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Abstract

Portfolio diversification is as important to debt management as it is to asset management.

In this paper, we focus on diversification of sovereign debt issuance through greater re-

liance on inflation-indexed bonds for a representative emerging economy, Colombia. Us-

ing an arbitrage-free dynamic term structure model of fixed-coupon and inflation-indexed

bond prices, we account for inflation and liquidity risk premia and calculate the net ben-

efit of issuing inflation-indexed bonds over nominal bonds. Our results suggest that the

Colombian government could lower its funding costs by as much as 0.68 percent through

increased issuance of inflation-indexed debt.
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1 Introduction

Portfolio diversification is as important to debt management as it is to asset management.

With respect to sovereign debt issuance, several studies have examined issues of time-varying

maturity structure of debt as well as default resolution through maturity extension.1 In light

of the significant fiscal consequences arising from the COVID-19 pandemic and its aftermath,

questions regarding the magnitudes of sovereign bond issuance and the optimization of its

issuance terms are worthy of further review. This is particularly true for emerging economies

whose debt capacity is widely perceived to be lower than that of more advanced economies

that have a long tradition of deep and well-established financial markets. Furthermore, as

global financial conditions have tightened while government deficits remain large, practical

questions arise regarding how to finance new and maturing debt in a manner sustainable for

both governments and their domestic financial markets.

In this paper, we examine a potentially relevant aspect of this sovereign debt manage-

ment challenge; namely, whether the government might benefit from switching its debt is-

suance away from well-established nominal fixed-coupon bonds and towards inflation-indexed

bonds.2,3

The choice between issuing conventional debt with a fixed notional amount and inflation-

indexed debt, which maintains its real value, involves a tradeoff. When the government

issues nominal debt, investors assume the inflation risk. Provided investors as a group can be

considered rational and forward-looking, they will demand a premium for taking on this risk,

referred to as the inflation risk premium. If, instead, the government chooses to issue inflation-

indexed debt, investors are protected against inflation risk as the cash flow of such financial

claims (coupons and notional amount) is adjusted with the change in the economy-wide

price index. As a consequence, the government can avoid paying the inflation risk premium

and lower its debt servicing costs, assuming the government is less averse to inflation than

investors.

One reason why the government may be less averse to inflation risk is that it controls

the central bank and hence can directly affect inflation outcomes, unlike investors. Another

reason is that taxes and many public benefits have structures with nominal rigidities such

as fixed income brackets that are only adjusted with a lag, again with the government de-

ciding when and what adjustments are made. This means that unexpected positive shocks

to inflation, which are very costly to holders of nominal debt, tend to have a positive effect

on the government’s fiscal position, at least initially.4 Moreover, positive inflation shocks in

1See Arellano and Ramanarayanan (2012) and Michalache (2020), respectively.
2Ermolov(2021) studies this question for a large set of advanced economies, but fails to account for the

liquidity risk premia of nominal bonds unlike the analysis in this paper.
3Christensen et al. (2024) examine whether the U.S. government could benefit from extending the maximum

maturity of its debt issuance, which represents another way to diversify a government’s debt portfolio. In our
analysis, we stay within the prevailing maturity structure.

4See Neely (2022) for a recent discussion in the case of U.S. government debt.
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and of themselves erode the real value of the government’s nominal debt and transfers wealth

from bond holders to the government and taxpayers. These are the standard arguments put

forward in favor of greater government reliance on inflation-indexed debt; see Price (1997) for

an overview.

Against this backdrop, one may ask why most government debt around the world remains

nominal.5 What can account for the low issuance of inflation-indexed debt despite this clear

economic argument in its favor? The theory of revealed preferences suggests that some costs

must be preventing governments from following this seemingly pareto-improving strategy.

One key factor is likely to be frictions in financial markets, which may impede the trading

and liquidity of inflation-indexed debt in secondary markets. These frictions could materialize

for several reasons. In the following, we identify one key friction that flows from the economic

reasoning above and relates to the natural demand for inflation-indexed bonds.

If inflation shocks and changes to investors’ outlook for inflation represent a major rea-

son for investors to trade standard fixed-coupon securities, a security that is insulated from

this risk should be traded less, all else being equal. This means that the trading environ-

ment for inflation-indexed bonds may be rather different and less active than the market for

nominal securities.6 In turn, this may have a determining effect on the type of investors

who choose to hold this debt. First, the classic economic argument outlined earlier clearly

has domestic holders in mind in that they are the ones exposed to the inflation risk pro-

tected by the inflation-indexed bonds. Hence, foreign investors may have little appetite for

this type of debt.7 Second, the lower level of trading may imply that the investor segment

holding inflation-indexed bonds could be dominated by patient buy-and-hold investors de-

fined as those who are less likely to be hit with liquidity shocks and forced to liquidate their

holdings. Ultimately, these negative market dynamics can feed on themselves and become

self-fulfilling—investors’ fear of illiquidity cause the inflation-indexed bonds to become illiq-

uid. This drives up the search frictions in the over-the-counter market for these bonds and

leads to higher liquidity risk premia in the steady state of the market; see Duffie et al. (2005).

As a consequence, the liquidity risk profile of inflation-indexed debt may be very different

from that of nominal debt, and the premium investors demand for assuming the liquidity

risk of these harder-to-sell securities could be quite sizable.8 Finally, provided the trading in

inflation-indexed debt securities is indeed concentrated among domestic investors, it follows

as a corollary that their liquidity risk premia should be driven primarily by domestic factors

5In the United States, for example, Treasury Inflation-Protected Securities (TIPS) only account for about
8 percent of marketable government debt.

6Swanson and Williams (2014) find that positive surprises in inflation cause U.S. Treasury yields of all
maturities to rise, while Beechey and Wright (2009) report no significant response of U.S. TIPS yields to such
surprises.

7Beauregard et al. (2024) document for Mexico that only a very small fraction of its government’s inflation-
indexed debt is held by foreigners, while more than half of the nominal debt is foreign held.

8A large literature has documented sizable liquidity premia in the market for U.S. TIPS; see Andreasen et
al. (2021), D’Amico et al. (2018), and Pflueger and Viceira (2016), among many others.
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and economic developments.9

In contrast, the inflation risk premium, which is compensation demanded by the holders

of nominal bonds, is more likely to be determined by global factors and international develop-

ments. By the same logic, the liquidity risk premia of nominal debt securities are also likely

to be heavily influenced by foreign factors.10

To summarize, there is a tradeoff to consider when a government decides whether to

issue nominal or inflation-indexed debt. Although classic economic arguments seem to favor

inflation-indexed debt, trading conditions and differences in investor preferences may cause

the liquidity risk premia of inflation-indexed debt to be sufficiently large as to offset both the

inflation risk premium and any liquidity premia in nominal debt. In that case, it may not

be beneficial to issue inflation-indexed debt. Ultimately, it is an empirical question which of

these factors dominates in any given government bond market.

For evidence of the potential benefits of the strategic switch in debt issuance away from

nominal bonds and towards inflation-indexed debt, we choose to focus on Colombia, which

is a country in which inflation and associated risk premia are likely to play a first-order role

given its long history of high and fairly volatile inflation.11 Additional motivations underlie

this choice. First, Colombia has well-functioning markets for both standard nominal fixed-

coupon government bonds, so-called bonos del tesoro, and real inflation-indexed government

bonds, known as bonos del tesoro UVR (Unidad de Valor Real), with available data starting in

2005. Thus, the debt diversification question we consider is one of relevance to the Colombian

government. Second and equally important, we consider Colombia and its government bond

market to be a useful and informative case study for the wider set of emerging economies in

which both of these two types of debt securities are issued and being traded.12

The starting point for our empirical analysis is breakeven inflation (BEI)—the difference

between yields on comparable-maturity nominal and real debt. This is a frequently used

indicator of inflation expectations. However, as widely noted by most observers, BEI is a

noisy measure of expected inflation because it contains both an inflation risk premium and

differential liquidity premia. Thus, for our research question and to fully understand the

variation in BEI, we need estimates of both the differential liquidity premia in nominal and

real bond prices and investors’ underlying inflation expectations in order to get an estimate

of the inflation risk premium, which is the main theoretical benefit of inflation-indexed debt.

9Ceballos et al. (2024) estimate liquidity risk premia for Chilean inflation-indexed government bonds that
are sizable and significantly influenced by the holdings of domestic pension funds.

10Christensen et al. (2021) find that the foreign share is a key determinant of liquidity risk premia in the
Mexican bonos market, while Beauregard et al. (2024) find that Mexican inflation risk premia are determined
by the foreign share of the Mexican bonos market in addition to global factors like oil prices, U.S. interest
rates, and the VIX, a measure of risk aversion in the U.S. stock market.

