally mixed pollutant and follows recent
scientific findings that global temperature is approximately a linear function of cumulative
emissions (see Dietz and Venmans, 2019, among others). Firms are small, so they ignore the
effects of their own emissions on temperature.

Total output is Cobb-Douglas:

Y, = H (Yie)™

with each x; > 0 and Zfil k; = 1. Aggregate consumption C} is no greater than net output:
Cy < (1 —c(Ry))Y;.
The representative household has logarithmic utility:
u(Cy) =In(Cy).

Time t welfare is the present value of expected utility:

[e.9]

Z (1+—1T)3—1:Et [w(C5)],

s=t

with per-period discount rate r and with the information set defined in each application
below.

In equilibrium, firms maximize the expected present value of profits subject to prices,
households maximize utility subject to budget constraints, and all markets clear. Time 0
consumption is the numeraire.

18Convexity in removal costs reflects both the cost of removing carbon from the atmosphere and the
potential scarcity of sites for storing carbon after removal.
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2.2 Informational Environment

I now describe the informational environment. All agents are Bayesian.

Agents affiliated with sector i observe (i, +\it, where ¢y = ¢+ +€;. The ¢ are unknown
and unobserved. The (; are public knowledge and represent prior expected damages in each
sector. Assume only that SN | kG < (/@)r;Y(0)/Y(0) for some i € {1, ..., N}, which
will ensure that welfare-maximizing aggregate emissions are strictly positive in the initial
period. The ¢; and \;; are random variables that are each normally distributed, mean-zero,
unobserved, and uncorrelated either across sectors or over time. The variance of each €;
is 02 > 0, and the variance of each \; is w? > 0. The €; represent random exposure to
global temperature. That randomness could result from randomness in the mapping from
global temperature to temperatures in locations relevant to sector ¢ and/or from randomness
in sector i’s exposure to its locations’ temperatures. The \; represent agents’ potentially
imperfect ability to measure the effect of temperature on sectoral production.

The regulator and firms have a common jointly normal prior over the (; at time 0. Each
¢; has a prior mean of zero and has prior variance 73 > 0.1 The correlation between any
pair ¢; and (; (for i # j) is I' € [0, 1], a known parameter. This correlation determines how
signals of damages in one sector provide information about damages in another sector. If
I' = 0, then the unknown component of damages is independent across sectors. If I' > 0,
then the unknown component of damages has a common component across sectors, as when
impacts in one sector affect other sectors or as when vulnerability to weather is correlated
across sectors.

The regulator does not observe sectoral production or input choices. Instead, at the
end of time ¢, the regulator uses observed total output to measure (; + \;, where {; £
Zﬁil kiCi. 20 The S\t are random variables that are normally distributed, mean-zero, and
serially uncorrelated. Their variance is @ > 0. They reflect the possibility of measurement
error in aggregate data and of additional imprecision due to having to estimate ¢, from
aggregate data. The regulator shares the measured C~t + A with all agents in the economy.

The timing within a period t is that intermediate-good firms make emission decisions,
markets clear based on realized production, agents observe (;; + A, and finally the regulator
observes 5} + S\t.

19 Assuming a prior mean of zero is not restrictive, as nonzero means can be absorbed into the ;.
20Firms’ equilibrium production choices are independent of T} (see (A-12) through (A-14)), so the regulator
can estimate (; from a time series of Y; and T;.
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3 Informationally Efficient, Welfare-Maximizing Bench-
mark

Begin by considering welfare-maximizing emissions and carbon removal. Define E, as the
expectation operator based on all information available up to time ¢, fi; and 2, as the vector
of posterior means and the posterior covariance matrix for the ¢; based on information up to
time ¢, and ji; and Qt as the posterior mean and variance of Zfil k;(; based on information
up to time ¢.2!

Welfare-maximizing outcomes solve the following Bellman equation:

. . . 1 . .
W(T;fau’ta Qt) = Ltg%{zo E, U(Ct) + mW(Tt—i-laNt—i-la Qt+1) )

where L; and e, indicate vectors of labor and emissions in each sector. Taking first-order
conditions and then recursively substituting from the envelope theorem yields the following
conditions that must hold for all 7:

kY (ey) | = e Sasy fkCr | if e >0 0
Yit(eit) < %Oé E]]gvzl lﬁkék + iy ife; =0 7
c;(Ry) - %O‘ _Zgﬁ FrCr -+ ﬂt_ if Ry >0 @)
1—c(Ry) > %Oz fozl ke + if Ry =0 .

On the right-hand side, the terms in brackets yield per-period expected damages per unit
of warming, the a converts to units of emissions, and the 1/r converts to present value.
The first condition equates the marginal benefit of emissions to the marginal social cost of
emissions when emissions are strictly positive. If Y?(0) is sufficiently small, then e; = 0.
The second condition equates the marginal cost of carbon removal to the marginal social
cost of emissions when carbon removal is strictly positive. If ¢}(0) is sufficiently large, then
R, = 0. As ji; increases, e; falls and R; eventually begins increasing. Negative emissions, in
which R, > Ziil €1, become optimal when Zivzl kieCr + [z is sufficiently large.

Now consider beliefs. As in other literature, the benchmark of informational efficiency
updates beliefs from the available signals (;; + A and ft + :\t.

Proposition 1 (Informationally Efficient Beliefs). There exists Z, € [0,1) such that Z, — 0

2IThroughout, I use a hat (") to indicate outcomes under the informationally efficient welfare-maximizing
benchmark, a tilde () to indicate outcomes under an emission tax policy, and a breve ( ”) to indicate
outcomes under the carbon share policy.
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as &*Jw* — oo and

-1 ~ ~ N ~
CEYEDS kaCk]
=0

t

R ~ |1
e =2y Z

J

(1-Z)(1-D)78 = Zwo*Jt o~ |1 _
* (1—T)72 + o2/t +w?/t ;“k [; [ij+)‘kj]_<k]

k=1

(1-D)2+ 02/t + w2/t (1 — )72 + 02/t + w2/t + NT'12 N — |1 & [Chs + Mg] — G| -

(3)

Proof. Apply the projection theorem to a random vector formed from chvzl krCr, the N
sectoral signals, and the aggregate signal. See Appendix C. O

Corollary 1 (Special Cases for Informationally Efficient Beliefs).
i If w? =0, then

. 1 t—1 x N =
=limg2_, N Z]‘:o Ci—> k=1 KECk
7\

) (1- = )
Mt:(l— )7g +02/t ka [%Z%_Ck]
=0

2/t NT7 A _
+ 2 2 2 2 2_2 72 ki Gk -
(1-D)rg+o02/t(1-D)15 +0%2/t+ NI'tg N t 4

i If&* =0 and I’ =0, then

i If @* = 0 and each r; = 1/N, then

) 1 —T)72 + NI'72 R B
oy (L=T) 4 NT [; A

(1-T)78 + 02/t + NI'1¢

Proof. See Appendix D. O
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The informationally efficient benchmark aggregates information from the private signals and
the public signals. The first part of the corollary describes mean beliefs when dispersed
agents do not suffer measurement error (w? = 0). In this case, the informationally efficient
benchmark has no use for the aggregate signals é:j + S\j. Instead, it weights the sectoral
signals as if a perfectly measured version of the aggregate signal were available (first line)
and, when I" > 0, it also uses the disentangled (i.e., unweighted) sectoral signals directly
because signals in relatively unimportant sectors with small x; provide information about
damages in all other sectors (second line). In fact, if I' = 1, informationally efficient beliefs
do not weight the sectoral signals by the x; at all (the first line vanishes) because each sector’s
signal provides the same information about aggregate damages as any other sector’s signal,
whether or not the signal comes from a sector that receives only a small weight in aggregate
output.

The second and third parts of Corollary 1 describe mean beliefs when there is no measure-
ment error in the aggregate signal (0% = 0). The second part shows that the informationally
efficient benchmark has no use for the disaggregated sectoral signals (j; + Ax; when sectoral
signals are independent (I' = 0). And the third part shows that the informationally efficient
benchmark has no use for the disaggregated sectoral signals (x; + Ax; when sectors have
identical value shares of output and thus receive identical weights in the aggregate signal
(i.e., each k; = 1/N). In either case, mean beliefs are what one would expect from simple
applications of the familiar univariate normal-normal updating rule.

Proposition 1 shows that informationally efficient beliefs in general use both types of
information. The aggregate signal (first line in (3)) provides information that can mitigate
the consequences of measurement error in private signals, and the private signals (second
line) provide information used to construct an alternate version of the aggregate signal that
mitigates the consequences of measurement error in the aggregate signal. Finally, efficient
updating also leverages correlation across sectoral effects (third line) to learn from sectors
whose small x; mean they do not directly matter much for aggregate outcomes.

4 Regulation by Emission Taxes

Now consider a regulator who maximizes welfare by taxing firms’ period ¢ net emissions at
rate v;. Firms can avoid the tax either by reducing emissions or by simultaneously contracting
for removal to offset ongoing emissions. The regulator returns any tax revenue to households
as lump-sum transfers. I initially assume that the regulator’s tax revenue must be weakly
positive in each period before weakening that assumption in Section 4.1.

The regulator sets the time ¢ tax at the beginning of the period so as to maximize welfare
conditional on its time ¢ beliefs and subject to market equilibrium. The regulator’s chosen
time ¢ tax is therefore a function of the aggregate measurements from times 0 through ¢ — 1.
Denote the regulator’s mean belief about Z]kvz1 kiCr at the time ¢ information set as fi;.
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The following proposition gives the optimal emission tax:

Proposition 2 (Emission Tax). There exists v, > 0 such that Zfil eir — Ry = 0 if and only
if vy > 1. The requlator maximizes welfare with a tax of

Proof. See Appendix E. O

N —
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k=1

When v; < 7, the tax is determined by the present value of expected aggregate damages.??

Using that tax, firms’ first-order conditions (A-13) and (A-14) become
. - A
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Once we account for the possibility of corner solutions, these are the conditions for welfare-
maximization given in (1) and (2) when fi; = fi;.

We see two possible reasons why a tax may not attain the informationally efficient welfare-
maximizing benchmark. First, it could be that Cp* chvzl kG + ﬂt] > ;. In this case,

the benchmark from Section 3 would have negative net emissions whereas the regulator’s
feasible equilibrium has zero net emissions. I refer to this possibility as inducing a loss due
to inefficiency in using information, as it indicates a failure to implement the information
collected from the economy. Second, it could be that fi; # fi;. In this case, the benchmark
from Section 3 would be based on beliefs that are different from the regulator’s beliefs. I
refer to this possibility as inducing a loss from observing information, as it indicates a failure
to collect all of the information in the economy. I explore each in turn.

4.1 Loss Due to Inefficiency in Using Information

Temporarily assume that the regulator observes all signals (;; + A\i, as when firms truthfully
communicate to the regulator or the regulator collects data as precise as what firms have
access to. In this case, fi; = [i;, so the regulator can set the informationally efficient tax and
we have no loss from inefficiency in observing information.

22The combination of logarithmic utility and the damage specification means that uncertainty is not priced
directly, as in Golosov et al. (2014). For a more general constant relative risk aversion utility function, the
optimal tax would be sensitive to future consumption and would include a risk premium (see Lemoine,
2021a).
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It is immediately obvious from the foregoing analysis that the policy described in Propo-
sition 2 imposes losses relative to the welfare-maximizing benchmark when there is some
chance that the constraint 7; binds (i.e., that negative net emissions become optimal). That
chance is driven by the possibility of observing information that makes fi; large and by the
possibility that technological progress in carbon removal makes R; large for any given v,
(i.e., makes 7 small).

One might object that the modeled revenue constraint is too stringent. A forward-
thinking regulator could save the revenue collected from emission taxes and dedicate it to
funding carbon removal. In effect, such a policy establishes a lockbox for emission tax revenue
that allows the regulator to procure some level of negative net emissions without needing to
raise money from taxpayers. It changes the revenue constraint from a static one that must
hold in each period to a dynamic one that must hold across periods.

Consider the implications of a dynamic revenue constraint in a world in which the regula-
tor does not learn about damages but in which technological progress in carbon removal can
eventually make negative net emissions optimal even under the prior belief. Proposition 2
establishes that the regulator’s unconstrained-optimal tax would be

N —
Z /fk;Ck + [
k=1

This tax is unaffected by the possibility of technological progress in carbon removal tech-
nologies and is constant over time in the absence of learning about damages (i.e., when /i,
is constant over time). Because this tax is also the subsidy a regulator would like to offer
for carbon removal in a negative net emission scenario, the tax that the regulator collects at
the time of emission is exactly equal to the subsidy the regulator would subsequently offer
to remove that same unit of emission from the atmosphere. The dynamic revenue constraint
would therefore never bind unless it became optimal to bring future carbon stocks below
their initial level M,.

Now let the regulator learn about damages. In that case negative net emissions could
become optimal because the regulator observed unfavorable information about climate dam-
ages. Such information could increase fi; by enough to make negative net emissions optimal,
whether or not there is progress in carbon removal technology. The tax the regulator collects
at the time of emission is then strictly less than the subsidy the regulator would subsequently
offer to remove that same unit of emission from the atmosphere. The regulator has sufficient
tax revenue in its lockbox to bring carbon only part of the way back to My. The more
pessimistic damage estimates become, the more likely this constraint on the regulator’s
ability to fund negative net emissions becomes binding. And if carbon removal technology
simultaneously progresses quickly, then this constraint becomes even more likely to bind.
The regulator might again be unable to procure the optimal level of negative net emissions
without raising funds from taxpayers.

o
v = Co—
r
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The following corollary shows that the regulator also distorts emission decisions in antic-
ipation that the constraint might bind:

Corollary 2 (Emission Tax With A Lockbox).

1. Consider a time t in which net emissions are strictly positive. The tax with a lockbox
is strictly greater (strictly less) and emissions are strictly less (strictly greater) than
given in Proposition 2 if marginally raising that tax increases (decreases) tax revenue.

2. Consider a time t+ s in which net emissions are weakly (strictly) negative. The optimal
price that the regulator offers for carbon removal is weakly (strictly) less, and net
emissions are weakly (strictly) greater, than the welfare-mazximizing benchmark.

Proof. See Appendix F. m

The marginal value of a higher emission tax is comprised of its marginal value in a setting
without revenue constraints and its effect on future negative emission constraints via its
effect on the revenue that will be stored in a lockbox. The latter effect distorts the emission
tax away from its unconstrained-optimal level in order to prepare for the possibility that
sufficiently negative net emissions become optimal. When emissions are strictly positive,
raising an emission tax increases revenue by charging more per unit of net emissions but
reduces revenue by reducing net emissions. The optimal tax in the presence of a lockbox is
higher (lower) when the former (latter) dominates. Small distortions in the emission tax do
not impose first-order costs today, but they can raise extra revenue that provides first-order
benefits by weakening a potential future constraint on negative net emissions.??