11For the 2005-2020 period, year-over-year inflation in Colombia as measured by the consumer price index
averaged 4.13 percent with a standard deviation of 1.68 percent. For comparison, the respective corresponding
statistics were 1.70 percent and 0.83 percent for Canada, 4.07 percent and 1.01 percent for Mexico, and 2.00
percent and 1.33 percent for the United States.

12This list includes Brazil, Chile, India, Israel, Korea, Mexico, Peru, and South Africa, among others.
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The challenge in accounting for the differential liquidity premia in nominal and real bond

prices is to distinguish them from more fundamental factors such as inflation risk premia that

would affect asset prices even in a world without any frictions to trading. To achieve this

separation, we follow Beauregard et al. (2024, henceforth BCFZ), who introduce a flexible

dynamic term structure model of nominal and real bond prices with separate liquidity risk

factors for nominal and real bonds that we henceforth refer to as the BCFZ model. For each

class of bonds, the identification of the liquidity risk factor comes from its unique loading,

which mimics the idea that, over time, an increasing amount of the outstanding notional value

of individual securities gets locked up in buy-and-hold investors’ portfolios. This increases

their sensitivity to variation in the marketwide liquidity risk captured by the corresponding

liquidity risk factor. By observing prices for balanced panels of nominal and real bonds, their

respective liquidity risk factors can be separately identified.

We estimate this novel model, as detailed in BCFZ, using our Colombian data. In terms

of our empirical findings, we make a number of observations. First, our results indicate that

the average liquidity risk premia embedded in both nominal and real Colombian bond yields

exhibit notable time variation. For nominal yields, the estimated liquidity risk premia average

41 basis points with a standard deviation of 28 basis points. For real yields, the estimated

liquidity risk premia average 243 basis points with a standard deviation of 27 basis points.

Thus, as conjectured earlier, the liquidity risk premia of Colombian inflation-indexed govern-

ment bonds are significantly larger than those of standard Colombian nominal government

bonds, as also reported by BCFZ for Mexico. Importantly, the nominal and real bond liq-

uidity risk premia we estimate are mildly negatively correlated in levels, while their weekly

changes are practically uncorrelated. These results suggest that inflation-indexed Colombian

bonds indeed are less liquid and overall less desirable from an investment perspective than

nominal Colombian bonds.

Second, the model’s decomposition of liquidity-adjusted BEI rates indicates that investors’

long-term inflation expectations in Colombia have been stable at a level close to the inflation

target set by the Bank of the Republic with some mild fluctuations. This finding implies

that most of the variation in the liquidity-adjusted BEI rates is driven by fluctuations in the

inflation risk premium, which has trended lower since 2005 and fallen on net slightly more

than 300 basis points during our sample period. Furthermore, we compare our estimated

inflation risk premium series to estimates from Canada, Mexico, and the United States and

find them to be weakly positively correlated, but larger and more volatile in Colombia, as

anticipated. Still, for extended periods, inflation risk in Colombia only commands a premium

slightly above the one estimated for Mexico, while it is markedly above those observed for

Canada and the United States. These findings underscore that inflation risk is a significant

source of risk for investors in Colombian nominal bonds.

As for the determinants of Colombian inflation risk premia, we perform regression analysis
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with a large battery of explanatory variables. The regressions have significant explanatory

power with adjusted R2s up to 0.75. Furthermore, focusing on our preferred regression spec-

ification, we note that increases in global interest rate risk as captured by the MOVE index,

increases in global perceptions about credit risk as reflected in the Colombian five-year credit

default swap (CDS) rate, and increases in U.S. long-term interest rates all tend to boost long-

term inflation risk premia in Colombia. This is consistent with our conjecture that foreigners

are likely to favor holding Colombian nominal bonds over inflation-indexed ones, which should

make the inflation risk premium more sensitive to global risk factors. Furthermore, the results

show that proxies for the liquidity risk in the markets for bonos and bonos UVR matter as

well, even though we technically have adjusted for the liquidity risk premia within our model.

With estimates of liquidity and inflation risk premia in hand, we can turn our attention to

our main research question about the net benefit to the Colombian government from increasing

its issuance of inflation-indexed debt. As already noted, the liquidity risk premia embedded

in the prices of bonos UVR average significantly higher than those of bonos. Thus, based

on our results, issuance of bonos UVR faces a liquidity disadvantage, as also conjectured

earlier. However, this disadvantage is more than overcome by the large inflation risk premia

demanded by investors to assume the inflation risk of nominal bonos. To see this, we construct

synthetic measures of the net benefit of bonos UVR over bonos at constant maturities, where

we focus on the 5-year, 10-year, and 15-year horizons to be consistent with the maturities of

the securities actually issued in the bonos and bonos UVR markets. Our results show that the

average net benefit of bonos UVR issuance during our sample period from January 2005 to

December 2020 was 37 basis points, 65 basis points, and 68 basis points, respectively. Thus,

while issuance of 5-year securities can be viewed as fairly competitive, although still favoring

inflation-indexed bonds, our results more clearly favor increased issuance of such bonds at

the longer 10-year and 15-year maturities. Furthermore, a replication of our exercise for

the Mexican bonos and udibonos market using an update of the data examined by BCFZ

produces qualitatively similar results, again favoring inflation-indexed debt, in particular at

longer maturities. Although qualitatively similar to the results reported by Ermolov (2021)

for a large set of advanced economies, our estimates of the net benefit of inflation-indexed

debt are generally larger. We interpret this as a sign that inflation risk is more material in

emerging economies like Colombia and Mexico, in particular at longer horizons. These results

also underscore the social benefits to society of the government in those economies issuing

inflation-indexed debt with long maturities that affords domestic investors a tool to hedge

against the inflation risk over the long term.

The analysis in this paper relates to several strands of literature. First, our results regard-

ing liquidity risk premia could be relevant for the financial market microstructure literature

that aims to understand the factors that determine the size and dynamics of liquidity and fi-

nancial frictions in government bond markets. Second, it speaks to the large literature focused
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on understanding the role and impact of foreign participation in emerging bond markets. Fi-

nally, it has ties to the large literature on sovereign debt management and the benefits of

portfolio diversification.

The remainder of the paper is structured as follows. Section 2 contains the data descrip-

tion. Section 3 details the BCFZ model and our estimation results, including the estimated

nominal and real bond liquidity risk premia, while Section 4 describes its BEI decomposition

and scrutinizes the estimated inflation risk premia. Finally, Section 5 examines the benefits

to the Colombian government of issuing bonos UVR before Section 6 concludes the paper.

An appendix contains a brief summary of the model estimation procedure.

2 Colombian Government Bond Data

This section first describes the Colombian government bond data we use in the model estima-

tion before we proceed to a discussion of the credit risk, the holdings, and the bid-ask spreads

in the markets for these bonds.

2.1 Bonos del Tesoro

The available universe of individual Colombian government fixed-coupon bonds, known as

bonos del tesoro, is illustrated in Figure 1(a). Each bond is represented by a solid black line

that starts at its date of issuance with a value equal to its original maturity and ends at

zero on its maturity date. These bonds are all marketable non-callable bonds denominated in

Colombian pesos that pay a fixed rate of interest annually. We note that we track the entire

universe of bonos issued since January 2005. In addition, we include a few bonds outstanding

at the start of our sample period. In general, the Colombian government has been issuing 5-,

10-, and 15-year bonos on a fairly regular basis during this period. In addition, it recently

issued its first 30-year bonos. As a result, there is a wide variety of bonds with different

maturities and coupon rates in the data throughout our sample. This variation provides the

foundation for the econometric identification of the factors in the yield curve model we use.

The contractual characteristics of all 35 bonos securities in our sample are reported in

Table 1. The number of weekly observations for each bond using three-month censoring

before maturity is also reported in the table.

Figure 1(b) shows the distribution across time of the number of bonds included in the

sample. We note that the number of bonds has fluctuated around 10 for most of our sample.

Furthermore, the occasional sharp drops are days when some bonds have missing observations.

Combined with the cross sectional dispersion in the maturity dimension observed in Figure

1(a), this implies that the panel of bond prices is very well-balanced.

Figure 2 shows the time series of the yields to maturity implied by the observed Colombian

bonos prices. We note that the general yield level in Colombia trended down between 2005
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Figure 1: Overview of the Colombian Bonos del Tesoro Data

Panel (a) shows the maturity distribution of the Colombian government fixed-coupon bonos considered

in the paper. The solid gray rectangle indicates the sample used in the empirical analysis, where the

sample is restricted to start on January 7, 2005, and end on December 30, 2020, and limited to bonos

prices with more than three months to maturity after issuance. Panel (b) reports the number of

outstanding bonos at a given point in time.

and 2010, but has been fairly stable since then. Moreover, as in U.S. Treasury yield data,

there is notable variation in the shape of the yield curve. At times, like in mid-2007, yields

across maturities are relatively compressed. At other times, the yield curve is steep with

long-term bonos trading at yields that are 400-500 basis points above those of shorter-term

securities like in 2010. Finally, the Bank of the Republic has never lowered its conventional

policy rate even close to zero. Thus, there is no need to account for any lower bounds to model

these fixed-coupon bond prices, which motivates our focus on the Gaussian BCFZ model.

To support the choice to focus on the BCFZ model more formally based on the Colombian

bonos tesoro data, we note that researchers have typically found that three factors are suffi-

cient to model the time variation in the cross section of U.S. Treasury yields (e.g., Litterman

and Scheinkman 1991). To perform a similar analysis based on our sample of Colombian

bonos tesoro prices, we construct synthetic zero-coupon bond yields by fitting the flexible

Nelson and Siegel (1987) yield curve to the set of bond prices observed for each observation

date.13 To have a yield panel representative of the underlying bonds in our sample, we include

yields for eight constant maturities: 1, 2, 3, 5, 7, 10, 12, and 15 years. The data series are

daily series, covering the period from January 3, 2005, to December 30, 2020.

The result of a principal component analysis of the yield panel is reported in Table 2. The

top panel reports the eigenvectors that correspond to the first three principal components.

13Technically, we proceed as described in Andreasen et al. (2019).
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No. Issuance Number of Total notional
Fixed-coupon bonos

obs. Date Amount auctions amount

(1) 15% 8/22/2008 174 8/22/2001 447.4 36 4,516.5
(2) 15% 1/25/2012 154 1/28/2002 289.4 4 1,522.3
(3) 15% 4/26/2012 259 4/24/2002 4.9 32 3,453.8
(4) 12% 11/9/2007 135 11/12/2003 107.2 30 4,904.3
(5) 13% 2/12/2010 220 2/11/2004 103.5 31 4,987.3
(6) 12.5% 7/10/2009 219 8/25/2004 94.0 34 5,440.2
(7) 13.5% 9/12/2014 427 10/12/2004 108.1 36 5,669.0
(8) 10% 4/11/2008 135 4/13/2005 92.9 42 4,461.3
(9) 11% 7/24/2020 748 7/24/2005 71.7 71 6,834.7
(10) 8% 10/28/2015 447 2/8/2006 174.0 53 6,067.4
(11) 7.5% 11/24/2010 215 1/11/2006 55.0 39 4,017.3
(12) 8.75% 5/14/2009 91 2/14/2007 37.4 26 4,399.9
(13) 11% 5/18/2011 141 4/9/2008 164.0 25 4,616.2
(14) 11.25% 10/24/2018 438 10/24/2007 171.6 75 10,385.7
(15) 10.25% 11/14/2013 275 1/9/2008 119.2 35 5,524.4
(16) 9.25% 5/14/2014 260 2/2/2009 96.2 43 8,671.8
(17) 10% 7/24/2024 613 7/24/2008 91.6 112 21,618.0
(18) 9.25% 8/15/2012 169 1/28/2009 191.8 30 6,066.8
(19) 6% 4/17/2013 156 4/17/2009 146.0 17 4,995.4
(20) 7.25% 6/15/2016 319 11/24/2009 142.5 69 11,753.3
(21) 7.5% 8/26/2026 449 8/26/2011 203.0 106 29,191.3
(22) 6% 4/28/2028 411 4/27/2012 470.5 146 32,479.1
(23) 7% 5/4/2022 442 5/4/2012 400.4 97 29,035.0
(24) 5.25% 11/11/2015 84 11/15/2012 237.7 26 3,076.7
(25) 5% 11/12/2014 50 11/15/2012 84.5 21 1,908.8
(26) 5% 11/21/2018 287 11/21/2012 485.1 28 5,289.4
(27) 7% 9/11/2019 279 9/11/2013 470.9 34 9,468.2
(28) 5.5% 7/1/2016 73 7/1/2014 50.2 21 4,924.2
(29) 5% 7/3/2015 33 7/3/2014 250.6 21 4,947.0
(30) 7.75% 9/18/2030 302 9/18/2014 478.0 70 22,399.6
(31) 7% 6/30/2032 207 6/30/2016 673.9 58 27,970.5
(32) 6.25% 11/26/2025 156 11/26/2017 693.5 55 18,089.5
(33) 7.25% 10/18/2034 104 10/18/2018 733.5 101 29,913.8
(34) 5.75% 11/3/2027 50 1/15/2020 711.9 52 20,101.9
(35) 7.25% 10/26/2050 16 9/9/2020 354.5 53 23,499.9

Table 1: Sample of Colombian Bonos del Tesoro

The table reports the characteristics, first issuance date and amount, the total number of auctions,

and total amount issued in billions of Colombian pesos either at maturity or as of December 30, 2020,

for the available universe of Colombian government fixed-coupon bonos in the sample. Also reported

are the number of weekly observation dates for each bond during the sample period from January 7,

2005, to December 30, 2020.

The first principal component accounts for 89.2 percent of the variation in the bond yields,

and its loading across maturities is uniformly positive. Thus, similar to a level factor, a

shock to this component changes all yields in the same direction irrespective of maturity. The
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Figure 2: Yield to Maturity of Colombian Bonos del Tesoro

Illustration of the yields to maturity implied by the Colombian government fixed-coupon bonos prices.

The data are weekly covering the period from January 7, 2005, to December 30, 2020, and censors the

last three months for each maturing bond. Each bond yield series is shown with its own colored line.

Maturity First Second Third
in months P.C. P.C. P.C.

12 0.34 0.74 -0.54
24 0.36 0.31 0.40
36 0.38 0.12 0.45
60 0.38 -0.09 0.26
84 0.37 -0.21 0.08
120 0.35 -0.29 -0.14
144 0.33 -0.32 -0.26
180 0.30 -0.32 -0.42

% explained 89.17 8.18 2.20

Table 2: Factor Loadings of Colombian Bonos del Tesoro Yields

The top rows show the eigenvectors corresponding to the first three principal components (PC). Put

differently, they show how bond yields at various maturities load on the first three principal com-

ponents. In the final row the proportion of all bond yield variability explained by each principal

component is shown. The data are daily Colombian nominal zero-coupon government bond yields

from January 3, 2005, to December 30, 2020, a total of 3,882 observations for each yield series.

second principal component accounts for 8.2 percent of the variation in these data and has

sizable positive loadings for the shorter maturities and sizable negative loadings for the long

maturities. Thus, similar to a slope factor, a shock to this component steepens or flattens the

yield curve. Finally, the third component, which accounts for 2.2 percent of the variation,

has a hump shaped factor loading as a function of maturity, which is naturally interpreted

as a curvature factor. These three factors combined account for 99.6 percent of the total

variation. This supports the assumed factor structure for nominal bonds within the BCFZ

model, which is rooted in the arbitrage-free Nelson and Siegel (AFNS) model derived in

9



2004 2008 2012 2016 2020

0
5

10
15

20
25

30
35

T
im

e 
to

 m
at

ur
ity

 in
 y

ea
rs

(a) Distribution of bonos del tesoro UVR

2005 2010 2015 2020

0
2

4
6

8
10

N
um

be
r 

of
 b

on
ds

(b) Number of bonos del tesoro UVR

Figure 3: Overview of the Colombian Bonos del Tesoro UVR Data

Panel (a) shows the maturity distribution of the Colombian government inflation-indexed bonos con-

sidered in the paper. These securities are also known as Colombian bonos de tesoro UVR. The solid

gray rectangle indicates the sample used in the empirical analysis, where the sample is restricted to

start on January 7, 2005, and limited to bonos prices with more than one year to maturity after

issuance. Panel (b) reports the number of outstanding bonos at a given point in time.

Christensen et al. (2011) with its level, slope, and curvature factors. However, to explain

the remaining variation in the bonos del tesoro yield data not accounted for by these three

fundamental factors, nominal bond prices within the BCFZ model are augmented with a

liquidity risk factor structured as in Andreasen et al. (2021).

2.2 Bonos del Tesoro UVR

The Colombian government also issues inflation-indexed bonds, which are bonos del tesoro

denominated in consumption units known as Unidades de Valor Real (UVR) and therefore

referred to as bonos UVR. Unlike standard fixed-coupon bonds, interest and principal pay-

ments on bonos UVR are adjusted for changes in the general price level as reflected in the

Colombian consumer price index, abbreviated IPC in Spanish. Hence, UVR is used to convert

the real return of bonos UVR into the corresponding value measured in current Colombian

pesos at any given point in time.

The Colombian government launched its inflation-indexed bond program in the 1990s.