Once the regulator is already paying for negative emissions out of the lockbox, reducing
the emission tax clearly leaves more revenue in the lockbox: a lower price requires the
regulator to pay less per unit of carbon removal and also procures less carbon removal. A
regulator in such a condition prepares for the possibility of future binding constraints by
reducing the price offered for carbon removal.

In summary, we have seen that

1. A regulator who must obey a period-by-period revenue constraint cannot procure nega-
tive emissions using an emission tax. An emission tax therefore cannot attain first-best
should negative emissions eventually become optimal, even if the regulator has perfect
information.

2. A regulator who stores emission tax revenue in a lockbox for funding future carbon
removal can fund the optimal level of carbon removal if the regulator does not learn
about damages over time. An emission tax-plus-lockbox therefore can attain first-best
in the presence of technological progress in carbon removal.

23The possibility of hitting the constraint at some future time did not distort the optimal tax in Propo-
sition 2 because the combination of logarithmic utility and multiplicative-exponential damages makes the
optimal tax independent of future emission and removal trajectories.
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3. A regulator who stores emission tax revenue in a lockbox for funding future carbon
removal might not be able to fund the optimal level of carbon removal if the regulator
learns about damages over time. An emission tax-plus-lockbox therefore may not attain
first-best in the presence of new information about climate damages. And the optimal
use of the lockbox distorts emissions and removal decisions in all other periods so as
to increase funds in the lockbox.

That final point shows that information is critical to inefficiencies in procuring negative
emissions: an emission tax may not be able to optimally use new information about the
social cost of emissions, should that new information be sufficiently pessimistic and the
regulator not be able to costlessly offer arbitrarily large subsidies from taxpayer funds.

4.2 Loss Due to Inefficiency in Observing Information

Now allow asymmetric information but assume that carbon removal is infeasible, as when
¢;(0) is so large that carbon removal is irrelevant under plausible beliefs. We have no loss from
inefficiency in using information and instead analyze a loss from inefficiencies in observing
information.

The following result describes the regulator’s time ¢ posterior estimate of chvzl K C.

Proposition 3 (Regulator’s Beliefs).

-1

N (1-D)r2 SN K2+ 173 14
o (1_F)021:1F&¢+FT§+ Ho? + a2 3N w2) = G+ A= ZH’“C’“ INC)

Proof. Follows from application of the conventional univariate normal-normal Bayesian up-
dating formula, observing that the prior variance is 70 S8 | 2+ 2073 S0 SO | ke and
using Zf\;l ki = 1. O

The weight placed on the aggregate measurement in (4) increases in I': positive corre-
lation increases the regulator’s prior uncertainty about aggregate damages and thus me-
chanically increases the weight placed on the aggregate measurement. Posterior beliefs are
exactly the same as those formed by a counterfactual regulator in a world with variance
72 = (1 - D)2+ T72/[3N k2] and correlation T' = 0. In contrast, Proposition 1 showed
that positive correlation among the unknown sector-specific effects (; increases the weight
that informationally efficient beliefs place on the disentangled sectoral measurements. Pos-
itive correlation enables informationally efficient beliefs to use information from one sector
to update beliefs about the others: when I' > 0, informationally efficient updating will not
be identical to some other world that lacked correlation but had a redefined variance. Cor-
relation affects the regulator differently because it does not have access to the disentangled
signals.

16 of 36



Lemoine Informationally Efficient Climate Policy September 23, 2022

240 Informationally Efficient, =1 240

Informationally Efficient, =1

e

D dnd -

Pl IEPIL L o

- .

ot 3200
- g

»
- $180

.o 220 220

g2

e 00 Regulator, =1
S180

2 -

B 160 T

3 160 2
o {— e S S S e

& 140 <
& £
% 120 g1
yEfficient, =1 i icient, 1=0 2 510

o —=—Regulator, =1 —e-Regulator, =0 g 2 g
® 80 E 80 E
g K % 60

g S 40
40 £ z
20

0
o o 0 05 1 15 2 25 3 35 4 4.5 5
0 2 4 6 8 10 12 14 16 18 20 2 24 0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100 Aggregate measurement error (@), as a fraction of aggregate
Period Sectors stochasticity (6*5k?)

(a) Evolution of Beliefs (b) Influence of N in period 1 (c) Influence of @? in period 1

Figure 1: An example of how informationally efficient beliefs and the regulator’s beliefs would
each evolve on average (i.e., of Ey[ji;|¢] and FEy[f|¢]). Appendix A details the calibration.
The emission tax optimal at prior beliefs is $118 per tCO,, and simulations assume that
the emission tax conditional on true knowledge of the (; would be twice as large ($236
per tCOy). Left: Evolution of average beliefs over the first 25 periods, with N = 10 and
P?)[0? o8 k2] = 2. Middle: The effect of the number of sectors (N) on period 1 beliefs.
Right: The effect of aggregate measurement error (@?) on period 1 beliefs.

The following corollary delineates conditions under which the regulator’s beliefs are in-
formationally efficient.

Corollary 3 (Informationally Efficient Regulator). Fort > 0, fi; = fi; with probability 1 if
(i) ©* = 0 and either (iia) T =0 or (iib) each k; = 1/N.

Proof. Follows straightforwardly from Corollary 1 and Proposition 3. m

The regulator’s beliefs are informationally efficient if there is no measurement error at the
aggregate level (w? = 0) and either there is no correlation among sectoral effects (I' = 0)
or sectors have identical weights in production (each x; = 1/N). Otherwise Proposition 1
showed that informationally beliefs generally use disaggregated signals unavailable to the
regulator. Because all three of the conditions in Corollary 3 are plausibly violated in reality,
an actual regulator’s beliefs are likely to be informationally inefficient.

Figure 1 provides an example that illustrates how the regulator’s beliefs (gray) differ
from informationally efficient beliefs (black), for the extreme cases when unknown sectoral
effects are independent of each other (I' = 0, dashed) and are perfectly correlated with each
other (I' = 1, solid). Based on the calibration described in Appendix A, the emission tax
that would be optimal at time 0 beliefs is $118 per tCO,. The depicted simulations assume
that the initial tax that would be optimal with perfect information about the ¢(; would be
twice as large. Each curve averages over 1 million trajectories for ji; and ji;.
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The left panel assesses how beliefs converge to the truth.?* In these cases, informationally
efficient beliefs converge to the truth faster than do the regulator’s beliefs. Both types of
beliefs converge faster when sectors are perfectly correlated with each other than when
sectors are independent of each other: informationally efficient beliefs infer more from each
observation in the presence of correlation, and the regulator places more weight on the data
when correlation increases the prior variance.

The middle and right panels plot the emission tax chosen, on average, after observing
signals from time 0. The middle panel shows that the number of sectors N does not affect
beliefs when sectoral effects are independent (the plot scales 0? and w? so that aggregate
variance is independent of N). However, correlation makes the average speed of learning
increase in the number of sectors N, and informationally efficient beliefs in particular update
much faster when the economy has multiple sectors that provide information about each
other. The right panel shows that aggregate measurement error ©? (which increases to the
right) markedly slows learning by the regulator. In contrast, informationally efficient beliefs
are less sensitive to aggregate measurement error because they can use the disentangled
sectoral signals directly and thereby mitigate that source of error.?®

Whereas the drawback in Section 4.1 was inefficiency in using the available information
should that information warrant negative emissions, the drawback here is the inefficiency in
observing all available information. The best emission tax that a regulator can implement
will generally differ from the emission tax that the regulator would choose based on all of
the information in the economy.

5 A Policy Framework that Dominates Conventional
Emission Pricing

We have seen that conventional emission pricing does not perform ideally at either collecting
or using information about the social cost of greenhouse gas emissions. As a result, there is
space for a policy to do better than conventional market-based instruments. I now describe
such a policy, in the form of a novel dynamic deposit-refund instrument.

This new type of policy requires each emitter to post a deposit D > 0 per unit of

24The average speed of convergence is used here for illustration, but it is not a measure of the quality of
beliefs. Such a measure would also account for the standard deviation of beliefs. For instance, when I' = 0.5,
the regulator’s beliefs converge towards the true value on average faster than do informationally efficient
beliefs, but they are more sensitive to randomness in any particular trajectory.

25Tt is hard to detect visually in the figure, but aggregate measurement error does slow learning even for
informationally efficient beliefs with I' = 1. Also, the convergence of informationally efficient beliefs and the
regulator’s beliefs when I' = 0 and &2 = 0 illustrates Corollary 3.
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emissions. We can express D as

N —
> kb +

k=1

1
D= ;Coa/ . (5)

The parameter i > — Zfil r;Cp defines beliefs about per-period climate damages implied
by the deposit.?® In exchange for the deposit, the emitter receives a transferable asset that
is attached to the unit of carbon emitted. I refer to the asset as a “carbon share” because it
reflects a claim on a part of the carbon in the atmosphere.

At the end of each period, the policymaker applies a damage charge to each outstanding
carbon share. This charge is set equal to the lesser of the period ¢ measured marginal damage
from carbon emissions and the per-period damages implied by the deposit:

N
Ay =Cp o min {51& + S\t; Zfﬂkc_k + ﬂ} . (6)

k=1

The damage charge is returned lump sum to consumers.?” The policymaker refunds to

carbon shareholders the difference between the damage charge and the per-period damages
implied by the deposit:

dt =rD — At (7)

N
=Cp amax {O, Zf{kfk + 00— (ft + S\t)} )
k=1

The refunds d; are weakly positive. No refund is paid in the period of emission. The deposit
acts like principal, some of which is returned to agents over time in the form of refunds
and some of which is reclaimed by the regulator in the form of damage charges. Over the
lifetime of a carbon share, the present value of total refunds and damage charges recovers
the deposit:

> 1 > 1

Y [ds + D] =Y ——rD

s=1 (1 + ’I“) s=1 (1 + 7")
=D.

In each period subsequent to emission, a carbon share’s owner decides whether to leave
its attached unit of carbon in the atmosphere. If the owner removes the carbon from the

26The deposit would equal the optimal emission tax in Proposition 2 if i = fi;.

2"In a second-best setting, revenue from damage charges could be used to offset revenue from distortionary
taxes. A full analysis of such a setting should consider how to adapt both the damage charges and the deposit
(see Fullerton and Wolverton, 2000, 2005).
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Timet Time t+1 Time t+2 Time t+s
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Figure 2: Example of the life of a carbon share. Here the share is attached to a unit of
time ¢ emissions, the emitter decides to sell the share at time ¢+ 1, and the new shareholder
decides to remove the underlying unit of carbon from the atmosphere at time ¢ + s.

atmosphere in time ¢, they receive (1 4+ r)D — A, and the share is retired; otherwise they
receive refund d; and can keep or sell the share. The carbon share is therefore an option to
claim the deposit by spending on carbon removal. The shareholder receives the refunds d;
whether exercising or holding the option, but the shareholder loses the charges A; as long as
the option is unexercised. Shares are clearly valuable, because the worst they do is pay zero
refunds. If the owner of a carbon share were to declare bankruptcy or otherwise liquidate, its
creditors would want the carbon share so they could receive its refunds and have the option
to eventually reclaim the full deposit.

Figure 2 provides an example of payoffs over time under the carbon share policy. At
time ¢, an emitter posts the deposit D and in return receives a carbon share whose market
value is ¢ (to be analyzed below). At time ¢ + 1, the emitter in this example decides to sell
the share to a third party for the market price ¢;;1. That third party claims the time ¢ 4 1
refunds d; 1 and continues to do so until either selling the share or removing the underlying
unit of carbon from the atmosphere. At time ¢ + s, the third party in this example does
decide to remove the underlying unit of carbon from the atmosphere, which costs pﬁs. At
that point, the regulator retires the carbon share and pays the third party (1+7)D — Ayps.

I assume all agents discount at rate r. Use W to denote welfare along a realized trajectory
under the carbon share policy defined above and use W to denote welfare along a realized
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trajectory under the welfare-maximizing, informationally efficient benchmark:
L = 1 9
W = —u(Cy),
; (1+7)s (€)

. > 1 .
W = —u(Cy).
; (1+7r)s (C)
The full-information expected loss from using the carbon share policy is:
L =E, [W—WM

where ( is a vector of the (.

5.1 Improved Efficiency in Using Information

First assume informational efficiency, so that all actors in the economy see all of the (;; + \i
at each time . We saw in Section 4.1 that an emission tax may fail to use information
efficiently when information justifies negative emissions. I will show that carbon shares can
improve outcomes if the deposit D is sufficiently large. Section 5.2 will analyze carbon shares
when agents have private information.

Define ¢; as the carbon share’s value in period t prior to observing the (;; + Ay, @ + S\t,
A, or d;, where the hat notation reflects that the carbon share price in this section uses
informationally efficient beliefs (as opposed to the share price to be defined in Section 5.2).
The following lemma establishes the equilibrium value of the carbon share:

Lemma 1 (Carbon Share Value).

R
Q= Z mEt[dHﬂ- (8)
7=0
Proof. See Appendix G.
]

The equilibrium value of the carbon share is the expected present value of the refunds that
it claims. The value of holding a carbon share therefore derives from the possibility that
damages will not be as bad as implied by fi. At the time of emission, the firm’s net outlays
per unit of non-abated emissions are D — (G, — E[d,]) € [0, D].28

The following assumption ensures that it would never be optimal to remove enough

carbon to bring atmospheric carbon and temperature below their initial levels:

28If future damages were guaranteed to be zero in every period, then the present value of the stream of
refunds at the time of emission would be D, and if future damages were guaranteed to exceed the per-period
value implied by D in every period, then the present value of the stream of refunds at the time of emission

would be zero. Therefore ¢, — E[d;] € [0, D].
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Assumption 1 (Current Carbon Will Not Be Removed). R, < M, — M, for all t > 0.

Even the highest-removal scenarios for the coming century do not project bringing carbon
or temperature below current levels (IPCC, 2022), so this assumption is likely to be met by
any carbon share policy begun in the next few years. The following proposition relates the
period t loss to the deposits required at earlier times:

Proposition 4 (Efficiency Conditional on Information). Let Assumption 1 hold. Then
L—0as D — oo.

Proof. See Appendix H.
O

The proposition establishes that the carbon share policy achieves the welfare-maximizing
benchmark as the deposit becomes large. The proof shows that the time ¢ private values for
reducing emissions and removing carbon are each equal to

> ﬁﬁtmtﬂy

Jj=1

Emitters lose the difference between the initial deposit and the initial value of the share
they receive, and that difference is the present value of expected damage charges. Carbon
removal benefits shareholders by preventing the loss of future damage charges. From (6),
the damage charges are the current period’s realized marginal damage when i (and thus D)
is large. Therefore the present value of expected future damage charges under large D is
just the present value of expected marginal damage from emissions, which is the social cost
of carbon familiar from much work on the economics of climate change.?