However, the data provided to us by staff at the Bank of the Republic only start in January

2005 and end in December 2020, which determines our sample period. The available universe

of bonos UVR and their maturity distribution across time is shown in Figure 3(a). It includes

the entire universe of bonos UVR issued since 2005 combined with the outstanding stock of

bonos UVR at the start of our sample. We note that the issuance is concentrated in the 10-
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No. Issuance Number of Total notional
Indexed bonos

obs. Date amount auctions amount

(1) 8% 9/21/2006 34 9/23/1999 1.1 1 6.4
(2) 6% 1/12/2007 40 1/12/2000 1.2 3 9.5
(3) 8% 7/26/2007 56 9/21/2000 1.3 2 10.5
(4) 8% 1/22/2008 40 2/22/2001 0.4 1 6.0
(5) 8% 9/2/2011 50 8/30/2001 1.3 3 7.0
(6) 7% 1/17/2012 110 1/17/2002 1.3 2 14.8
(7) 7% 5/15/2012 89 5/3/2002 3.0 1 11.3
(8) 7% 2/25/2015 420 2/20/2003 7.0 57 51.1
(9) 7% 9/22/2010 234 9/16/2003 2.9 37 32.8
(10) 4.75% 2/23/2023 521 2/23/2006 0.5 132 100.4
(11) 5.25% 3/20/2013 182 1/16/2008 1.0 36 32.0
(12) 4.25% 5/17/2017 266 4/26/2010 0.7 54 63.4
(13) 3.5% 3/10/2021 364 3/10/2011 2.0 104 76.8
(14) 3% 3/25/2033 323 3/25/2013 1.4 90 44.4
(15) 3.5% 4/17/2019 216 4/17/2013 0.9 48 40.7
(16) 3.5% 5/7/2025 237 5/7/2014 1.5 147 61.6
(17) 4.75% 4/4/2035 224 4/4/2015 1.0 125 92.2
(18) 3.3% 3/17/2027 193 3/17/2016 1.4 176 80.1
(19) 3.75% 6/16/2049 43 6/16/2017 3.9 107 55.7
(20) 3.75% 2/25/2037 93 2/25/2019 1.4 127 83.9
(21) 2.25% 4/18/2029 33 4/18/2019 0.7 100 42.6

Table 3: Sample of Colombian Bonos del Tesoro UVR

The table reports the characteristics, first issuance date and amount, the total number of auctions, and

total amount issued in billions of UVR either at maturity or as of December 30, 2020, for the available

sample of Colombian government inflation-indexed bonos, also known as bonos del tesoro UVR. Also

reported are the number of weekly observation dates for each bond during the sample period from

January 7, 2005, to December 30, 2020.

and 20-year segment, while a single 30-year bonos UVR was issued in 2017.

The contractual details of each bonos del tesoro UVR in our sample are reported in Table

3. It also contains the number of weekly observations for each bond in our sample, with

the last year before maturity censored to avoid erratic variation in their prices arising from

seasonality in the inflation adjustment of their payoffs.

The total number of bonos UVR in our sample across time is shown in Figure 3(b). As

with the regular bonos, we stress that the sample of bonos UVR we use is very well-balanced

across maturities at all times, which underpins the econometric identification of the state

variables in the term structure model we use.

Figure 4 shows the yields to maturity implied by the bonos UVR prices. Similar to what

we observe for the nominal bonos yields, the yields of bonos UVR have fluctuated around

a fairly stable level since 2010, but with some variation in the steepness of the bonos UVR

yield curve. Ideally, we therefore would like to model the bonos UVR yields with a level,

slope, and curvature factor structure similar to what we do for the nominal bonos tesoro

11
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Figure 4: Yield to Maturity of Colombian Bonos del Tesoro UVR

Illustration of the yield to maturity implied by the Colombian government inflation-indexed bonos

prices considered in this paper, which are subject to two sample choices: (1) sample limited to the

period from January 7, 2005, to December 30, 2020; (2) censoring of a bond’s price when it has less

than one year to maturity. Each bond yield series is shown with its own colored line.

yields. Unfortunately, for extended periods, the number of available bonos UVR prices is

insufficient to allow this as can be seen in Figure 3(b). Hence, we are limited to only include

a fundamental level and a slope factor as in the analysis by BCFZ, who faced a similar data

availability constraint in modeling Mexican udibonos prices.14 Moreover, as in BCFZ, the real

side of the model is augmented with a separate liquidity risk factor to account for the liquidity

risk in the bonos UVR market, which is again structured as in Andreasen et al. (2021).

2.3 The Credit Risk of Colombian Government Bonds

Following the analysis in BCFZ, we gauge whether there are any material credit risk issues

to consider in modeling Colombian government bond prices by examining rates on CDS con-

tracts. They reflect the annual rate investors are willing to pay to buy protection against

default-related losses on these bonds over a fixed period of time stipulated in the contract.

These derivatives have been used to price the credit risk of many countries, including Colom-

bia, since the early 2000s.

In Figure 5, we plot the series for the one- and five-year Colombian CDS rate since 2005

with solid gray and black lines, respectively. Also shown with a solid red line is the spread

between these two CDS rates. We note that the five-year CDS rate has fluctuated in a fairly

narrow range between 100 and 200 basis points, except for a few brief episodes including the

Global Financial Crisis in 2008-2009, when Colombian CDS rates temporarily spiked above

300 basis points, and the early stages of the COVID-19 pandemic. This is a level of credit

risk on par with most investment-grade firms in the United States, and its variation is mostly

14Finlay and Wende (2012) examine prices from a limited number of Australian inflation-indexed bonds.
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Figure 5: Colombian CDS Rates

very gradual. This suggests that credit risk-related components are unlikely to be the driver

of the results we present later on.

More importantly, on a practical note, there are no differences in the credit risk of nominal

and real bonds in the sense that they will receive the same treatment in case the Colombian

government stops servicing its debt. Thus, using arguments similar to those made by Fleck-

enstein et al. (2014) for U.S. Treasuries and TIPS, there is no reason to believe that there are

any differentials in the pricing of bonos and bonos UVR tied to credit risk. By implication,

our measure and decomposition of Colombian BEI are unaffected by variation in the credit

risk premia of Colombian government debt as they cancel out in the calculation of BEI.15

2.4 Colombian Government Bond Holdings

In this section, we provide details on the investor groups holding Colombian government

bonds. The data we use have been collected by the Bank of the Republic since 2010 to track

market activity in the Colombian sovereign bond markets. Importantly, the data break down

investor holdings into multiple groups, which include banks, insurance companies, pension

funds, and foreigners, among others.

Figure 6(a) shows the share held by each of these groups of investors in the regular bonos

tesoro market. Note that there has been a significant increase in the foreign-held share since

2010, which reflects that foreigners have become the largest investor group with about one-

third of the market by the end of our sample. This expansion of the foreign role has come at

the expense of the participation of domestic banks, while the holdings of the other domestic

investor groups have changed little on net.

Figure 6(b) shows the corresponding breakdown of holdings in the tesoro UVR market,

15We note that this view of equal treatment of nominal and real government debt in bankruptcy is not
universally accepted. For an example, see Dittmar et al. (2024) for evidence and arguments in favor of an
asymmetric impact on nominal and real sovereign debt as the government approaches the default threshold.
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Figure 6: Holdings of Colombian Government Bonds

where the shares are distributed very differently across groups. Most importantly, foreigners

are nearly absent in this market. Instead, the holdings are concentrated among domestic

investors, such as pension funds, insurance companies, and banks, that all tend to pursue a

more stable buy-and-hold strategy for their bond investments.

These observations are consistent with the holding statistics reported by BCFZ for the

Mexican government bond markets, where foreigners own more than half of the regular fixed-

coupon bond market and less than 10 percent of the inflation-indexed bond market.16

Overall, this represents tangible evidence in favor of our conjectures laid out in the intro-

duction whereby inflation-indexed bonds mainly meet the needs of patient domestic buy-and-

hold investors exposed to the fluctuations in the Colombian consumer price index (CPI). As a

16Ceballos et al. (2024) report a similar high concentration among domestic patient investors for the Chilean
inflation-indexed government bond market.
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consequence, foreigners will tend to gravitate towards the more liquid nominal bond market.

In the public debt market in Colombia, the main changes that could have had an impact

on the behavior of portfolio investment flows occurred between 2010 and 2013. During that

period the country’s credit rating reached investment-grade level.17 After those changes and

with global financial markets characterized by benign liquidity conditions driven in part by

unconventional monetary policies pursued by major central banks in advanced economies, J.P.

Morgan announced that it would increase Colombia’s weight in three of its main emerging

market bond indices in 2014. As a result, the share of foreign investors in the local public debt

market, i.e. the tesoro market, rose from approximately 5 percent in mid-2013 to 19 percent

at the end of 2014. The foreign participation further increased to levels around 35 percent

by 2017, where it has remained since. In contrast, domestic pension funds and insurance

companies continue to participate heavily in the UVR market to hedge their liabilities. This

is particularly true for pension funds as their liabilities tend to have a large share of claims

indexed to inflation.

Ultimately, these differences in investor concentrations have consequences for the size and

dynamics of inflation and liquidity risk premia in each of the two bond markets that we aim

to quantify in our empirical analysis.

2.5 Bid-Ask Spreads of Colombian Government Bonds

In this section, to shed light on the trading frictions in the markets for bonos tesoro and

bonos tesoro UVR, we compare the median bid-ask spread of the bonos in our sample to the

median of the bid-ask spread of the bonos UVR in our sample. These series are available

starting in 2013 and shown in Figure 7.18

Note that, outside of sharp, short-lived spikes in 2013 and again in 2020, these series have

fluctuated near a fairly stable and similar level. The main takeaway is that, with a level of

bid-ask spreads around 5 basis points, the trading of these securities is indeed associated with

some amount of liquidity risk. Consistent with this evidence, our model assumes that both

nominal and real bond prices contain liquidity premia that investors demand to assume their

liquidity risk.

The purpose of the remainder of the paper is to quantify the relative importance of these

bond risk premia in the pricing of bonos and bonos UVR and what adjustments for them

may imply about bond investors’ underlying inflation expectations and associated inflation

risk premia using the BCFZ model.

17Granted in March 2011 by Standard & Poor’s, in May 2011 by Moody’s, and in June 2011 by Fitch
Ratings.

18The shown bid-ask spread series are calculated using the daily median of the difference between the best
bid and the best ask for each government bond. This is done for bonos tesoro and bonos tesoro UVR separately.
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Figure 7: Bid-Ask Spreads of Colombian Government Bonds

3 Model and Estimation Results

In this section, we first provide a brief summary description of the BCFZ model we rely on

for our empirical analysis. We then describe the results we obtain when estimating the BCFZ

model using the Colombian bond price data before we proceed to a short analysis of the

estimated nominal and real bond liquidity risk premia.

3.1 The BCFZ Model

Although we direct interested readers to consult BCFZ for the full details of their model, we

briefly summarize its structure and discuss some of its main features and how they relate to

our Colombian data. We add that the appendix contains a brief description of the model

estimation.

To begin, let Xt = (LN
t , SN

t , CN
t ,XN

t , LR
t , S

R
t ,X

R
t ) denote the state vector of the seven-

factor BCFZ model. At its core and consistent with the principal component analysis in

Section 2.1, the model has a nominal yield curve with a level, a slope, and a curvature

factor in the style of the arbitrage-free Nelson-Siegel (AFNS) models derived in Christensen

et al. (2011), while its real yield curve is simpler and only contains a level and a slope factor

for the reasons laid out in Section 2.2, but also modeled in the style of the AFNS model. This

core model structure was first used by Carriero et al. (2018) to analyze U.K. nominal and

real yield curves. The novelty of the analysis in BCFZ is to augment this five-factor model

with a liquidity risk factor for the nominal bond market and another liquidity risk factor for

the real bond market, both in the style described in Andreasen et al. (2021).

The above interpretation of the latent state variables is achieved by imposing a unique

structure on the risk-free short rates and the risk-neutral Q-dynamics of the state variables

used for pricing. Specifically, the instantaneous nominal and real risk-free rates must be
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defined as

rNt = LN
t + SN

t , (1)

rRt = LR
t + SR

t , (2)

while the risk-neutral Q-dynamics of the state variables used for pricing must be given by




dLN
t

dSN
t

dCN
t

dXN
t

dLR
t

dSR
t

dXR
t




=




0 0 0 0 0 0 0

0 λN −λN 0 0 0 0

0 0 λN 0 0 0 0

0 0 0 κQ
N 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 λR 0

0 0 0 0 0 0 κQ
R










0

0

0

θQN

0

0

θQR




−




LN
t

SN
t

CN
t

XN
t

LR
t

SR
t

XR
t







dt+Σ




dW
LN ,Q
t

dW
SN ,Q
t

dW
CN ,Q
t

dW
XN ,Q
t

dW
LR,Q
t

dW
SR,Q
t

dW
XR,Q
t




,

where Σ is assumed to be a diagonal matrix as per Christensen et al. (2011).

Here, we note that the two level factors, LN
t and LR

t , are unit-root processes under the

Q-measure. As demonstrated by Christensen et al. (2011), this implies that the mean pa-

rameters under the Q-measure for the standard level, slope, and curvature factor are not

econometrically identified within the AFNS models and instead must be fixed at zero at no

loss of generality. We add that this result extends to the simplified version of those models

with only a level and a slope factor. In contrast, as noted by Andreasen et al. (2021), this

does not apply to the liquidity risk factors, XN
t and XR

t , which can be allowed to have their

own mean parameter under the Q-measure. As a consequence, θQN and θQR are free to be

determined by the data.

Due to the liquidity risk in the markets for nominal and real bonds, their yields are

sensitive to liquidity pressures consistent with the sizable bid-ask spread series described in

Section 2.5. As a consequence, the pricing of nominal and real bonds is not performed with

the frictionless short rates in equations (1) and (2), but rather with discount functions that

account for the liquidity risk as in Andreasen et al. (2021):

r
N,i
t = rNt + βN,i(1− e−δN,i(t−ti

0
))XN

t = LN
t + SN

t + βN,i(1− e−δN,i(t−ti
0
))XN

t , (3)

r
R,j
t = rRt + βR,j(1− e−δR,j (t−t

j
0
))XR

t = LR
t + SR

t + βR,j(1− e−δR,j (t−t
j
0
))XR

t , (4)

where ti0 and t
j
0 denote the dates of issuance of the specific nominal and real bonds, respec-

tively, and βN,i and βR,j are their sensitivities to the variation in their respective liquidity

risk factors. Furthermore, the decay parameters δN,i and δR,j are assumed to vary across

securities.

Now, consider the whole value of the nominal bond i issued at time ti0 with maturity at
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t+ τ i that pays an annual coupon Ci. Its price is given by19

P
N,i

t (ti0, τ
i, Ci) = Ci(t1 − t)EQ

[
e−

∫ t1
t rN,i(s,ti0)ds

]
+

n∑

k=2

CiEQ
[
e−

∫ tk
t rN,i(s,ti0)ds

]

+EQ
[
e−

∫ t+τi

t
rN,i(s,ti0)ds

]
.

Next, consider the whole value of the real bond j issued at time tj0 with maturity at t+ τ j

that pays an annual coupon Cj. Its clean price is given by20

P
R,j

t (tj0, τ
j , Cj) = Cj(t1 − t)EQ

[
e−

∫ t1
t rR,j(s,tj

0
)ds
]
+

n∑

k=2

CjEQ
[
e−

∫ tk
t rR,j(s,tj

0
)ds
]

+EQ
[
e−

∫ t+τj

t
rR,j(s,tj

0
)ds
]
.

The only minor omission in the real bond price formula above is that we do not account

for the lag in the inflation indexation of the real bond payoff, but the potential error should

be modest in most cases; see Grishchenko and Huang (2013) and D’Amico et al. (2018) for

evidence in the case of the U.S. TIPS market.

To complete the BCFZ model description, we need to specify the risk premia that connect

the factor dynamics under the Q-measure to the dynamics under the objective P-measure,

where we follow BCFZ and use the essentially affine risk premium specification introduced in

Duffee (2002). In the Gaussian framework, this specification implies that the risk premia Γt

depend on the state variables; that is,

Γt = γ0 + γ1Xt,

where γ0 ∈ R7 and γ1 ∈ R7×7 contain unrestricted parameters. Thus, the resulting unre-

stricted BCFZ model has P-dynamics given by

dXt = KP(θP −Xt) + ΣdW P
t ,

where KP is an unrestricted 7× 7 mean-reversion matrix, θP is a 7× 1 vector of mean levels,

and Σ is a 7 × 7 diagonal volatility matrix. This is the transition equation in the extended

Kalman filter estimation of the model.

Finally, similar to BCFZ, we also incorporate long-term forecasts of inflation from the Con-

sensus Forecasts survey for Latin America in our model estimation. These include monthly

data on inflation forecasts for the following full calendar year and semiannual data on 5-year,

10-year, and so-called 5yr5yr inflation forecasts, which represent long-term inflation forecasts

19This is the clean price that does not account for any accrued interest and maps to our observed bond
prices.

20Unlike U.S. TIPS, Colombian bonos del tesoro UVR have no embedded deflation protection option, which
makes their pricing straightforward.