As the deposit becomes large, the carbon share policy maintains the emission reduction
incentives of an emission tax but approaches efficiency in using information even in the
presence of carbon removal. Comparing to results in Section 4.1, the carbon share policy
outperforms an emission tax with a static revenue constraint if net negative emissions might
ever become optimal, and the carbon share policy outperforms an emission tax with a dy-
namic revenue constraint if optimal removal might exhaust the cumulative revenue collected
from emission taxes. The carbon share policy’s incentives can be understood by contrasting
it with an emission tax policy that attaches a distinct lockbox to each unit of emissions, so
that the most a regulator can spend to remove old emissions is what the regulator collected
at the time of emission. In that case, increasing the emission tax at some time would increase

29T have used normal distributions for tractability and ease of exposition. If I instead assumed that
the distribution of damages had finite support, then the carbon share policy would achieve the welfare-
maximizing benchmark as each & (and thus each D) approaches some finite value from below. Under this
interpretation, the carbon share policy approaches efficiency as the deposit approaches the worst-case social
cost of carbon.
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the amount the regulator could later spend on removal, but such a change in the emission
tax would overincentivize emission reductions. In contrast, increasing the carbon share’s
deposit increases both the efficiency of its emission price and the efficiency of its removal
incentives.

The optimal carbon share policy provides the same incentives as would the optimal tax
on the stock of carbon previously emitted by a firm (as opposed to the conventional tax on
the flow of carbon emissions studied in Section 4).3° However, whereas firms could avoid a
carbon stock tax by declaring bankruptcy, carbon shares are valuable assets that investors
want to hold, financed at the time of emission by the deposit. Carbon shares therefore avoid
judgment-proofness problems that can bedevil stock taxes. Moreover, a stock tax would lack
the information aggregation benefits to be described in Section 5.2.

One might be concerned about whether the deposit would challenge firms’ liquidity (see
Shogren et al., 1993). Recall that firms receive a carbon share in return for their deposit
and can immediately sell this valuable asset on. From (A-21), their net outlays per unit of
emissions are the exact same outlays required by the traditional Pigouvian carbon tax. This
is why an arbitrarily large deposit does not distort firms’ emission incentives. If the market
for carbon shares is decently thick, a carbon share policy need not be any more financially
challenging than a conventional carbon emission tax.?!

But one might still wonder about the scale of the deposit. If the deposit is not so large,
then the highest potential damage charges are truncated by the constraints imposed by
the deposits, which reduces the expected damage charges that firms use to guide emission
and removal decisions. The possibility of hitting deposits’ constraints therefore increases
emissions and reduces removal. Ex post, options on carbon shares would reveal whether
traders deemed it likely that the value of a carbon share would approach zero, as when
damage charges are constrained by the deposit. Ex ante, a numerical exercise detailed in
Appendix A provides some indication of how large a deposit may be necessary. This exercise
takes damage estimates from the survey in Pindyck (2019) and considers the probability
that any given deposit would be insufficient to cover the implied damage charges (i.e., that
Ay < Cya[G + N in equation (6)). In this calibration, expected damages imply a tax of
$118 per tCO,. Figure 3 shows that a deposit roughly twice as large ($250 per tCO3) would
suffice in all but the worst 10% of cases, and a deposit roughly three times as large ($400
per tCOy) would suffice in all but the worst 5% of cases. An adequate deposit may therefore
be well within an order of magnitude of what the carbon tax would have been.

30 Appendix B shows that the optimal time ¢ stock tax would be limp oo Ay.

31Gross outlays are also capped because any firm could avoid posting the deposit by reducing its emis-
sions. The growing number of firms making zero emission pledges and recent cost projections for removal
technologies both suggest that even the maximum gross outlays are limited to a reasonable scale.
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Figure 3: The probability that deposits of various sizes would bind, based on the calibration
in Appendix A and using ©? = 02 = 0.

5.2 Improved Efficiency in Observing Information

I now investigate whether the market for carbon shares aggregates dispersed information
about climate change damages. I therefore allow asymmetric information, as in Section 4.2.
I condition results on arbitrarily large D so as to highlight potential inefficiencies in observ-
ing information rather than in using information. From Section 5.1, emissions and carbon
removal will be optimal conditional on information.

A continuum of traders normalized to unit mass is attached to sector i. At the beginning
of time ¢, all agents have a symmetric, common prior over ZkN:1 krCr, based on the regulator’s
measured aggregate damages in earlier periods and the prices of carbon shares in earlier
periods. The time 0 prior is as described in Section 2.2, and the prior at the beginning of
time t assigns variance 77 to each (z. The price ¢ of carbon shares at the beginning of
time ¢ reflects this information. Firms make emission and removal decisions based on this
price and the population consumes accordingly. Subsequently, traders attached to sector ¢
measure G + A\iz.>?> They trade carbon shares based on this differentiated information. The
market clears at price ¢;, but noise traders make the observed price ¢ = ¢; + 6;, where
0; is a mean-zero, independently and identically distributed, normal random variable, with
variance ©2 > 0.3 Between periods t and ¢ + 1, the regulator measures ¢ + A, from its data

32Traders do not need to be only in emitting sectors; they could be in any sector with information about
damages. Here, that possibility would be reflected by Y (0) = 0, in which case sector i would have zero
time ¢ emissions but could be affected by damages.

33Noise has long been recognized as critical for the existence of partially revealing equilibria (e.g., Hellwig,
1980; Grossman and Stiglitz, 1980; Diamond and Verrecchia, 1981; Admati, 1985). Noise traders are often
also interpreted as stochastic shocks to aggregate supply. Here noisy prices are critical for the existence of
equilibrium because traders recognize the consequences of their continuum of companions all bidding with
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on aggregate output, returns refunds d; to shareholders based on shareholdings at the end
of period ¢, and issues new shares to firms based on period t emissions.?*

At the beginning of time ¢, traders of type ¢ have share holdings y;; and wealth w;.
The y;; include shares issued in all previous periods that are still active (i.e., for which the
underlying unit of carbon has not yet been removed). Traders have the ability to invest in
a riskless asset with return r. After observing their private signals, traders choose their net
demand X;; to maximize their expected utility of wealth at the beginning of period t + 1:

max E, [— exp [—A ((1 + 1) (wie + (Xit + yir)de — XirGe) + (yar + Xit)Qt—i—l))} | Git + it qut] )

with A > 0 the coefficient of absolute risk aversion and F; indicating expectations based on
common information available at the beginning of time ¢. Traders have exponential utility,
as opposed to the logarithmic utility function of the representative household. Exponential
utility is critical to the analysis in this section because exponential utility yields linear asset
demand functions that are independent of wealth and amenable to aggregation. For these
reasons, exponential utility (including its implementation as quadratic payoffs) is used in
nearly all literature on asymmetric information in asset markets.?

In a (noisy) rational expectations equilibrium, markets clear with traders inferring from
prices whatever information they can and bidding to maximize utility conditional on that
information. This equilibrium is defined as fully revealing if the carbon share price reveals
the same information about Zszl k(e as would observing all the disentangled (j;. The
following proposition establishes properties of this equilibrium:

Proposition 5 (Efficient Equilibrium). Let Assumption 1 hold. A fully revealing rational
expectations equilibrium with L = 0 exists in the limit as ©% — 0 and D — oo.

Proof. See Appendix J.
O

As noise traders lose influence and the deposit becomes large, there exists a fully revealing ra-
tional expectations equilibrium, in which the price of a carbon share reflects informationally
efficient beliefs and traders hold those same beliefs upon observing their private information
and the carbon share price. By aggregating traders’ private information about damages, the
carbon share market improves on the regulator’s ability to estimate damages, and by defining

the same information. In Vives (2014), the information structure has fundamental values and small traders,
which precludes the need for noise traders, but here the payoffs themselves are pure common values and thus
retain the rationale for noise traders despite traders being small (see footnote 36).

34These new shares can be handled by including time ¢ emitters in the set of time ¢ + 1 traders.

351f we give the representative household in Section 2.1 exponential utility over consumption and also let
damages be additive rather than multiplicative, then the learning dynamics are unchanged and, as A — 0
(so as to eliminate risk premia, as with log utility), the regulator’s tax in Section 4 and the damage charge
in Section 5.1 are altered only by losing the Cy normalization.
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the marginal cost of emitting, the carbon share market simultaneously implements that in-
formation to control emissions and incentivize carbon removal. We have therefore designed a
decentralized policy instrument that can implement the welfare-maximizing, informationally
efficient benchmark that is generally unattainable via an emission tax instrument.

However, it is well-known that a fully revealing rational expectations equilibrium is not
always implementable: it may be that no trading mechanism can actually deliver this equi-
librium. In particular, if the carbon share price is a sufficient statistic for all information
in the economy, then traders should ignore their private information, in which case it is
unclear how their private information ends up being summarized by the equilibrium price.
I therefore also study an equilibrium in demand functions (e.g., Kyle, 1989). Here traders
submit demand functions that account for their observed sectoral signals (;; + Ay and for
the information they would infer from an observed price ¢;. Traders treat ¢; as exogenous
(i.e., they are price-takers) but do recognize how their observed signals influence that price
through the beliefs of other traders in their sector.?® Following much previous literature, I
associate an implementable equilibrium with a Bayesian Nash equilibrium of this game and
study linear equilibria.3”

Define ji; as traders’ posterior estimate of Zévzl k(e at the beginning of time t, after
observing ¢, and ; 4+ A, for all s € {0,...,t — 1}. The following proposition characterizes
emissions in an implementable equilibrium.

Proposition 6 (Implementable Equilibrium). In the limit as D — oo, there exists a linear
equilibrium in demand functions in which the marginal cost of emissions and marginal benefit
of carbon removal are each equal to

N
Z ke + [t

k=1

1
—C()CK
r

36 Asin Vives (2014), the continuum of traders solves the “schizophrenic” problem of Hellwig (1980) because
price-taking behavior is here individually optimal. However, I study an economy with a finite number of
sectors and so the signals observed in some sector can affect the price.

37The equilibrium is symmetric in terms of strategies defined over (;; and §;. Of course, the actual demand
schedules will not be symmetric as each will depend on the observed (.
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where ke, Xk and Xy are each € (0,1). If T, w?, &2, and ©2 are sufficiently small, then
7, € (0,1) and Hmr g2 o 7 is arbitrarily close to Zero.

Proof. See Appendix K.

Sketch: The proof uses traders’ first-order conditions to determine demand for carbon shares
in each sector. The equilibrium price ¢; sets aggregate net demand to zero given the beliefs
traders form from their private signals, the observed carbon share price, and expectations of
qr+1- Because normal-normal Bayesian updating implies that ji;,; is a linear function of fi,,
G, and @, so too is expected ¢;,1. The proof then constructs a signal ¢; of aggregate damages
implied by ¢;. By normal-normal Bayesian updating, each sector ¢ trader’s posterior mean
for CNt + :\t is a linear function of fi;, ¢;, and (;;. We can thus express the price signal ¢, as
an unknown linear function of sectoral signals. The projection theorem yields each type of
trader’s posterior mean for aggregate damages conditional on observed sectoral information
and on the observed price signal. Matching coefficients and applying Brouwer’s fixed-point
theorem yields posterior beliefs that are self-fulfilling via the price and also yields the market-
clearing price, both as functions of the unknown coefficients that determine fi;,;. Beliefs fi;14
follow from multivariate normal-normal updating, matching coefficients to the conjectured
form, and recursively substituting backwards for earlier fi; and earlier . n

Carbon shares act like imposing an emission tax based on beliefs fi;. The first line in (9)
determines the weight placed on previous periods’ aggregate measurements of damages. The
second line describes how agents learn from the past prices ¢, of carbon shares. Those past
prices embed two types of information: a first piece learns from a version of the aggregate
signal constructed from sectoral signals, and a second piece takes advantage of the correlation
among sectoral effects to learn from the disentangled signals. The ability to construct a
version of the aggregate signal that is affected by sectoral measurement error but not by
aggregate measurement error and the ability to use the correlation across sectors to learn
more efficiently were critical to the informationally efficient beliefs but were missing from
the regulator’s beliefs. Both types of learning require access to the sectoral signals, and the
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carbon share price aggregates these sectoral signals so that later agents do not actually have
to observe all past private information.3

The most notable differences with respect to the informationally efficient beliefs described
in Proposition 1 are the randomness induced by noise traders (third line in (9)) and the
presence of the K. As the k; — 1/N (i.e., as sectors become symmetric), the &; approach
a constant &, € (0,1) and the second line approaches

-1 . N N
i, | A =D)7 +0° _ N2 1 _

1 \5e Aik — Gi I B i ik — G

kZOXka 2+ 02 +u? ;F& (<k+ k C)+T]3—f—02—{—w2N;1(<k+ k— Gi)

The term in brackets is similar to a term in Proposition 1.3° This expression illustrates
that the carbon price does aggregate dispersed information in implementable equilibria and
moreover aggregates that information in a fashion analogous to—albeit not identical to—
informationally efficient beliefs.

The downward adjustments due to the i reflect two forces: traders in each sector shade
their bids to reflect their awareness of their own sector’s signals leaking into the asset price
(from equation (A-43)), and risk-averse traders’ demand for carbon shares decreases in the
variance of the returns they will earn (from equation (A-23)). The following corollary exam-
ines the £ in more detail.

Corollary 4 (Traders’ Distortions). Consider the {Ri, ..., Ky} defined in Proposition 6.
7 hm@2_)0 /\%it =0
i If ki = 1/N for alli € {1,..., N}, then & increases in ©% and limgz_,, Ky = 1/N.

i Without loss of generality, order sectors by k;. As ©% — oo, the sequence {F1y, ..., Kni}
is monotone increasing, with K1y < 1/N and ky; > 1/N. The latter two inequalities are
strict if Ky < 1/N.

Proof. See Appendix L. m

38Under the conditions of the proposition, traders’ posterior beliefs do not rely on past share prices (7 ~ 0)
when sectoral effects are uncorrelated (I' = 0) and the aggregate signal is perfectly measured (&? = 0). This
result should be unsurprising given the analysis of the regulator in Section 4.2.

390ne difference is the o2 in the numerator of the first term, which was missing from Proposition 1.
Carbon share traders are trying to predict the aggregate measurement that will be released following the
same period because this measurement determines immediate refunds and subsequent carbon share prices.
This aggregate measurement will include their privately observed stochastic sectoral shocks, whose variance
is 02. These contemporaneous shocks do not hinder learning about the coming aggregate measurement.
In contrast, informationally efficient beliefs formed from time ¢ signals in Proposition 1 predict aggregate
measurements in all subsequent periods, in which case the contemporaneous stochastic sectoral shocks are
pure noise that hinders learning.
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The first result implies that carbon share prices fail to aggregate information as noise traders
become irrelevant. This is a manifestation of the same force that prevents the fully revealing
rational expectations equilibrium from being implementable: traders whose information is
fully revealed by the equilibrium price do not trade on that information. In contrast, the
proof shows that bid shading vanishes as ©? — oco. Thus there is a tension between min-
imizing the consequences of the third line in (9) and minimizing the consequences of bid
shading for the &. And the effects of risk aversion remain in the & as ©% — co. The second
part of the corollary shows that the effects of risk aversion are symmetric when the sectors
are symmetric (i.e., with identical ;). And the third part of the corollary shows that the
effects of risk aversion are more severe for sectors that have smaller value shares in final-good
production, because traders in those sectors observe signals that are less informative about
returns to carbon shares and thus perceive additional risk that makes them less willing to
trade carbon shares.

In sum, a carbon share policy attains informational efficiency in a fully revealing rational
expectations equilibrium and does aggregate information in implementable equilibria in a
fashion that is imperfect but analogous to the aggregation performed within informationally
efficient updating. By using markets to perform price discovery for social cost, a carbon
share policy mitigates the difficulties that an emission tax’s regulator faces in observing the
information available in the economy.

6 Conclusions and Discussion

I have advanced a new perspective on environmental policymaking. In place of the traditional
emphasis on asymmetric information about firms’ costs of eliminating emissions, I have
emphasized asymmetric information about the social cost of emissions. I have shown that
conventional emission taxes neither aggregate dispersed information nor enable full use of
potential information about the severity of climate change. Instead, I have shown that a
new market-based instrument I call “carbon shares” aggregates dispersed information and
enables full use of new information without losing the desirable properties of emission taxes
and other conventional market-based instruments.

The proposed policy conceives of a different role for the regulator. Traditionally, the
regulator must project the marginal harm from emissions in all possible states of the world
and in all future time periods in order to settle on an emission price. Here, however, the
regulator need only measure damage as it is realized, which is a more conventional econo-
metric exercise and which could be institutionalized, as with the production of price indices,
employment statistics, and national accounts data. This new instrument shifts the burden
of projecting future damages from the regulator to market traders. These traders form their
own damage estimates from information produced by the regulator, from the observed prices
of carbon shares, and from their own private information. This type of belief updating is a
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common task in markets.

This proposal generates four immediate questions. First, how would a regulator actually
estimate the realized aggregate impacts of climate change? This task is different from the
task economists have traditionally undertaken in projecting future damages from climate
change. It is closer to the attribution studies now regularly undertaken in which climate
scientists test how climate change affected the likelihood of recent realized weather events.
And governments already do regularly produce economic measures that are noisy yet are
of critical importance for policymaking and directly determine monetary payments. As one
example, the U.S. consumer price index determines social security benefits and other transfer
payments and is a prominent input to monetary policy, but it is imperfectly estimated and
there is disagreement even about what it should be estimating (National Research Council,
2002; Schultze, 2003). The present challenge may be no greater.

Second, would the regulator have credibility to estimate realized impacts faithfully? If an
econometric framework could be developed that became widely accepted, then the estimation
may here be institutionalized as with the production of other federal statistics—and to
the extent this estimation relies on standard data, it may be less vulnerable to political
influence than the U.S. government’s estimates of the social cost of carbon have been (see
Voosen, 2021). A real-world implementation of the policy might also constrain the change
in damage charges from period to period, which would reduce the flexibility to respond to
new information but also reduce vulnerability to transient political influence.

Third, how would this instrument affect incentives to coordinate policy internationally?
I have followed a long tradition in analyzing the benchmark of a global regulator. However,
climate policy is in practice fragmented among countries. Future work should compare
international dimensions of this policy to carbon taxes, cap-and-trade programs, and other
policy options. In particular, the ability to institutionalize the damage charge calculations
and to explicitly adopt country weights in the damage charge calculations could each affect
incentives to coordinate policy: these calculations may have more credibility than a global
carbon tax would enjoy and countries may be incentivized to join a coalition in order to have
their damages counted.

Finally, would traders have an incentive to collect additional information about climate
impacts? To date, the development of better scientific monitoring and modeling systems has
primarily been the task of governments and universities. However, such information should
have a market value under the proposed policy, as I conjecture that the implementable
equilibrium does not suffer the paradox of Grossman and Stiglitz (1976, 1980). One might
thus expect traders to invest in information production, so that a carbon share policy may not
just aggregate the information already dispersed throughout the economy but also improve
that information. Such information might also have a market value under an emission tax
(as agents want to understand their own exposure to climate change and to forecast future
emission taxes), but this information is plausibly much more valuable under a carbon share
policy because it determines the immediate payoffs from trading carbon shares. I leave the
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analysis of incentives to collect information in various policy environments to future work.
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Appendix to “Informationally Efficient Climate Policy”

This appendix contains numerical detals, proofs, and additional formal analysis.

A Numerical Details

There is no broad agreement on a distribution to use for climate change impacts. I calibrate
the distribution for aggregate impacts Zfil #:[¢; + ¢;] to Pindyck (2019). In 2016, he asked
around 1,000 climate scientists and economists to report their subjective percentiles for the
percentage reduction in GDP that climate change will cause in fifty years, assuming that no
additional emission controls are enacted before then. He fit four distributions to the results
and found that a lognormal distribution produced the highest corrected R?. The location
parameter for his fitted lognormal distribution is -2.446 and the scale parameter is 1.476. His
distribution describes a parameter (which he labels ¢) that is equal to Thges Zf\il Kl G+ Gl
Using this estimate and treating Thpg5 as known, ZZ]\LI #:[¢; + ¢ is lognormally distributed
with location parameter —2.446 — In(75g65) and scale parameter 1.476.

The value for Tygg5 should be the temperature that experts would have expected to hold
based on their information in 2016. The IPCC’s AR5 summarizes knowledge around that
time. Hausfather and Peters (2020) suggest that a no-additional-emission-controls scenario
is consistent with SSP4-6.0 from the IPCC’s AR6. So I consider RCP 6.0 in the IPCC’s
ARDS. There, the mean of the CMIP5 models is for 2.2 °C of warming in 20462065 relative
to a 19862005 reference period, which in turn is on average 0.61 °C warmer than over 1850—
1900 (Collins et al., 2013, Table 12.2). I therefore fix Tooes = 2.2 + 0.61 = 2.81 °C. This
implies a location parameter for Y% | #;[G; + (] of -3.48.

In order to determine either the emission tax or damage charges, it remains to calibrate r,
a, and Cjy. I take r to be the policymaker’s consumption discount rate. According to World
Bank date, average growth in global output per capita was 1.85% per year over 2000-2019.
Choosing an annual utility discount rate of 1.5% and a coefficient of relative risk aversion of
1 to match the log utility specification, the Ramsey rule implies that » = 0.0154+1%0.0185 =
0.0335, or 3.4% per year.

The parameter «, or the “transient climate response to cumulative carbon emissions”, is
1.6/1000 °C/Gt C, from the central value in Matthews et al. (2009). This value is consistent
with Collins et al. (2013) and Dietz and Venmans (2019) and is the same as used in Rudik
(2020).

I calibrate initial consumption Cy to World Bank data. In 2021, global output was $86.7
trillion in year 2015 US dollars. Converting to year 2021 US dollars using World Bank
deflators, I set Cy = 97,975 billion dollars.

Now consider the calculations underlying Figure 3. Substituting (5) into (6) yields the
probability that the damage charge A; is constrained by the deposit D from reaching its

A-1
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first-best value of Coar[C + \i]:

Pr(A; < Coa + M) =1 — F(rD/[Coal),

where F'(+) is the cumulative density function for i+ X In the absence of either measurement
error in the aggregate signal or stochasticity in climate impacts (i.e., ifﬁ&)2 =0 and 0% = 0),
F(+) is completely determined by the lognormal distribution of Zf\il Ki[C;+ ;] defined above.

A.1 Additional Parameters for the Evolution of Beliefs

To analyze the evolution of beliefs in Figure 1, I consider a normal distribution that has
the same mean and, when I' = 0, variance as the lognormal distribution for Zf\il KilGi + G
described above:

D ki = exp(—3.48 + 1.48%/2) = 0.0916,
=1

and

= [exp(1.48?) — 1] exp(—2 * 3.48 4 1.48?) = 0.0658.

HMZ

I assume that N = 10 in the base specification and that the x; are drawn from a symmetric
Dirichlet distribution with concentration parameter 1. The regulator and all agents know
the values of the x;.

Now consider the sources of noise. First, I assume that o2 Zf\il k7 is the same as the

prior variance 72 S~ | #2, so that
, 0.0658

g = =N 5"
> im1 K

Second, in the base specification, I assume that aggregate measurement error has twice the
variance as aggregate stochasticity:

Third, I assume that sectoral measurement errors have half the variance as sectoral stochas-
ticity:

w2 =0.5% 0%

For the purposes of simulating beliefs, I assume that the true value of sz\; k;C is the
same as Eiil #;(;, so that the full-information optimal tax is twice the prior tax. I draw the
(; from a multivariate normal distribution with mean vector equal to sz\il x;(; and I then

adjust the draws ex post by adding a constant to ensure that Zf\il KiG = Zfil riG. 1 draw

A-2
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1 million trajectories for the random variables conditional on these (;. These trajectories
yield 1 million trajectories for fi; and fi; from equations (3) and (4), respectively. Averaging
over these trajectories yields the trajectories Eg[i|¢] and Ey[f|¢] despicted in the figure.

B Taxing the Stock of Carbon

Assume informational efficiency, so that all agents observe all (;; + A;. Denote firm i’s
cumulative emissions from time 0 to time t — 1 as M;;. In period ¢, the regulator taxes M;,
at rate ;.

Final-good firms’ problem is as in Appendix E. I here assume that all actors observe all
signals in the economy and that firms discount the future at rate r.

The representative intermediate-good producer in sector ¢ solves the following Bellman
equation:

J (Mg, fi, Qt) = max, {Et [pit exp[—GuT]] LY *(eir) — wip Ly — 03 My — prit

A

Ei[J (M + eir — Rig, firs1, Qt—l—l)]};

+1+r

with each control weakly positive. At an interior solution, the first-order condition for
emissions is

1

E; [pis exp[—CieTH]] LtV (es) = — i TEt[Jl(Mit + et — Rit, furr, Qi)

and the first order condition for carbon removal is

1

T TEt[Jl(Mit + e — R, fleg1, Qtﬂ)]-

pr=—

Substitute for p; and then C} in the first-order conditions as in Appendix E:

1 - N A /’iiYit/ €;

17 rEt[Jl(Mit + et — Rig, fygr, Q1) :We(it)t)cm (A-1)
1 - R n (R

1 TEt[Jl(Mit + €t — R, fles1, Q)] :%C@ (A-2)

The envelope theorem yields:

1
r

J1 (M, fur, Qt) =—1+ 1 Et[Jl(Mit + et — R, g1, Qt+1)]-

A-3
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Recursively substituting, we find:

1

Jl(Mitvllt?Qt) - - (1 —I—T)s

s=0

Et[ﬁt-i-s]'

Advancing by one timestep, substituting into (A-1) and (A-2), and applying the law of
iterated expectations, an interior solution must satisfy:

[e.e]

1 ~ fiiyit/(eit)
——Eny | =———C),
2 ey e =y
> 1 A c,(Ry)
—_— s =———C).
s=1 L+ t+] 1_Ct(Rt> ’

Now set 1, = Co&[ft + S\t] The foregoing conditions become:

o ﬁiyit/(eit)
S >\ S| — ;. )
Z:: 1+r Bl M) = Yit(ey)
oo ci(Ry)
s /\ s|] — : 5
El Ct+ + Aiys) 1= a(R)

which in turn are equivalent to

N 7 .
1 = ~ K,Z‘Yltl(eit)
a— Z KCr + [l :W7

- N Z
1 = N . C;(Rt)
Oér kz:;/‘fk@c‘l‘#t_ _1_Ct(Rt)‘

Once we adjust for the possibility of corner solutions, these conditions are the same as the
conditions for welfare maximization in (1) and (2). Therefore this choice of 7 must be the
optimal choice for a regulator who can commit to a choice rule at time 0.

C Proof of Proposition 1

Consider the zero-mean random vector

chv:l Kk G ]
%Z] o[cly + )‘lj] C

>

St =
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Observe that

Z Kok Gk

Let ¥, indicate the (N 4 1) x (N + 1) covariance matrix of the final (N + 1) x 1 elements
of s; and ¥, indicate the 1 x (/N + 1) vector of covariances between Zgzl k(e and the other
elements of s;, so that

DI [/{17& +(1=r)07, ., AnTE+ (1= kN2, 723N K202 SN Z] -~ likl-{j] .

From the projection theorem,

t—1

t—1 t—1
—]z: Cij + Ay — Cla---y%ZKNj + An] —CN,%jZO G+ Ml Z@Ck] :

Jj=0

I [Clj + Ayl — G
fiy = L, 0, ' _ : (A-3)
' Z; O[CNJ + ANJ] (N
t—1 =
1 Z]:O[CJ + A il — Zkzl K Ck
Consider W;'. Label the N x N upper-left block of ¥, as W,, the N x 1 upper right
block as U, the 1 x N lower left block as ¥, and the 1 x 1 lower right block as ¥p. From
familiar results for block matrix inversion,
\Ilel -+ Wzlq/B(‘PD — \I’C\I/Zl\I]B>_1\I’C\I/A21 —\Ilel\IJB(‘IJD — \I{C\I];‘l\I]B)_l
—(‘I/D — \Ifc\Ifgl\I/B)_l\Ifc\Ifgl (‘IID — \I’C\IIEI\I/B>_1
Element (i,7) of W4 is 75 + o2/t + w?/t, element (i,7) of W, is I'r¢ for i # j, the ith
clement of Wy and We is k(72 4 02/t) 4+ (1 — #)) 78, and Wp, equals (73 4+ 02/t) Sop_, K2 +
2078 Zivzl Z;.V:kﬂ Kik; + 02 [t
Conjecture that each diagonal of W' is
o+ 02/t +w?/t+ (N = 2)I'1g
(18 + 02/t + w?/t)? + (18 + o2/t + w?/t)(N — 2)T'1¢ — (N — 1)[['7¢]?

and each off-diagonal of U ' is

Ut = . (A-4)

—FTg
(1 + o2/t + w?/t)? + (18 + o2/t + w?/t)(N —2)I'1¢ — (N — ) [I'7g]?
Under the conjecture for W', each diagonal element in W, W " is
e+ o/t +w/t+ (N —2)I'78
(76 + 0/t + w/t)* + (15 + 0? [t + W /t)(N = 2)T'7g — (N — 1)[['7g]?
73
(15 + o2/t +w?/t)? — (N — D)[T'13]2 + (75 + 02/t + w?/t)(N — 2)I'15

(76 +0° [t + w?/t]

N—1
2
I'7s

k=1

=1

Y
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and each off-diagonal element in WU " is

2+ o/t + W/t + (N —2)I'72

T 2
DB 2 t+ w2/t + (72 + 02t + W Jt)(N — 2)T78 — (N — 1)[[7e]?
|
2 2 /4 2 /4 0
7o 4o e T (B T o7t DN = )T — (N = T2
N-2 9
= (15 ot + w12 — (N = 1)[Pg] + (75 + 0/t +w? [t)(N = 2)T'7g

We have shown that W, WU " is the identity matrix under the conjecture for W' and thus
have confirmed that the conjecture is correct. Observe that the denominator of each element

simplifies to
[(1 — D)2+ o2t + uﬂ/t} [(1 — D)2 + 02/t + w?/t + NT72|.