18



KP KP
·,1 KP

·,2 KP
·,3 KP

·,4 KP
·,5 KP

·,6 KP
·,7 θP Σ

KP
1,· 10.2801 11.7319 6.0144 12.5949 0.4342 -21.1428 1.5235 0.1782 σ11 0.0092

(0.3363) (0.3002) (0.2473) (0.4332) (0.4827) (0.4273) (0.1194) (0.0607) (0.0006)
KP

2,· -18.1058 -21.2942 -13.5621 -19.7835 -9.4528 45.8195 -3.6950 -0.1147 σ22 0.0001
(0.4873) (0.3783) (0.4074) (0.4441) (0.5270) (0.4871) (0.2553) (0.0363) (0.3687)

KP
3,· 20.3298 22.3747 16.5148 19.5470 14.9088 -51.4136 4.8830 -0.0357 σ33 0.0409

(0.4869) (0.4429) (0.4798) (0.5266) (0.5296) (0.5752) (0.3395) (0.0450) (0.0018)
KP

4,· 11.3190 11.6600 7.4980 11.9914 1.9394 -24.5375 1.9968 0.0182 σ44 0.0143
(0.3499) (0.3508) (0.2537) (0.4787) (0.5099) (0.5301) (0.1508) (0.0082) (0.0010)

KP
5,· 3.3632 6.5407 2.9851 7.8561 6.2054 -10.9648 0.9869 0.0768 σ55 0.0089

(0.3290) (0.2637) (0.1993) (0.3609) (0.5239) (0.4372) (0.0929) (0.0280) (0.0006)
KP

6,· -6.9112 -9.0706 -4.2762 -8.2081 3.3974 16.0499 -0.3250 -0.0593 σ66 0.0196
(0.4165) (0.3832) (0.2483) (0.4927) (0.5488) (0.4880) (0.1222) (0.0179) (0.0008)

KP
7,· -1.4363 0.0232 -4.4559 -3.1972 3.2111 3.5655 0.3403 -0.3000 σ77 0.1773

(0.5280) (0.5692) (0.4616) (0.5229) (0.6030) (0.5243) (0.3515) (0.1919) (0.0134)

Table 4: Estimated Dynamic Parameters of the BCFZ Model

The table shows the estimated parameters of the KP matrix, θP vector, and diagonal Σ matrix for the

BCFZ model. The estimated value of λN is 0.5159 (0.0094), while λR = 0.2584 (0.0256), κQ
N = 2.9008

(0.1729), θQN = 0.0035 (0.0003), κQ
R = 9.9621 (0.5238), and θQR = 0.0238 (0.0024). The maximum

log likelihood value is 61,180.46. The numbers in parentheses are the estimated parameter standard

deviations.

covering a 5-year period starting 5 years ahead. As demonstrated by Kim and Orphanides

(2012), the inclusion of long-term survey forecasts can help the model better capture the

appropriate persistence of the factors under the objective P-dynamics, which can otherwise

suffer from significant finite-sample bias as discussed in Bauer et al. (2012).

3.2 Estimation Results

In this section, we briefly summarize the main estimation results.

For the nominal bonos del tesoro, the root mean-squared error (RMSE) for all bonds

combined is 10.91 basis points, while the corresponding statistics for the real bonos del tesoro

UVR is 16.35 basis points. Thus, the BCFZ model provides a good fit to both sets of bond

prices, similar to what BCFZ report for their Mexican data.

As for the monthly data on inflation forecasts for the following full calendar year and the

semiannual data on 5-year, 10-year, and so-called 5yr5yr inflation forecasts, the RMSEs are

34.87 basis points, 31.78 basis points, 25.76 basis points, and 27.91 basis points, respectively,

which are all well below the 75 basis points assumed in the model estimation. Thus, the model

is also able to simultaneously deliver a reasonably accurate fit to the full term structure of

available survey inflation forecasts.

The estimated dynamic parameters in the BCFZ model are reported in Table 4. We note

that the estimated mean and volatility parameters for the seven state variables are surprisingly

similar to those reported by BCFZ using Mexican data. Hence, the Colombian and Mexican

government bond markets seem to share some fundamental characteristics.
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Figure 8: Average Estimated Liquidity Premia of Colombian Bonos and Bonos

UVR

Illustration of the average estimated liquidity premium of Colombian bonos and bonos UVR for each

observation date implied by the BCFZ model. The liquidity premia are measured as the estimated yield

difference between the fitted yield to maturity of individual bonds and the corresponding frictionless

yield to maturity with the liquidity risk factor turned off. The data cover the period from January 7,

2005, to December 30, 2020.

3.3 The Estimated Bonos and Bonos UVR Liquidity Premia

We now use the estimated BCFZ model to extract the liquidity premia in the bonos and bonos

UVR prices. To compute these premia, we first use the estimated parameters and the filtered

states
{
Xt|t

}T
t=1

to calculate the fitted bond prices
{
P̂ i
t

}T

t=1
for all outstanding securities in

our sample. These bond prices are then converted into yields to maturity
{
ŷ
c,i
t

}T

t=1
.

To obtain the corresponding yields with correction for liquidity risk, we compute a new set

of model-implied bond prices from the estimated BCFZ model but using only its frictionless

part. These prices are denoted
{
P̃ i
t

}T

t=1
and converted into yields to maturity ỹ

c,i
t . They

represent estimates of the prices that would prevail in a world without any financial frictions.

The liquidity premium for the ith bond is then defined as

Ψi
t ≡ ŷ

c,i
t − ỹ

c,i
t . (5)

This can be calculated for bonos and bonos UVR separately.

Figure 8 shows the average bonos and bonos UVR liquidity premium series, denoted Ψ̄N
t

and Ψ̄R
t , across the outstanding set of each type of bond at each point in time. The bonos

average liquidity premium series has a mean equal to 40.86 basis points with a standard

deviation of 28.18 basis points, while the average bonos UVR liquidity premium has a sig-

nificantly higher mean equal to 242.88 basis points with a standard deviation of 27.02 basis

points. Hence, according to our model, the liquidity risk in the bonos UVR market is an

order of magnitude above that in the standard bonos market. Furthermore, their correlation
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in levels is -18 percent, while it is -1 percent in first differences. Thus, the liquidity risk in

the two markets is hardly correlated, which is similar to what BCFZ report for the Mexican

government bond market.

As discussed in the introduction, the trading of nominal and inflation-indexed debt could

be concentrated among two very different investor groups. We take the very low correlation

in the estimated liquidity premium series from each market to be a sign that this is indeed

the case.

4 Empirical BEI Decomposition

In this section, we first briefly describe how we decompose BEI into the model-implied ex-

pected inflation and the associated inflation risk premium that investors in nominal bonos

demand to assume their inflation risk. We then explore the properties of the BEI decom-

position implied by the BCFZ model with a particular emphasis on both the model-implied

expected inflation and the associated inflation risk premium. We end the section with an anal-

ysis of the estimated inflation risk premia and their determinants, including an international

comparison.

4.1 Decomposing BEI

Christensen et al. (2010) show that the price of a nominal zero-coupon bond with maturity

in τ years can be written as

PN
t (τ) = PR

t (τ)× EP
t

[
Πt

Πt+τ

]
×

(
1 +

covPt

[
MR

t+τ

MR
t

, Πt

Πt+τ

]

EP
t

[
MR

t+τ

MR
t

]
×EP

t

[
Πt

Πt+τ

]
)
,

where PR
t (τ) is the price of a real zero-coupon bond that pays one consumption unit in τ

years, MR
t is the real stochastic discount factor, and Πt is the price level.21

By taking logarithms, this can be converted into

yNt (τ) = yRt (τ) + πe
t (τ) + φt(τ),

where yNt (τ) and yRt (τ) are nominal and real frictionless zero-coupon yields adjusted for the

embedded liquidity risk premia as described in BCFZ, while the market-implied average rate

of inflation expected at time t for the period from t to t+ τ is

πe
t (τ) = −

1

τ
lnEP

t

[
Πt

Πt+τ

]
= −

1

τ
lnEP

t

[
e−

∫ t+τ

t
(rNs −rRs )ds

]
(6)

21The full details of the decomposition can be found in BCFZ.
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and the associated inflation risk premium for the same time period is

φt(τ) = −
1

τ
ln

(
1 +

covPt

[
MR

t+τ

MR
t

, Πt

Πt+τ

]

EP
t

[
MR

t+τ

MR
t

]
× EP

t

[
Πt

Πt+τ

]
)
.

This last equation demonstrates that the inflation risk premium can be positive or nega-

tive. It is positive if and only if

covPt

[
MR

t+τ

MR
t

,
Πt

Πt+τ

]
< 0. (7)

That is, the riskiness of nominal bonds relative to real bonds depends on the covariance

between the real stochastic discount factor and inflation and is ultimately determined by

investor preferences, as in, for example, Rudebusch and Swanson (2012).