With ¥ in hand, we now calculate ¥; ' from (A-4). Element i of ¥cW¥ " and also of
‘Ile\I/B is
2, 2 2 2
15 + o/t +w*/t+ (N —2)['r; 5 o 9
% t 1-— i T
(B L+l J07 + (B4 o Jt + P [N —2)072 — (N = yragp rilTo + o7/ + (L= ro)Tmo]

N
—FTOQ
+
Narpl (18 4+ o2/t + w?/t)? + (18 + o2/t + w?/t)(N — 2)T'1¢ — (N — 1)[['7Z]2
k(15 4+ 0 /1) + (1 — k)T
(1-— F)TO + 02/t [72w?/t

’L

T(I-D)B + o2/t + w2t [(1—I‘)T§+02/t+w2/t] [(1—F)T§+02/t+w2/t+NFTg '

We then have:
X N [(1—F)T§+O‘2/t+w2/t+NFTg] [(I—I’)Tg+02/t}ﬁi+l’rgw2/t
VU, v
AT Z (78 + 0/t + W/t + (12 + 02/t + W2 /t)(N = 2)T7Z — (N = 1)[T P

[m(u )72+ o?)t) + rTg]

|:(1—F)7’02+0'2/t+w2/t+NFTg] [(1— rs —1—02/15} SN K2

(@t o2t + w2 + (1 + o2t + w2/H)(N — 2)I78 — (N — 1T
[(1—F)r§+02/t+NF702} [(1—F)7’0 +02/t+w2/t] + [ D)7 + o2 /t|w?/t \
T R T o i r R 4 (R i (N — 2T — (N = DR o
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And
(Up — \110\1121\1;3)*1
- [(1 D)2 4 o2tk w2/t} [(1 D)2 o2t Wt Nrfg]

{ [(1 — )2+ o2t + w2/zs} [(1 D)2 4 ot Wt Nrﬂ

N

N N
[7’0 + 02 /t) Zlﬂi —|—2FT§Z Z /iklﬁj+@2/t:|
k=1

k=1 j=k+1

- [(1 )72 4 ot 4wt Nrfg] [(1 P 02/4 i i 2

— [(1 —~D)g + o/t + NFT@] [(1 D)+ 02/t + w2/t} e — [(1 ~ )73 + 02/75] FTng/t}l
- [(1 D)2+ o2t uﬂ/t} [(1 D)2 4 ot 4wt Nrfg]
{ 2/t<[( )7'0 —l—ch/t—l—wQ/t—I—NFTO] [(1 - F)Tg +02/t} i/{z +F7'gw2/t)
+ [(1 — )15 + o/t +w2/t] [(1 —D)7g + o/t + WP/t + NFT&}(Dz/t}_l,

where the final line uses S, sx = 1. Element i of W' Wp(¥p — WU 'Wp) ! and also of
(Up — VoW Up) ' WoU,tis

{ (1= D)7 + 02/t + w2/t + NTRE| [(1 = T)7d + 0t i + rTng/t}
{ 2/t<[( D)7 + 0%/t +w/t + NT7] (1 = D)7 + 01 ZN: K2+ rTgwl’/t)

+ [(1 — D)2+ o2t + w2/t] [(1 — )12+ o2t Wt + NFTS](DQ/t}_l.
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Element (i,7) of U' + W' Wp(Up — oW, ' Up) WU, is

(1-D)15 + o/t +w?/t+ (N — 1)I'73
[(1 — D)2 + 0t + w? /t} [(1 — D)2+ 0t + w2/t + Nrfg}

{ [(1 — D) + 0%/t + WP/t + NFTOZ] [(1 —D)g + 02/15} Ki + FT§w2/t}
+

[(1 — D)2+ o2t + w?/t} [(1 C D)2 4+ o2t 4wt + NrTg]
{ [(1 D)+ o/t +W?/t+ NPT(?} [(1 ~ )73 + 02/t] Ki + FT&uﬂ/t}
{ 2/t<[( T)r2 +02/t+w2/t+NFTO] [( T)r2 +o—2/t} ZN:FL2+FT02w2/t>
+ [(1 —T)r2 4o/t + w2/t] [(1 — )2+ ot + WPt + Nﬁ@}@?/t}_l,

and element (m,n) of W' + U ' Wp(Vp — WU ' Up) 1 WoU ! is, for m # n,

2

[(1 D)7 4 0t + w? /t} [(1 N Ry Nrfg}

{ [(1 — D) + 0%/t + WP/t + NFT(?] [(1 —D)g + 02/4 Km + FTng/t}

N
[(1 D)2 4ot + w2/t] [(1 C )12+ o2t W/t + Nrfg]

{ [(1 D)+ o/t +W?/t+ NFTS} [(1 ~ )7 + 02/15] Kn + Frng/t}
{ 2/t<[( )73 +U2/t+w2/t+NFTO] [( TO+02/t}if<a2+FTgw2/t>
+ [(1 — D)2+ o2t + w2/t] [(1 ~ D)2+ o2t W+ Nrfg}aﬂ/t}_l.

The foregoing pieces define W; ' from (A-4). X, ¥;' is 1 x N + 1 and, from (A-3),
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determines how /i, uses the signals in s;. Element k& € {1,..., N} of ¥,¥; ! is

r? + (1 — re)Tr2] (1-T)2 + o/t +w?/t+ (N — 1)1
0 0

+

[(1 — )7 +02/t+w2/t] [(1 — )¢ + o2/t + w?/t + NFT&]

{ [(1 — D) + 0%/t + WP/t + NP’TOQ] [(1 —D)g + 02/75} Kk + I‘Tng/t}

[(1 S T2 4 o2t w? /t] [(1 )2 4+ o2/t + w4 Nrfg}

S w4+ (1 - m)ﬁg]{ (1= D)7 + 02/t + w2/t + NTrE | [(1 = T)78 + 02t s + Tries? /t}

i=1

k=1

{ 2t ( (1= D)7 + 02/t + w2/t + NT7E| [(1 = T)78 + 0*/t] i K7+ PTgw2/t>

+ [(1 — )2+ o2t + w2/t} [(1 D)2+ o2t W+ Nﬁﬂ@?/t}_l

—[(1 =) (1 = T)rg + (N = DI'7g] I'rg

[(1 )72+ 02t + w? /t} [(1 D)2 4+ o2t 4wt Nrnﬂ

(1— D)7 + 02/t + w2/t + Nrnﬂ [(1 ~ )72 + o /t] ki + Driw? /t}

/—/H/—/H

2/t<[( )7} +02/t—|—w2/t—|—NFTO} [(1 - D)7 +U2/t] ilf +F7'02w2/t>

+ [(1 D)7 + 0%/t + w2/t} [(1 —~D) g+ o/t + W/t + NFrg}aﬂ/t}l
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_ (1-D)r
TA-D)Rtottwjt "
o’ [t + WP/t I'7g
(1-D)1g+ o2/t +w?/t (1 —T)7¢ + 02/t + w?/t + NI'1¢
Ey (1-T)12 + 02/t - w2/t I
D)2 o2 ft+wr/t T (=) + o2/t + w2/t (1 — )72 + 02/t + w2/t + NI'72
0 0 0 0

{[(1 —F)T§+02/t+w2/t+NFr§](1 —F)Tgi/@%r [02/t+w2/t}f‘73}
{ 2/t<[( D)7 + 0%t +w?/t + NT7] [(1-T) TO+02/42N:@ +F7'02w2/t>
+ [(1 — )2+ o2t + aﬂ/t] [(1 — D)2+ o2t + Wt + NFT(?}(DQ/I?}_I. (A-5)

Element N + 1 of ¥,¥; ! is

= i[wg +(1— mk)rTg]{ (L=T)78 + 0%/t + w?ft + NTE| [(1 = T)78 + 02/t g + Tries? /t}

—_

{ 2/t<[( )73 +02/t+w2/t+NFTO} [(1 )75 —1—02/75] ZN:I{ —|—F7’02w2/t>

k=1

+ [(1 — D)2+ o2t + uﬂ/t} [(1 C D)2+ o2t Wt Nrfg}aﬂ/t}_l

,_.
Z&‘
,_.
u
PT‘
+
=

[(1 )2 + 02/75 + w2/t] [( D)2+ o2t Wt Nrﬂ

=

{ 2/t( IBER —|—O’2/t—|—w2/t—|—NFT0i| [(1 - )75 +a2/t] Zﬁ; —|—Frgw2/t>

+ [(1 — D)2+ o2t + oﬂ/t} [(1 ~ D)2+ o2t 4wt + NrTg}aﬂ/t}_l
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—[wZ/t]{ [(1 D)2 4 o2t w4 NrTg] (1— D)7 i K2+ [02/1& n w2/t} rTg}

k=1

{ 2/t<[( D)73 + o/t + W/t + NFTO] [(1 )75 +02/t} i/{ +F7’§w2/t)
+ [(1 — )2+ o2t + w2/t] [(1 ~ D)2+ o2t W+ Nrrg}aﬂ/t}_l. (A-6)

With these elements, we can determine fi; from (A-3).
Define

Z, é[WQ/t]{ [(1 —D)2+ o/t +W?/t + NFTOQ] (1- F)Tgi“i + [02/75 +‘*"2/75}1%02}

=1

{[ 2/15]([( D)7 + 0%/t +w/t+ NIz | [(1 - T 7'04—02/4i/<; +rTgw2/t>

[/ (1= T)78 + 0%/t + W ft) |(1 = D) + 0/t + w?ft + NT'73| }_ .
(A-7)

Clearly Z > 0. Observe that Z,]::l K% is minimized when each r; = 1/N and thus

<[w 2/t]{[( I)r2 +a2/t+w2/t+zvr¢0} 1—F)Tginz+ [02/t+w2/t]rrg}

k=1

{[ 2/15]({( I)r2 +a2/t+w2/t+zvr¢0}(1—r)Tmeszg[a?/Hw/t])

2 [( I)r2 +02/t+w2/t} [( F)Tg+02/t+w2/t+NFT02]}_
<1.

Therefore Z, € [0,1). By inspection, Z, > 0as@ Jw — 00. The expression in the proposition
follows from (A-3), (A-5), (A-6), and the definition (A-7).

A-11
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D Proof of Corollary 1

From Proposition 1, Z; — 0 as w? — 0 if &2 > 0. In that case, the expression in part (i)
follows from (3), Ax; = 0, and the definition of ;. Now consider the case in which @? = 0
and w? — 0. From (A-7),

(1=T) + 02/t 4w/t + NTR| (L= D) 0L 62 + |02/t + w2/t T73

Zt -
[(1 —D)g + o2/t + w?/t + NFT&} [(1 —D)g + 02/t] SV K2+ DRw?/t

if 2 = 0, which goes to
(1=T)78 + 02/t + N2 (1 = D)2 0L, 2 + [0 /4]T'73

[(1 —D)g + 02/t + NFTOZ] [(1 -D)g + 02/4 Zszl Ky

as w? — 0. Substituting into (3), using A\; = S\j = 0, and applying the definition of éj yields
the expression in part (i). We have established the first part of the corollary.
From (A-7),

R R R ARl P 2
rats0 24 2 2 2 | 2 N 2 T2+t
7 16 + o2/t + W/t |15+ o/t Yoy K 0

Substituting into (3) and setting :\kj = 0 yields the expression in part (ii) of the corollary.
From (A-7),

lim Zt =
®2—0,1;—1/N Vi [(1 — )78 + o2/t +w?/t + NFT(?} [(1 —D)7g + 02/t] + NT'72w?/t
(1-T)rg + NI'7¢
(1-D)g+02/t+ NI'7g

[(1 — D) + o/t + WP/t + NFT&} 1-D)g + [02/75 —|—w2/t] NT7¢

A-12
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Using this,

_ (1—2,)(1 —=T)7% — Z,o%/t
lim
#2=0m—1/Nvi (1 = T)78 + 02/t + w?/t

B NT7Zc?/t
[(1 D)2 4 0t + WPt + NrTg] [(1 ~ )2 + o /t} + NDr2w?/t
y o2t 4+ (1 — Z)w?/t NT'73
im
#2=0,m—1/NVi (1 = T)78 + 02/t + w2/t (1 = D)8 + 02/t + w2/t + NT'7¢
NT7ga%/t

[(1 —D)g + 02/t + w2/t + NPTOQ] [(1 -D)g + 02/4 + NPT(?WQ/t'

Substituting into (3) and setting S\kj = 0 yields the expression in part (iii) of the corollary.

E Proof of Proposition 2

I first solve for market equilibrium conditional on the choice of tax and then consider how
the regulator would design the tax to maximize welfare.

Let p; be the price of consumption, p; be the time ¢ price of intermediate 4, and pf* be
the price paid for removal. Final-good firms solve:

N
max {pt (1 - Ct(Rt)) Y, — sz‘th‘t +prt}-
i=1

R {Yu},

The first-order conditions are

G
pzt *pt'%zy-i )
R cy(Ry)
=p,——F~—C,. A-8
Dy ptl—ct(Rt) t (A-8)

The latter condition becomes a < when R; = 0.
The representative intermediate-good producer in sector ¢ solves

max {Eit [pit eXP[—CitTt]] Lityit<€it> — Wy Ly — 1y max{eit — Ry, 0} - pﬁRit}-
Lit,eit,Rit=>0

The max{e;; — Ry,0} reflects that, unless the regulator could disciriminate subsidies by

sectors, the regulator cannot pay firms in sector i for negative emissions or else it would

violate its revenue constraint if emissions in other sectors net out to zero or less. A maximum

clearly has e; — Ry > 0.
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The first-order condition for L;; is
wi = Bt [pi exp[—CiTi]] Yit(eit)-
If e;; — R;; > 0, then the first-order condition for e; is
ve = By [pir exp[—Ci T}]] Lityit/(eit>a
and the first-order condition for a solution with R; > 0 is
Wy = pﬁ-

Substitute for p; and pft in the first-order conditions:

C
Wit :ptliz‘L—;, (A‘9)
’fiyit/(eit)
7 :ptm 2 (A-10)
c;(Ry)
=p,— 27 (.. A-11
Vi ptl—ct(Rt) t ( )

At a corner solution with e; = 0, the second condition’s equality would become a >, and at
a corner solution with R; = 0, the third condition’s equality would become a <.
Household maximization implies p, = «'(Cy). Therefore, using py = 1,

W(C) _ Co
U/(CO) Ct '

bt =

Households’ budget constraint Zfil wy Liy = p;Cy and the first-order condition imply 1 =
ZiN:1 ki, which does hold. Substitute p;C; = Cj in (A-9) through (A-11):

1
Wiy ZHiL—itCm (A'12)
/%'Yit/(eit)
Vi —WCO, (A-13)
c;(Ry)
= (). A-14
Tl aR) (A-14)

The wage must be equal in sectors with nonzero employment, so w; = w, for some w; > 0.
Equation (A-12) becomes:

1
Ly = ki—Cy.
Wt
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From the budget constraint, w, = Cy and thus L; = k;. Therefore equilibrium L;; is inde-
pendent of e;, v, and T;.

Conjecture that v;/Cj is independent of T; (we will confirm this conjecture when studying
the regulator’s problem). Then from (A-13) and (A-14), the time ¢ market equilibrium is
also independent of T;. It is also independent of the random shocks ¢; and the unknown
damage parameters (;; and thus is not stochastic.

As v, increases, e; strictly decreases while e; > 0. Aggregating over all 7, Zf\il it
strictly decreases in v; and R; weakly increases in v;. There exists some 7, > 0 such that
Zﬁileit—Rt =0if v, = 1, and Zi]\ileit—Rt > 0if vy < 1.

The regulator solves the following Bellman equation:

N
W(Tt, [, Qt) = max E, {u( H exp|—C Ty LY " (e5,)]" )
=1

1 - .
—W (T4, i1 Q
+ T+r (Tht1, flet1s t+1)],

where E, denotes expectations over the regulator’s information set at the beginning of period
t and where a star represents market equilibrium. Market outcomes will be insensitive to 4
for v, > 1, and thus the regulator’s objective will be constant in v, for v, > ;. Maximized
welfare is therefore equivalent for a regulator who solves the following problem in which v,
is constrained to be less than or equal to 7;:

W Ty, ju, ) = max E; [“ ((1 — a(RY)) ﬂ[exp[—Qtﬂ]LZ}Y“(e;)]ﬂi)

v <ig "
1=
1

+ ?W(E—Ha i1, Qt-i-l)]

At an interior solution, the regulator’s first-order condition is

3%
th

KV (e J R -
0= Z th zt th + 1+rEt [WT(TtHaMtH,QtH]

B c,(Rf) OR; 1
1—c(Rf) ovy 1+

aR;
th ’

E, {VNVT(TtH, [it+15 Qt+1>} o (A-15)
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Substitute from (A-13) and (A-14):%°

861 1 -~ |- B ~ ael

81/,5t Et |:WT(T;§+17 Hi+1, Qt+1 } autt
v (9R* 1 - |= - ~ (9R*
Ct* D 1y rEt |:WT(E+17Ht+1,Qt+1>1& ayz-

Factor out common terms:

1 et OR
0= (Co + —OéEt |:WT<Tt+1;Nt+179t+1>1) (; aytt - aTZ) .

Applying the Implicit Function Theorem to equations (A-13) and (A-14), we find:

oej, -1 1 -
Dy~ YTy, <0 ife} >0, (A-16)
Y it/ Yit
ORy 1
L= >0 if R, > 0. (A-17)
ovy o/ (Bf) C* [ci(R C*
1— Ct R* 1 Ct R*)]2

Therefore, if some firm is at an interior solution for either emissions or removal:

Vy

O*

1
+ —TOéEt Wi (Tisr, fiesn, Q1) |- (A-18)

From the envelope theorem:

. s - 1 - . ~ .
W (T, fie, ) = — G — A + 1+ rEt[WT(Tt—i-lu,ut—i-la Qit1)),

where we recognize that the market equilibrium is independent of temperature under the
conjecture that v,/Cj is independent of temperature. Recursively substitute into (A-18) and
rearrange:

1
Vy = Cga—
r

N
> kwCe + i
k=1

We have confirmed the conjecture that v,/C{ is independent of temperature when Zfil Cit —
R; > 0. We have established Proposition 2.

40At a corner with either e;; = 0 or R;; = 0, we would have del, /Oy = 0 or OR; /Ov, = 0, respectively,
and so would end up at the same optimal tax as below as long as at least one is interior.
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F  Proof of Corollary 2

Let G; be cumulative revenue collected, which is invested with rate of return r:

3

N

Z ey — Ry

i=1

Gt+1 = (1 +T’) {Gt +

with Gy > 0. The constraint in time ¢ is now

N
Z eir — Ry

=1

Gt+Vt ZO

This constraint binds only if Zi\; e — Ry < 0. Denote the smallest v, at which the constraint
binds as 7. By the implicit function theorem,
dv 1
b > 0,

N _ _ N Qe OR}
dG; 22‘21 e () — Ri(0e) + Zz’:l ae,ff _ autt
t

where a star indicates market equilibrium. The sign follows from (A-16), (A-17), and emis-
sions being net negative when the constraint binds.
The regulator solves the following Bellman equation:

N
WA(Ty, fu, Qu, Gy) :H},?XEt {U( (I —c(R H exp[—Cu Ty LY ™ (e,)]" >
=1

1

+ TW(TtH Ht+17Qt+17Gt+1)]

where E, denotes expectations over the regulator’s information set at the beginning of period
t. Market outcomes will be insensitive to 1, for v, > 74, so the regulator’s objective will be
constant in v; for vy > ;. Maximized welfare is therefore equivalent for a regulator who
solves the following problem in which v, is constrained to be less than or equal to 7:

v <y

N
W(ﬂ) ﬁfn Qt’ Gt) = max Et |:U( ]' - Ct H eXp CZtT;f thylt( ’Lt)] >
1=1

1

+ FW(TtH 1 Qt+1> Gt+1)]
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At an interior solution, the regulator’s first-order condition is

el/ ! 8€Z 1 5 B ~ B N 862‘
0= Z th Ztt al/: =+ 1 T ’]"Et [WT(E+17 Hit1, Qt—i—l; Gt+1):| o 2 a_l/tt
o q(Ry) ory 1 OR!

l—c(Rf) Ovy, 1+ o,

Z OR;
th al/t

Marginal effect of emission tax on revenue

Et |:WT(Tt+17 i1, Qt+1> Gt+l):| Q

+ Et |:V~VG(Tt+1a 41, Qt+1, G } {Z e, — Ry + v

N

} . (A-19)

From the envelope theorem,

WolTh, s, O, G) = B [W@ ot O, Gm)}

lf V¢ < Dt and ~ ~
do, OW (13, fir, 4, Gy)
th aDt

if v, = ;. Advancing these to later timesteps, we find

WG(Ev /]h Qt? Gt) =

We(Ty, i, u, Gy) :ZPT(VHJ' <V Vi €{L oy s = 1N Pr(Vigs = Vi)

s=1
di s aVNV(THs, fhits, Qt+s, Gits)
dGiys Oty

if 1, < 1. Because increasing ;. s loosens a constraint, the final derivative is strictly positive.
We saw above that the other derivative on the final line is strictly positive. And the prob-
abilities on the first line are strictly positive because they depend on fi;; and fi;;s, which
in turn depend on draws from normally distributed variables that have infinite support.
Therefore WG > 0.

Use vV°LB to denote the optimal v, implied by (A-15) and v® to denote the optimal v,
implied by (A-19). vN°LB is the tax described in Proposition 2 when emissions are strictly
positive. If we evaluate (A-19) around v°LB | then it reduces to its final line. Since we have
established that Wg > 0, the sign of that final line of (A-19) matches the sign of the term
in curly braces, which is the change in revenue due to a marginal change in the tax If that
change is positive, then this term increases the first-order condition and makes v/? > yNeLB
by concavity around a maximum. And if that change is negative, then this term decreases
the first-order condition and makes /2 < vN°LB by concavity around a maximum. We have
established the first part of the corollary.
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The curly braces in the final line of (A-19) are weakly (strictly) negative when net
emissions are weakly (strictly) negative. Because net emissions weakly (strictly) decrease in
v; when net emissions are weakly (strictly) negative, we have established the second part of
the corollary in the case that the dynamic revenue constraint does not bind. And the second
part of the corollary holds trivially when the dynamic revenue constraint does bind.

G Proof of Lemma 1

Conjecture that the value of the carbon share depends linearly on each Fy[dy,;] and E,[A, ]
for 5 > 0:
G = Z A Bildi ] + Z Wi B[ At ]
Jj=0 Jj=0

with {Ar 41520 and {W,,4;}32, sequences to be determined.
 First consider a case in which R; = 0. The value of a carbon share in period ¢ is
Ey[d,] + ﬁEt[thH]-

Next consider a case in which R; > 0. The payoff of a shareholder who removes carbon
in period ¢ is

(1+7)D = E[A] = pf,

and the payoff of a shareholder who does not remove carbon in period ¢ is

Trr t[qt+1]

In a competitive equilibrium with abundant carbon shares, shareholders must be indifferent
between the two options, implying that

EyJd,) +

E/Ger] — Eldy]) — EfA). (A-20)

1
R
—(1+7r)D—
pt ( T) 1 r

Equilibrium payoffs are then identical whether R; = 0 or R; > 0. By absence of arbitrage,
the value of the carbon share is:

(jt = (1 + T’)D — Et[At] —pf

Substitute for ¢;,; from the guess:
A 1 = . - .
Ge =Ey[d] + s ]Zl A1 Eldiy ] + 157 ]21 U145 B [ Ay y].

Matching coefficients, Ay, = 1 and ¥;; = 0. Advancing the analysis by one timestep, we
find Ayp1 401 =1 and Uypg 449 = 0. Therefore Ayyy =1/(1+7) and Wy = 0. The lemma
follows from repeating these steps for subsequent periods, deriving Ayyj,4; and Wiy, 5,
eventually Ayyq 4y and Wyyq 4y, and finally Ay ,q; and Uy ;.
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H Proof of Proposition 4

The cost of emitting in period ¢ is D — (G, — E[d,]). From (8),
D _( =D — Z 1 +r t-H]
from which (7) implies

D— (G —E[d])=D—-)_ ! Fy[r D — Ayyj]

Using (6) and the properties of truncated normal distributions,

N o)
. 1 _ 1 1
D — (g, — Eld;]) =C, - — [y — PR ; A-21
(Ge [di]) =Co " 321 KiCr + i ;Zl Aty Xtit+5 | 5 ( )
where
f—fit
¢ (Zt t+j

i =0

A
Xtt+j = —ﬁ 2
—Ht
¢ <2t,t+g‘>

is the adjustment to the mean of a normal distribution (for time j random variables, using
the time ¢ information set) for the upper truncation point (from the deposit’s definition
in (5)), ¢(-) and ®(-) are the probability density function and cumulative density function

_ 1/2
for the standard normal distribution, and %, ; = (V&T’t<ﬂt+j)) is independent of ji.

Setting v, = D — §; in (A-13), time ¢ emissions are as in (1) as xz¢4; — 0 for all 7 > 0.
Assumption 1 ensures that some shares are outstanding. Applying the foregoing analysis
to equation (A-20), we find that, if some shares are exercised,

P 1+rz 1+r EilAvsl.

J=1

Using in equation (A-8), we find that

o0

(%) 1 1 .
L—c(Ry) 1+ Z (14 7)1 A
:CO (0% Z /?ka + /'[’t _::-_ i (1 +];’.)'7_1 Xt,t+j 5 (A_22>
j=1
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with x¢.1; as above. Time ¢ removal of carbon emitted in all previous periods is as in (2) as
Xtp+; — 0 forall s € {1,...,t} and all j > 0.

Xt1+j decreases in fi and goes to 0 as fi goes to oo (i.e., the mean of a truncated-normal
distribution increases in the upper bound and approaches the mean of the untruncated
normal distribution as the truncation point goes to infinity). By the foregoing analysis, time
¢ emissions and removal as as in (1) and (2) as i — oo. So L; — 0 as i — co. We have
proved the proposition.

I Preliminaries for Proofs of Propositions 5 and 6

Let fi; and Qt indicate the indicate the mean and variance for chvzl k(. formed after ob-
serving CN'S + s and g; for all s < ¢, with the corresponding variance of each ¢; labeled 72 (note
that this variance will be indepndent of 7). I show below how to define 72 from Bayesian
updating for ¢t > 0.

Demand for carbon shares and market-clearing price

Conjecture that ¢; is a linear function of the (; + A\;; and that ¢, is a linear function of
é + A and ¢:- In this case, ¢; and ¢, are normally distributed, and by standard properties
of normal random variables and D — oo, the time ¢ maximization problem for traders of
type ¢ is equivalent to:

Xt

max — exp { — AL+ r)(wir — Xirqe) — Ay + Xit)Et[Qt+1 + (1 4+ 7)de|Cir + Nit, @1
1 ~ e N v
+ §A2(yit + Xz‘t)QVC””t [Qt+1 — (1 +7)Coa[C + ]| Gt + it Qti| }
1 ~ e N v
=max — exp { — A1+ r)(wy — Xuqy) + §A2(yit + Xi)*Var, |:qt+1 — (1 + 7r)Coa[C + M]|Cit + it qt]

— Ay + Xit) <Et[Qt+1|Qt + Nit, @) + (1 +7) [TD — COOCEU't[é:t + 5\t|§z’t + Ait, dt]D },

where E, and Var; indicate the expectation and variance at the common time ¢ beginning-
of-period information set. The first-order condition for a maximum is

hit (= y o ox o x y y
Xit = — Eiqi1|Git + Nits @) + (L4 7) (7D — CoaBy[C + Ae|Cit + Nies @] ) — (L4 7)G ) — vt
A (A-23)
-23
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where
A ~ = Y S\
hiy = <Va7“t [Qt—i-l — (1 +7)Coar[Ct + ]| Gt + Ait, QtD . (A-24)

The h;; are deterministic by standard properties of normal-normal updating. Aggregate net
demand for carbon shares is

N N

hie (= y o x ok y .
X = Z Xt (Et[Qt+1|Cit + Nit, @) + (L + 1) (TD — CoaEy[Cr + Ae|Cit + it C]t}) —(1+ T)Qt)‘Z Yit-

i=1 i=1

Market-clearing requires

Xt - O

Rearranging, the equilibrium price is:

1 N I
q;, = i (Et[QtHKz‘t + N, @]+ (1 +7) (TD — CoaE[G + |Gt + e, ijt]))

)Yl b [2
N
Ay y] .
i=1
Define
v iy
hiy &———. (A-25)
Zij\il hit

We have:

R .

4 =1 Z hit (Et[Qt+1|Cz't + Xit, @) + (1 +7) (TD — Coa By (G + Ael Gt + it Cjt]))
g
1 N
- A Yit-
(1+7) chvzl Pt zz:;

Observe that Zfil Yt = My — M. Therefore

R .

dr :1——|-7“ i (Et[qt+1|Cit + Nty @] + (L +7) (TD — CoaB[Gr + Me|Cit + i qvt]>>
i=1
M, — M,
_A ¢ 0 (A-26)

(1+7) chvzl hkt.
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Analyzing q; 1

¢:+1 18 the equilibrium price determined by time ¢ + 1 agents who have common beliefs, so
that Lemma 1 applies, modulo the information set. As D — oo,

[e.e]

1
qi+1 :ZO (1 +T)]

N
rD — Coo Z Fﬂkgk; - Coaﬂt+1]
k=1

N
T+r - .