Now, the BEI rate is defined as

BEIt(τ) ≡ yNt (τ)− yRt (τ) = πe
t (τ) + φt(τ),

that is, the difference between nominal and real yields of the same maturity. Note that it can

be decomposed into the sum of expected inflation and the inflation risk premium.

4.2 BEI Decomposition

The formulas for decomposing BEI provided in the previous section are valid for any maturity

τ . However, to be consistent with the existing literature, we focus on a horizon long enough

into the future that most transitory shocks to the economy can be expected to have vanished.

At the same time, the horizon must be practically relevant and covered by the available

maturities in the underlying bond data. Balancing these considerations, we limit our analysis

to the five-year forward BEI rate that starts five years ahead, denoted 5yr5yr BEI.

The result of decomposing 5yr5yr BEI based on the BCFZ model is shown in Figure 9.

The solid gray line shows the fitted 5yr5yr BEI obtained by estimating a standard three-factor

arbitrage-free Nelson-Siegel (AFNS) model using nominal bonos and real bonos UVR prices

separately. This can be compared to the estimated 5yr5yr frictionless BEI implied by the

BCFZ model, which is shown with a solid black line in Figure 9. The difference between these

two measures of 5yr5yr BEI represents the net liquidity premium or distortion of the observed

BEI series due to bond-specific liquidity risk premia in both bonos and bonos UVR prices.

The fact that the 5yr5yr frictionless BEI is entirely above the 5yr5yr fitted BEI implies that

the distortions due to liquidity risk are systematically larger in the real yields compared to

those in the nominal yields at the 5yr5yr horizon, consistent with the evidence in Figure 8.

Due to its theoretical consistency, the BCFZ model allows us to break down the 5yr5yr

frictionless BEI into an expected inflation component, shown with a solid red line in Figure 9,
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Figure 9: Decomposition of 5yr5yr BEI

Illustration of the fitted 5yr5yr BEI obtained by fitting an AFNS model to Colombian bonos and

bonos UVR prices separately and its decomposition based on the BCFZ model estimated with an

unrestricted specification of KP and a diagonal specification of Σ into: (1) the estimated frictionless

BEI, (2) expected inflation, and (3) the residual inflation risk premium. The difference between the

fitted and frictionless 5yr5yr BEI is highlighted in yellow and represents the net liquidity premium of

the observed 5yr5yr BEI. The shown data cover the period from January 7, 2005, to December 30,

2020.

and the residual inflation risk premium, shown with a solid green line. Also shown in Figure

9 with a solid light blue line is the inflation target of the Bank of the Republic, which has

varied over time but has been stable at 3 percent since 2010. Also shown with dotted black

lines is the ± 1 percentage point tolerance band around the target rate. For comparison,

Figure 9 also shows in blue crosses the 5yr5yr expected CPI inflation reported semiannually

in the Consensus Forecasts surveys. Although these survey inflation forecasts are included

in the model estimation, the model-implied 5yr5yr expected inflation rate does deviate from

them at times thanks to the assumed standard deviation of 75 basis points for the associated

measurement errors. Still, the closeness of the model’s expected inflation to all the considered

survey forecasts reported earlier underscores its ability to appropriately capture the term

structure of inflation expectations among investors in the Colombian bonos and bonos UVR

markets. Finally, Figure 9 also shows the year-over-year change in the Colombian CPI with

a solid cyan line to provide a measure of the actual inflation outcomes during this 16-year

period. Since 2010, CPI inflation has mostly remained within the tolerance band except for

a brief period in 2015-2016. We take this evidence to imply that both the survey inflation

forecasts and the model-implied inflation expectations can be viewed as anchored at a level

consistent with the central bank’s inflation target.
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Figure 10: Comparison of Market-Based 8-year Expected Inflation

4.2.1 Comparison with an Alternative BEI Decomposition

To validate the BEI decomposition implied by the BCFZ model, we compare it to the BEI

decomposition from an existing model of Colombian nominal and real government bond yields

described in Espinosa-Torres et al. (2017, henceforth EMM). They use nominal and real yields

with maturities ranging from one to eight years and estimate a six-factor dynamic term

structure model based on the approach of Adrian et al. (2013). Furthermore, their model

makes adjustments for liquidity premia in both bond markets using an approach similar to

Abrahams et al. (2016). Finally, no CPI or survey information is used in the model estimation.

Figure 10 compares the estimated eight-year expected inflation from the two models.

Although clearly positively correlated, the EMM estimate is uniformly lower. This is explained

by its lower estimate of the net liquidity premium in Colombian BEI rates. Crucially, the

EMM estimate implies that long-term inflation expectations in Colombia have frequently been

below the target of the central bank. This appears to be somewhat at odds with the fact that

realized CPI inflation has mostly come in above the target during our sample period.

Figure 11 compares the estimated eight-year inflation risk premium from the two models.

The two series are also highly positively correlated, but with a sizable and persistent difference

in magnitude that again can be traced back to differences in the estimated liquidity premia.

Furthermore, the low level of the inflation risk premium implied by the EMM model seems

to be somewhat counterintuitive given the high level of both inflation and its volatility in

Colombia.

Overall, by more accurately accounting for the liquidity premia in both bonos and bonos

UVR prices, our model is able to produce what appears to be more realistic estimates of

investors’ inflation expectations and the premia they demand for being exposed to inflation

risk. This is instrumental to our assessment later on of the net benefit to the Colombian

government of issuing inflation-indexed debt.
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Figure 11: Comparison of 8-Year Inflation Risk Premium

4.3 Analysis of the Model-Implied Inflation Expectations

In this section, we examine the properties of the inflation expectations implied by the BCFZ

model in greater detail. First, we evaluate its ability to forecast inflation for the coming

calendar year by comparing its performance to that of the Consensus Forecast survey. Second,

we assess how anchored inflation expectations appear to be in Colombia using a statistical

measure from the literature.

4.3.1 Performance Comparison with Consensus Forecasts

In this section, we explore whether the desirable properties of the BCFZ model-implied long-

term inflation expectations documented so far allow it to also generate realistic short-term

inflation dynamics.

We structure the forecast exercise to match the monthly Consensus Forecasts survey. At

the start of each month, the professional forecasters are asked about their expectations for

the change in the CPI for both the current and the following calendar years. To have a

series of pure forecasts that are not distorted by incoming information on realized inflation

outcomes, we focus on the monthly survey forecasts of CPI inflation over the next calendar

year. We then use the estimated BCFZ model to generate the matching model-implied CPI

inflation forecasts. This has the advantage that the model-implied forecasts reflect information

available at the end of each month and therefore lag the official survey dates by between one

and two weeks. Thus, this exercise is by design conservative, although we stress the model

forecasts are based on the full-sample estimates, unlike the survey forecasts, which are real-

time forecasts by construction. Finally, our sample of monthly Consensus Forecasts starts in

January 2009. Hence, to align the exercise with the available survey forecasts, we start the

sample of corresponding model output in December 2008 and end it in November 2020, a

total of 144 forecasts.
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Model Mean RMSE MAE

Random walk 9.38 222.99 186.97
BEI 58.43 181.15 141.53
Consensus Forecasts 35.80 166.13 128.11
BCFZ model 38.66 168.84 131.76

Table 5: Summary Statistics of CPI Inflation Forecast Errors

This table reports the mean forecasting errors (Mean), the root mean-squared forecasting errors

(RMSE), and the mean absolute forecasting errors (MAE). The BCFZ model forecasts are computed

from the full sample estimation results. The forecast errors are reported as the true value minus the

model-implied prediction, and all numbers are reported in annual basis points.

As benchmarks, we include two additional forecasting methods. The first is the classic

random walk assumption of no change for which the one-year inflation forecast each month

equals the past 12-month change in the Colombian CPI. Hence, the fact that the forecast does

not start until the beginning of the next calendar year is without importance. The second

is constructed from the observed BEI rates and equals the one-year forward BEI rate that

starts at the beginning of the next calendar year and hence align exactly with the forecast

horizon in the Consensus Forecasts surveys.22

The summary statistics of the monthly forecast errors from the four forecast methods

are reported in Table 5. First, we note that observed BEI rates outperform the random

walk assumption. This suggests that the bond yield data are informative about inflation

dynamics. However, as an inflation forecasting tool, observed BEI rates are inferior to both

the survey forecasts and the BCFZ model-implied forecasts because of the noise added by

both the inflation risk premium and differential liquidity premia. This explains its higher

RMSE forecast errors and mean absolute forecast errors. Importantly, this also underscores

the value of adjusting for these risk premia within the BCFZ model. Finally, in terms of the

direct comparison to the survey forecasts, we note that the BCFZ model produces slightly

higher forecast errors as measured by all three reported statistics. Given the flexible structure

of the BCFZ model and its high number of parameters and state variables, we consider this

an encouraging outcome.