= rD — Cya ; KrpCr — Coauflyi1 (A-27)

Define G, as the signal of ¢; + \; — Zszl kp(, extracted from ¢, which implies
Eya) = fie. (A-28)

Conjecture that
~ ~ N —
fiesr = ayfie + b, (ct +Ah— ) m) + Big, (A-29)
k=1

where aj, b}, and By are constants to be determined. Taking the expectation of each side under
the information set at the beginning of time ¢ and using (A-28), we find that 1 = a4 b, + B;.
Under the conjecture,

N
Et e ]Cit + Nt @] = afin + b;Et G+ A — Z ch_k‘git + Xit, Gt | + B
k=1
Using this with (A-27),
N
o 1+7r _
E i )\Z y 7| = D - C
WG |Gie + ity @] " oa;/‘ék@
o N
— Coax (amt +UE |G+ A=Y meGelGe + i e | + B@) :
k=1
From (A-26),
N
o 147 =
4y = rD — Coa Z ffk(k]
" k=1
1 b, +r il - N
— ;0004 (ayjte + BiGy) — = . Co Z hieEoy | G+ Ay — Z KrCe|Cit + it (jt]
i=1 k=1
M, — M,
—A i (A-30)

(1+7) Zé,»v:l hi
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Deriving ¢;
From (A-30),

N

2Nk

6t + >\t Z /‘ﬂka‘Qt + it Qt]

_ 5 N y My — My
= [(1+7) | rD—Coa Y k(i | — Coala,jiy + Big,) —rgs —rA .
Coalt+7) |\ >< " ; ) oorlealle + Bi) =1, (1+7) 0, b
(A-31)
If we set,
1 al M, — M,
G = 1+7)[rD—Coay kel | — Codsfie — gy — A L 0
=GB h e |1 ( o) ’“4’“) ofalte T (L+7) N,
(A-32)
then from (A-31) and the definition ¢, £ ¢ + 0,,
N N .
= haEy |G+ M — Cel Gir + Nty Gt | — 0,. A-
qt ; 1By | G+ A kz_;ﬁk(kmt‘f‘ ts e CoclBI 10, +7) t (A-33)

Recalling that his € (O 1) and Z 1 hy = 1, this ¢, satisfies the earlier definition of ¢; as the
signal of ; + Ay — Zk | kk(r, extracted from g;.

J Proof of Proposition 5
Section I contains preliminaries. A rational expectations equilibrium is fully revealing if and
only if ji; = jiz41 and, from (A-33), G; = fiz41. From (A-32) and taking ©2 — 0, that ¢; clears

the carbon share market if and only if

My — My

N
rqg; =(1+7r)|rD — Cha kG | — Coadfies1 — Coo( Bl + U, + 1) fiz41 — T A
t ( )( 0 Z 0ty fot41 0 ( t t ) t+1 <1+T)szv:1hkt

Using a; + b, + B = 1,

147 My — My

N
rD — Cya kuCr | — Coaifiesr — 1A
( > ) A T e

o

qy =
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As ©2 — 0, §; — ¢, in which case traders can back out fi;+; from the observed price §,
SO ftiy = figy1. In addition, the conjectured form of fi;y; in (A-29) holds, with B, = 1, and
72 can be defined from the posterior variance of informationally efficient beliefs. We have
described a rational expectations equilibrium that is fully revealing.

Observe that ¢; is identical to ¢; from Lemma 1. Assumption 1 and Proposition 4 then

imply that L —0asD — oc.

K Proof of Proposition 6

Section I contains preliminaries.

Expected ¢;11 as a function of time ¢ information

The combination of normal random variables and an affine information structure implies
that the posterior mean is a linear function of the prior and the signals:

N
E, G+ A — Z K CelCir + it (jt] =aufie + bir(Gr + Nt — G) + B (A-34)
k=1
for yet-to-be-determined coefficients a;, b, and By. Substituting into (A-33), we find:
N - r
gt = ; Dt [az‘tﬁt + bt (Gi + Xt — G) + BitQt] - Coa(BL+ b, +7) 0;.

Solving for ¢, yields:

N N
1 v v _ r
It = < Ehiiu Ehibii it — Gi) — ;] -
i 1=y hitBit( elte o+ A =) Coa(B; + b, + ) t)

i=1 i=1 i=1

Taking the expectation under the information set at the beginning of time ¢ and setting it
equal to (A-28), we find:

N
xe=1- Z hit Bir. (A-35)
i=1
Then:
1 N N .
G, =—— B I Bl Cor 4 Ny — ) — 0, | . A-
qt Yt <Zzl Ztalt:ut—i_izl it zt(Czt—'— it gz) C()O{(Bé-f—bi—l—r) t) ( 36)

A-25



Lemoine

Informationally Efficient Climate Policy

September 23, 2022

Deriving E, [ft + N — chvzl kel Gt + it @)

In time ¢ but prior to observing (;; + A;; and ¢;, the 3 x 1 random vector

y G+ A — chvzlﬁkék
Sit = Git + Ait — G
G
is jointly normal with unconditional mean
o [t
Eit[sit] = |fu
fir

and covariance matrix

OO’Uit (Szt) =
S, w22+ T2

N N ~
G Dkt Kk +o? ki +(1—k; ) T2 +Ki02

KiT{ 21— m)FTt +rio2 Tt2+02+w2

Zg:l(K/thz"l‘(l—K/k)FT?—‘,—f{ng)hk;il:]ﬁ

From the projection theorem,

N
Gt + A\ — Z fﬁkC_kKit + Nit, G
k=1

T
2) Rot bt :|
Xt

’Tt2+0'2 +w?

kiTP+(1—k; ) T2 +K02
:/J/t + N
2 2
Zk:l(ﬁk‘rt +(17Nk)r‘rt +KEo ( 2+O’ -H.U ) 'Ltbzt +F7't2 Zk;ﬁz

|: Cit i —Ci— e i|
Ge—fit '

A-26

b, hysb
(72+0'2+UJ2) 'Lt it +FTt2 Zk#z kt kt

(A-37)

Fpbrg |
S (ke (1—rp,) D72 +,{kg2)%

Ppibpe
Xt

2
hpb
Zk 1( kt kt) (Tt2+a2+w2>

hitbis hypsb
2V N Jt2gt NktOkt
F2077 30500 2k=j41 o o

2
+(=—r _©°
Coa(Bl+b,+r) Xt

(A-38)

(2 rotwt) it yrr2 5,

(r2 402 +w?) ztbzt +I72 Zk¢ hktbkt T

o 2
N hptb
k=1 ( k;tkt) (Tt2+02+w2)

Rigbis hpb
2 IV N JtZjt Nkt Okt
+207 3050 Yk Xt Xt

2
+(——r _©
Coa(Bj+b,+r) Xt

hktbkt
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Working through the matrix algebra and matching coefficients to (A-34), we find:
1 72 4 o2 |
by = i+ (1 — k) 5———
‘ detit{(KTt2+02+w2+( H)TE—FCTZ—FU.)Z

. 2 N v
i Poribpt o 72 i Z hjthje Pibs
Xt 72 + 02 + w? Xt Xt

k=1

N 1 T 0\?
2+ 02 +w? \ Coa(B} + b, + 1) x¢
N 2 2 4
T +o I'r; hpebrs
_ S
(Z (Kk7t2+02+w2+( Hk)7t2+02+w2> Xt

ilitbit FTE ;thbkt
A-39
< + TtQ + o2 + w2 Z ’ ( )

ot Xt

1 72 72 4 02
Bi — — Ky t t
t detit{z<[ﬁk ﬁTt2+02+w2} T2+ 02+ w?

2 2 7
#lamm - - ] )h’“b’“},

7+ 0%+ w?| 4 0?2 + w? Xt
(A-40)
and
aip =1 — by — B, (A‘41)
where
hyb r Bibis b
detitéz<ktkt> 19 +7;t+ 22 Z NjtOj¢ Mkt O
ki Xt T+t tw j=1,%i k=j+1,#i
y 2
+ 1 " © I'rf ? Z Porebie
2+ 02+ w? \ Coa(B] + b, + 1) x¢ T2 + 02 + w? — X

(A-41) implies that ZZ  Bit =1 =N (ai + bi), as required above.
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Simplifying, (A-39) becomes:

N 2
o 77 r e
bu = DIk + 2 3 byt CoalBi b+ 1) 7

2 2
T+ o4+ w
ki Jj=1,#i k= J-H;f'éZ t

-1
77 2 o
- hitb
(Tt2+02+w2) kz?;z kit
2, 2
T +o I'r;
T (1 s 2
{(K7t2+02+w2+( /{)Tt 02+w2)z

Tt + o La ) r'r? r 2 6?2
7+ 02+ w? 2+ 02 +w?) \Coa(B+ b, +71) TE + 0% + w?
N

Tt+0 FTt FT2
( 2+02+w2+( )Tt2+a2—i—w2> i +a2+w2];ézk ;# gt ]t Rkt

Tt + o I'r; 77
1 -k Zbl hy:b
( +02—|—w2 +( )Tt2—|—0'2+w2> Tt2+0_2 t tz ktVkt

k#i
7+ 0’ 77 y
hih; K t 1 — ki) —5———a—— | hpb
" tz( g 2+02+w2+( k)Tf—l—UQ—i-oﬂ) S

77 2 + 0 77 v y
- Kk + (1 — k) 5——— | hwth Pctbiet ¢ -
2+ 0% + w? <Z< "T2 4 0% + W ( k)Tt2+02+w2 Rt Z Mk

k#i k#i

+

Solve for by:
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2 2 T 2
by — (KL - ,ﬂ)#>

T2 + 02 + w? T2 + 02 + w?

{ (th + 0?4 w? - FTE) (7}2 +o?+w+ FTE) Z Eitbzt
ki

N N
+ 27 [+ 0’ +w =T77] Y sl
J=1,7i k=j+1,7#i

2
r 2/ 2 2 2
+<Goa<Bz+b;+r>) O+ +u)

=

)3 b
il o)+ (L= )l

Ifk(TE +o+ w2) — IiiFTE (7}2 + 02)

+ [1 = k) (77 + 0° +w?) — (1 — k;)'7}] FTE) Fthbkt]

{ (77 +0° +w’ = T7) (7 + 0" +w* +T7)) Z Ribi
ki
N N
+2I'7? [7’3 + 0% +uw? - F7t2] Z Z Fojubji i D
J=1,71 k=j+1,7#i

2
i
92 2 2 2
+<00a<Bz+bz+r>) (0" + )

+ hy ( [/{k(TE + 0?4+ w?) — /{iFTtZ] (12 + 0?)
ki

+ [(1 = ki) (7 + 0% + w?) — (1 — k)7 rﬂf) ﬁktbkt} . (A-42)

Observe that

[61(17 + 0% +w?) = K DT] (77 + 0°) + [(1 = ki) (77 + 0° + w?) — (1 — k) T77] 7}
= [(1 ~D)2+ 0%+ wz] [/{k(TE +0?)+(1 - I{Z‘)FTE}
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decreases in k; and is strictly positive as k; — 1, implying that it is strictly positive for all
relevant ;. Because that expression is positive,

72 + o
‘T2 0?4 w?

2
I'r;

by < K —_
& 72 + 02 + w?’

and because this last inequality holds for arbitrary 7, inspection of (A-42) shows that b; > 0.
Therefore the set of functions defined by (A-42) for each i € {1,..., N} maps a vector from

77 ]

=)
( )Tt2+02+w2

>N< TE + o2
/ﬁ;,—

T R 4 02 w?

=1

into itself. By Brouwer’s fixed-point theorem, there exists a fixed point in that space. By

inspection, the fixed point does not have any by on the boundary. Therefore, for each

ie{l,..,N},

2 2 2 5
by = ( T 0 >—> Z (A-43)

‘T2 4 02 + w2 2 + 02 + w?
for some Zit € (0,1). Observe that Zl-t and b;; are deterministic because each ;th is deter-
ministic.
Deriving ji;1q

Substituting (A-43) into (A-36) and using S~ | hiay = xi— 3o, habi from (A-35) and (A-41),

=1

Xt — i Pabi . T to I'r hitZit =
= - i3T5 5 T (=K it + it — G
& Xt Mt+; ﬁTt2+02+w2+( /{>7't2+02+w2 Xt (G ¢ G
r 91&
— —. A-44
Coa(BL+ b, + 1) xt (A-44)
Consider jointly updating about
Zi]\il KiGi
N 12452 - 2 - . A-45
[Zi:l (mim + (1 - Hi)TtQ-i-aQt-‘er) hl;(fn CZ ( )
Define the time ¢ signal of this vector as
y G+ M — fgvzl e
St . ~ Xt=>2i ) hisbie + : (A_46>
@ — =, Mt
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Let T, indicate the 2 x 2 precision matrix of the time ¢ prior and T, indicate the 2 x 2
conditional precision matrix of the time ¢ signal. Apply the conventional normal-normal
updating formula, recursively substitute, and recognize that the time 0 mean is a zero vector:

TR {G+ A4 —Zt: ﬁ | (= )3
ZN (KzQTtL—i_(l_ ) L7 )hz;fztcz J j»djfi=0| = Uy Tk )Sks

i=1 +02+w? v r24o2+w? k=0 |j=k+1

E

where 7; £ (Y, ;+Ts;) 1T, and I is the 2 x 2 identity matrix. Define 7, as element (1,1)
of |:H§':k+1 7Tj:| [[ — ] and 7t as element (1,2) of H;:Hl 7Tj:| [I — m]. Using (A-46) and
the definition of fi;1, )

t AT S Xk_ZN harbi
frt1 :Z [ﬁk (Ck+)‘k _Z“J'Cj> + 7 | Gk — )é:l = ﬂk)] -

k=0 j=1

Substituting for /i ,ut, we have confirmed the conjecture in (A-29) that fi;4; is a linear function
of i, ¢ + A — Zk 1/1k§k, and ¢. Matching coefficients yields aj, b}, and B;.
Using (A-44),

t

N
firsr = [ﬁ'k <5k + A — Z Kj&j)

k=0

Ty +0 FT]? Eijjk =
+7rkz(KJT2+02+w2+(1_K’j)7_]§+0,2+w2 Y& (Cjk+)\jk_Cj)

r Hk
Cga(B’ + 0, +7) Xk
Define
Fois 2 hisZis. (A-47)

Ris € (0,1), because both components are. Also define

Xs £ BL+V, < 1.
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Then:

fley1 = Zﬂ'k ( k+)\k_zf<‘:j<]>
_I_Zm D)1+ o?

2 + 0% + w?

Z Rieki Gk + Aie — G)
=1

72 al . _
+ m ; Rik Gk + ik — G)

Tk
- 0. A-48
kZOXkcoa (Xe + 1) g ( )

Letting T; indicate element (1,1) of (Y, + Y,,)~', the conventional normal-normal
updating formula for the precision and the definition of 72 together imply:

7'2 = Tt
D D

Finally, the following lemma establishes properties of the @ and the 7:

Lemma 2. If ', w?, &%, and ©* are sufficiently small, then 7y € (0,1) and limp g2, 7y, s
arbitarily close to zero.

Proof. See Appendix M. m

Emissions and carbon removal

Adapting (A-21) and (A-22) to the current informational environment and applying the con-
ditions of the proposition, time ¢ firms equate both the marginal cost of emission reductions
and the marginal cost of carbon removal to D — (¢; — Ey[d;]). Using (A-27),

N
o 1+ - o
D — <Qt - Et[dt]) =D — ( Lo 1> [””D - CoOéZ/kak — Coafiy

r
k=1

N
Z ke + it

k=1

1
:—Coa
r

The proposition follows from using (A-48) to define ;.
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L. Proof of Corollary 4

By inspection, equation (A-42) holds if b;; = 0 for all 4 € {1,..., N} with ©% = 0, and
because the denominator contains a term that is linear in the by; whereas the numerator
contains only products of the b, equation (A-42) holds if each by is arbitrarily small with ©2
arbitrarily small. The first part of the corollary follows from these results, it € (0,1), and
the definition (A-47).

Now analyze h;. From the definition (A-24),

1/hzt :Vuart [qt+1\@t + )\it7 dt] + VZLT’t [(1 -+ T)COOK[C} -+ S\t] |Clt -+ >\it7 dt] . (A—49>

From (A-29), } o
Varg e |Ge + i, Ge) = (bé)QVC”"t (Gt + Al Git + Nit, G-

Using this in (A-27),

1+7r
r

2
Vardg1|Ge + Nit, @) = ( CoOébfg) VardG + M| Ge + Nit, Gl

Covy [qt+1, —(1 4+ 7r)Coar[C + Ae]|Cir + Ait, Qt] =[(1 4 r)Coa)? ?tVCWt[Ct + Ae|Git + it G-
Substituting into (A-49),

1+7r
r

2
1/hlt = |: COCY:| (b; + T)zvart Kt + /\t|Cit + )\ita Cjt] (A-50)

Apply the projection theorem to (A-37), via (A-38):

Vvart[ft + MGt + Nt G

N N N
=[r? + o7 Z /i? + 2177 Z Z Kjkk + &2

j=1 j=1 k=j+1
B 240242 (T2+U2+w2)ﬁitbit i Rebre ]
t t Xt t kL Xy
y 2
[ S T i 1(hktbkt) (2402 +w?)
— = Xt
N 2 2 2 Ppt ks "y K iy h
(ke 4+ (1—kp) T2+ Rp0 2, 2, 2\ hid 2 b 23N N t05t Pptble
e (R H( Wi +Ri0”) Xt (ri+o +w )%JFFQ Dkt k;tkt F207E 3051 Y=g ]Xt] k;tkf
2
Hogror—2
L Coa(Bl+bj+r) Xt

kiTE+(1—k)) D77 +Ki02 :|

N Fpeeb
|: Zk:l(“k7t2+(1*l€k)1‘7t2+nk02)%
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Using the b, and By from (A-39) and (A-40), this becomes

N
Var(G + MG + My @) =[(1 = D)7 + 0] Y k3 + T + & — by [mil(1 = T)77 + 0%] + 77
j=1
al Db
— By | Y (sil(1 = D) 4 0% + D7) =22 |
—1 Xt
Substituting from (A-43),
ST ~ 2 2 a 2 o, ~o  Imil(1— P)th +‘72] +FTt2]2 :
VardGe + MGt + Xty @) =[(1 = T)7¢ + 0 ];’% + I+ 07— 724+ 02 4+ w? Zi
_B iv: /ik 1 — F)TtQ + 0'2] + FTt2)2 ithZkt
" — T2+ 02+ w? Xt

From (A-42) and (A-43), limg2_,, Zi = 1. And from (A-40), limg2_,,, Biy = 0. Therefore,

[kil(1 = D)7 + 0] + 7]

N
. S 1 2 2 2 2 | ~2
@1212100 VaryG + Ne|Gie + Nie, @) =[(1 = T)77 + 07 E Ky + 17 + 0" —

— T2 + 02 + w?
]:

Simplifying, we find:

L 2
m VardG + AlGie + A, 4] =0’ 4+ [(1 D)7 + 07 (Z i m’i?)
+ L (1 —r)*[(1 = D)2 + 0% + w? |.
th + 0-2 +w2

Now consider the second part of the corollary. If x; = 1/N for all 7 € {1,.., N}, then
the foregoing implies that limgz_, Vart[Q + )\tKZt + Azt,qt] is independent of i. From
that result, (A-50), and the definition (A-25), lime2 o hw = 1/N. And that result with
limg2 o Zix = 1 and the definition (A-47) implies limgz_ o Rxy = 1/N. Further, if k; = 1/N
for all ¢ € {1,.., N}, then b; equals some constant b, which, from (A-42), solves

2 2 2 2 2
r TP+ o tw N
(Tt2+02+w2+(N—1)FTt2) bf—i—( )) 2 !

b
Coa(B] + b, +r 2+l 4w —TEN—-1"

(1 Ti+o +N—1 I'r r 2, T4 oitw N?
AN+ 02+ w? N 12+02+w?) \Coa(B]+b,+7) 7+o4+w TN -1
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Substitute from (A-43), writing 7, for Zy:

1
N

— )72+ 0%+ NI'1? 2 Yo
72+ 02 + w? Zi
¢
o r 2 9 Tt2—|—02+w2 N?
:<1_Zt) 7 ; @ 2 .
Coa(B; + b, + 1) 1-D)rF+02+w?N -1

1
3 ((1 —F)7}2+a2+w2—|—NFth) ((

Evaluating at Zt = 0 and Zt = 1 shows that there exists at least one root in the interval
(0,1). For Z, € (0,1), the left-hand side monotonically increases in Z; and the right-hand
side monotonically decreases in Z;. Therefore the root in the interval Z, € (0,1) is unique.
This root monotonically increases in ©2 for ©2 € (0, 00). Using hy = 1/N and the defini-
tion (A-47), we have established the second part of the corollary.

Finally, consider the third part of the corollary. Without loss of generality, order the
sectors by increasing x;. Then limg2_, Var, [ft + S\tlgt + Aty Gi] > limgz oo Vvart[ft + S\t\Cjt +
Njt, @i for all j > ¢ if, for all {n,n + k} such that &, < Kni,

2 T 2
Zm Ky + — T (1—kp)?

2+02+w? " TR+ o024 w?

J#n
2 FTZ
> Kj —I<L2 +——t (1—-k 2,
;rk 2402 w2 "R 2 g2 4 w2( nek)
j#n

This sufficient condition is equivalent to

2 2
FTt 2 w 2

(/‘fwk - “i) + m [_2("% — Fntk) + /{721 - ’fn+k] 2

and thus is equivalent to

(1 —=T)72 + 0% kip + Knsi o '}
T2 + 02 + w? 2 T P+ o+w?

This condition clearly holds and thus so does the sufficient condition for limg2_,., Var, [CNt +
MlCit + Mity @] > limez_yae Var G + M|CGe + Aji, @] for all j > i. Therefore from (A-50),
the sequence {hy,...,hn:} is monotone increasing as ©* — 0 when sectors are ordered
by increasing x;. And from the definition (A 25), the sequence {Fth, . 7L Nt} 1S monotone
increasing as ©% — 0, with hu < 1/N and hNt > 1/N. The latter 1nequahtles are strict
if any k; # 1/N, which in turn is equivalent to k; < 1/N. The third part of the corollary
follows from the foregoing, limee .o Zi = 1, and the definition (A-47).
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M Proof of Lemma 2

Define

2 2
A(‘ nre + (1 — ki)

wit =\ R
th + 0—2 —|—UJ2

FTE ilitZit
7't2 + 02 + w? Xt

By definitions of y; and Zit,

v

Pisbit
> 7% [ait + bi] ’

Wi =

and hence w;; € (0,1) with le\il w;; < 1. Before updating for time ¢ observations, the prior
covariance matrix for the vector of unknown parameters in (A-45) is

(1 - F)Tt2 Zf\; “? + FTt2 (1 - F)Tt2 Z@Jil KiWit + FTt2 Zf\il Wit ]

V S y 5 . o\ 2
. (1- F)th Zfil KiWg + FTE Zf\;l Wi (1 — F)TtZ Zfil wzzt + Fth <fo\i1 wit)

and the covariance matrix for the vector of signals in (A-46) is

2V 2 ~9 2\ >
g Zi:l ki +w 9 Zizl K;i Wit ,
@2

Ve =
) 2 N o 2 2 N o9 r
0% ) iy kit [0 F w00 Wy + <—coa(32+b;+r)><t>

By definition, T, ; = V/;jl and T, ; = V;]1 Define det,, ; and det, ; as the determinants of

L

V,; and V;;, respectively. These are weakly positive. Recall that m; = (T,; + Ts;) Y-
Using superscripts to indicate elements, standard matrix inversion and matrix algebra yield:

1
det,,; +dety; + V. EVVED Ly Uy ED oy 2y (2

T =

(1,1)y,(2,2) (1,2)y 7(1,2) (1,1)7 ~(1,2) (1,1)y ~(1,2)
dets’g/?;?;)/s‘}](lvg)/;hj V(_272‘)/;{}7(112‘;s’] d t VH,J V‘(/'vls:{)v(;72‘)/s’ ' V‘(/‘luvg)v(LQ) :
/’ij 7j B 87j l"/mj € S’j + uvj yj B l"ﬂj S7j

The leading fraction is the determinant of V, ;4-V ; and thus is weakly positive. Substituting,
we find that

N N
A LR WU e
i=1 i=1
N N N
— F’Tj20'2 ( [Z Ii?] [Z 17)”] — Z I{i’wz‘j) s (A—51)
i=1 i=1 i=1
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which goes to 0 as ©@? and I' become small. We also find:
N N N N
(2,2)7 7(1,2) (22)7,1,2) 1.2 2 o o o 09
Vig Vi = Vi Vi =Imo (Z w@']’) [(Z “’Z‘J) > ity = szj]
i=1 i=1 i=1 i=1
N . 2
2 22 2
[ ; J (Coa(B;. + 0 + fr)xj)
N N
[(1—F)TJQZI€Z’UUJU+FTJQZQT)”] .
i=1 i=1

This goes to 0 as I, w?, and ©? become small. So 7; becomes approximately diagonal as T,
w?, ©2, and @? become small.
Observe that:

(1,1)7y-(2,2) (1,2)y ,(1,2)
dets; + Vi Vi = Vi~V

N T N N 2 . 9
2 E 2 ~2 2 2 2 E ] 2 o 2
[ i=1 i i=1 ’ ’ ! Coor(B] + b + )X;

| =1
N 1T N N
— [O’2 Z /iﬂbij [(1 — F)Tj2 + 0'2] Z Hﬂf)ij + FTJ'2 Z wl]]
=1 1 L =1 =1
N N N 2
> [02 Z /-f,f] [(1-T)7* + 07 Z w4+ 7} < IT)Z-]->
i=1 =1 =1

N N N
_ [O’2 Z KJZUUJU] [[(1 _ F)Tj2 + 0-2] Z ’izwlj + Fsz Z ”L\[)Z]] .
=1 =1 =1

As I' becomes small, the final two lines go to

o (£4) (£4)- ()

=[r?+0°] lim det,;.

02 w2 H2—0
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We also have:

et VPV VG

N 2
2 2 w r 2
E w2, =)

[0 + ] — Wi (C’oa(B§ + 0 + T)Xj)

N N N
— [02 Z /‘iiwij] [(1 — F)sz -+ 0'2] Z /iiwij -+ FT]-Q Z Uv}l]]
i =1 =1

N
[(1=T)77 + 0% ) K} + 77+

=1

=1
N N
= [02 Zuu%] [[(1 — F)Tj2 + 07 Z K3+ FT]-Q
i=1 i=1

As I' becomes small, the final two lines go to

=[r?+0% lim det,;.

02,w2,620

N
[sz + 0'2] Z /fﬂf)ij]
=1

Because det, ; > 0 by properties of covariance matrices, dets ; + V(l-’l)Vlfi-g) — V(I-’Q)VS(I-’Q) > 0

and det, ; + V(1 b Vs(i 2) V (L 2)V (1:2) 5 0. Therefore elements (1,1) and (2,2) of 7; are each
between 0 and 1 for I' sufﬁaently small.

These results imply that H i—k41 T 18 approximately diagonal (in that its off-diagonal
elements are arbitarily small), with diagonal elements between 0 and 1, as ', w?, ©2, and @?
become small.

To analyze 7, and 7, under these same conditions, it remains to analyze the first row of
(Ypr + Ysr) 'Y the product of element (1,1) of (T, + Tsx) ' Tss and element (1,1)
of H;:k L, 7; dominates 7, as I', w?, ©%, and @* become small, and the product of element
(1,2) of (Y,k + Ts) 'Yy and element (1,1) of TT
&? become small.

Matrix algebra yields that element (1,1) of (T, x4+ YTsx) ' Toy is

. v 2 2
ikl T dominates 7 as I', w*, ©%, and

dety i+ VEIVEY — VAV

det,  + vﬁ”xg{j” —yvi? >v<1 P detyy + VEIVED — Vﬁf},f’vﬁlﬁ'

123 ) S

We already established that the denominator is strictly positive as I' becomes small and that
the final three terms in the denominator sum to a strictly positive number as I' becomes
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small. The numerator is

N N N 2 2
[(1 —I)r? ; k24+T72 |[(1=D)72 + 02 + w?] ; w3+ T (Zl wit> - (Coa(Bg :bg " T)Xt) Ck
N N N N
_ [(1 — F)sz Z KiWis + FT]-Q Z ﬁjit] [(1-— F)sz + o7 Z KW + FTJZ Z ﬁ)it]
Nz=1 i=1 i=1 2 i=1
> [(1 —I)r? Z k#0772 (1 =T)77 4 07 Z Wy +T7} (Z wzt>
N N
[ Z Ky + FT Z wlt] [(1— sz + o7 Z KWy + FTjQ Z u“)it] )

As I' becomes small, the final two lines go to

-2
———] hm dets ;. (A-52)

Therefore the numerator is strictly positive, which means that element (1,1) of (T, +
Yor) ' Y5k is € (0,1) for T sufficiently small. Because element (1,1) of H;ZkH m;is € (0,1)
and element (1,2) of H;Zk .1 7; is arbitarily small for T', w?, ©% and &* small, we have
established that 7, € (0,1) for T',w? &%, ©2 sufficiently small.

Element (1,2) of (T,; + Ts;) 'Y, is:

Vs(,i’l)‘/u L V(1 1) Vs(l 2)
det, o+ VEIVED —vEIVED ety 4 vV ED _y 02y 07

From (A-51), the numerator is 0 if both T' and @? are zero. Therefore as T',w? — 0 with w?

and ©2 not too large, 7y, is equal to zero times element (1,1) of [T j—k+1T; plus a term that

scales with element (1,2) of [T i—k1 T and thus is arbitarily small.
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