In comparing the forecast series, Figure 12 shows that the survey forecasts are very stable,

even at the short calendar-year-ahead horizon examined here, another sign that inflation

expectations in Colombia appear to be well anchored. In contrast, BEI rates and the BCFZ

model-implied forecasts are slightly more volatile. Furthermore, Figure 12 also includes the

subsequent CPI calendar-year inflation realizations shown with solid black lines. Lastly, the

random walk forecasts are the most volatile as they span the full swings in realized one-year

inflation by construction.

22Similar to Figure 9, the BEI rates are obtained by estimating a standard three-factor AFNS model to
nominal bonos and real udibonos prices separately.
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Figure 12: CPI Inflation Forecasts and Realizations

To better understand the periodic deviations between the survey and BCFZ model-implied

forecasts, we note that the deviations are positively correlated with the periods during which

there are bonos UVR with less than two years to maturity in our sample, highlighted with

solid red lines in Figure 12. Given that the latter are periods when the bonos UVR data

may be particularly informative about investors’ near-term inflation expectations, it seems

reasonable that these would also be times when the model-implied inflation expectations are

more likely to differ from those reported in the surveys.

Overall, these results and findings lead us to conclude that the BCFZ model is able to

generate realistic inflation dynamics with properties that match those of the actual CPI series,

even though we stress that no inflation data is included in the model estimation.

4.3.2 A Statistical Measure of Inflation Anchoring

For an inflation-targeting central bank like the Bank of the Republic, an important policy

question is to what extent inflation expectations in Colombia appear to be anchored at a level

consistent with the announced inflation target. In this section, to focus more squarely on that

question, we consider a statistical measure of inflation anchoring inspired by Grishchenko et

al. (2019).

This measure is centered around the conditional probability of our chosen anchoring

measure—the 5yr5r expected inflation rate, here denoted πe
t+τ (5yr5yr)—being within the

(2 percent, 4 percent) tolerance band used by the Bank of the Republic since 2010. That is,

we are interested in the following conditional probability:

P
(
πe
t+τ (5yr5yr) ≤ 0.04

∣∣∣Xt

)
− P

(
πe
t+τ (5yr5yr) ≤ 0.02

∣∣∣Xt

)
,

where τ is the considered horizon. Hence, this measure emphasizes whether the crucial 5yr5yr
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Figure 13: Probability of 5yr5yr Expected Inflation Remaining Anchored

expected inflation among bond investors and other financial market participants is likely to

remain within the tolerance band.

Since πe
t (5yr5yr) is affine in the state variables,

πe
t (5yr5yr) = Aπ +

(
Bπ
)′
Xt,

it follows from the Gaussian dynamics of our model that

πe
t+τ (5yr5yr) ∼ N

(
Aπ +

(
Bπ
)′
EP

t [Xt+τ ],
(
Bπ
)′
V P
t [Xt+τ ]B

π
)
.

Thus, the involved probabilities are easily calculated given that the first and second moments

of Xt within the BCFZ model follow well-known formulas.

Figure 13 shows these probabilities based on our estimated model at the one- and three-

year horizon starting in 2010 when the Bank of the Republic announced its current inflation

target of 3 percent. As noted in Figure 9, the estimated value of πe
t+τ (5yr5yr) has tended

to be within the tolerance band. As a consequence, it is not surprising that the probability

of it remaining within the band one year ahead has fluctuated close to 100 percent since

2010. However, as we increase the considered horizon to three years, the probability declines

uniformly to a level between 75 percent and 85 percent. This is thanks to the increase in the

uncertainty in the underlying projections as we lengthen the forecast horizon.

Mapping to the results reported for the United States and the euro area in Grishchenko et

al. (2019), we note that the probabilities we obtain for Colombia are remarkably close to theirs

and much higher than those reported by BCFZ for Mexico. This shows that, although inflation

overall is more volatile in an emerging market economy like Colombia, this need not translate
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into materially more uncertain or less well-anchored long-term inflation expectations.23

4.3.3 Summary

In this section, we have performed a careful examination of the BCFZ model-implied infla-

tion dynamics. First and most importantly, we find that long-term inflation expectations in

Colombia appear to be stable at a level slightly above 3 percent. This makes us draw the

conclusion that inflation expectations in Colombia appear to be well anchored close to the 3

percent inflation target of the Bank of the Republic.24 Furthermore, based on the high prob-

abilities of statistical measures of inflation anchoring, which are comparable to those reported

for advanced economies, we feel extra confident drawing that conclusion. Lastly, the docu-

mented reasonableness of the model’s estimated inflation dynamics also gives us confidence

in its estimated inflation risk premia, which we analyze next.

4.4 Analysis of Inflation Risk Premia

In this section, we first explore what determines the size of and variation in Colombian

inflation risk premia using regression analysis. We then examine the term structure of uncon-

ditional inflation risk premia in Colombia. This is followed by an international comparison

to Canadian, Mexican, and U.S. inflation risk premia.

4.4.1 Determinants of Inflation Risk Premia

While the long-term inflation expectations in Colombia are largely determined by the inflation

target of the Bank of the Republic, it is less clear which factors would matter for the size of

Colombian long-term inflation risk premia. To explain the variation of the 5yr5yr Colombian

inflation risk premium series, we therefore run a battery of standard regressions with it as the

dependent variable and a wide set of explanatory variables that are thought to play a role for

inflation risk premia as explained in the following.

To begin, we are interested in the role of factors that are believed to matter for bonos

and bonos UVR market liquidity specifically or bond market liquidity more broadly as they

could matter for the estimated inflation risk premia, even though we have explicitly accounted

for bonos and bonos UVR liquidity premia in the model estimation. First, we include the

average bonos age and the one-month realized volatility of the 10-year bonos yield as proxies

for bonos liquidity following the work of Houweling et al. (2005). Inspired by the analysis of

Hu et al. (2013), we also include a noise measure of bonos prices to control for variation in

the amount of arbitrage capital available in this market. Third, we include the average bonos

UVR age to proxy for liquidity risk in the market for those bonds. Finally, we add a Colombian

23Garcia and Gimeno (2024) report estimates of trend inflation for Colombia that are fully consistent with
the Bank of the Republic’s inflation target.

24De Pooter et al. (2014) reached a similar conclusion for Brazil, Chile, and Mexico.
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overnight interbank rate known as TIB to proxy for the opportunity cost of holding money

and the associated liquidity premia of Colombian government bonds, as explained in Nagel

(2016). Combining these five explanatory variables tied to market liquidity and functioning

produces the results reported in regression (1) in Table 6. We note a high adjusted R2 of

0.60. The average bonos age has a highly significant negative coefficient. This implies that

an increase in the liquidity risk of bonos is associated with lower inflation risk premia. The

other measures of financial frictions tend to push up the Colombian inflation risk premia.

After having explored the role of liquidity factors, we examine the effects of factors re-

flecting risk sentiment domestically and globally on the inflation risk premia. This set of

variables includes the VIX, which represents near-term uncertainty about the general stock

market as reflected in options on the Standard & Poor’s 500 stock price index and is widely

used as a gauge of investor fear and risk aversion. The set also contains the yield difference

between seasoned (off-the-run) U.S. Treasury securities and the most recently issued (on-the-

run) U.S. Treasury security of the same 10-year maturity. This on-the-run (OTR) premium

is a frequently used measure of financial frictions in the U.S. Treasury market. To control for

factors related to the uncertainty about the interest rate environment, we include the MOVE

index. The fourth variable is the U.S. TED spread, which is calculated as the difference

between the three-month U.S. LIBOR and the three-month U.S. T-bill interest rate. This

spread represents a measure of the perceived general credit risk in global financial markets.

As an additional indicator of credit risk and credit risk sentiment, we use the five-year CDS

rate for Colombia shown in Figure 5. The next variable in the set is the 10-year U.S. Treasury

yield from the Federal Reserve’s H.15 database, which is included to control for reach-for-yield

effects in advanced economies. This may be particularly relevant for our sample during the

period between December 2008 and December 2015 and again in 2020 when U.S. short-term

interest rates were constrained by the zero lower bound. Finally, we include the West Texas

Intermediate (WTI) Cushing crude oil price to proxy for energy prices, which represent a sig-

nificant risk to the inflation outlook in many countries around the world, including Colombia.

The results of the regression with these seven explanatory variables is reported in regression

(2) in Table 6. This produces a notable adjusted R2 of 0.69. Furthermore, the MOVE index,

the five-year CDS rate, and the 10-year U.S. Treasury yield are among the most significant

variables and with the expected positive sign. This contrasts with the TED spread, which

has a negative coefficient.

To assess the robustness of the results from these two regressions, we include all 12 ex-

planatory variables with the results reported in column (3) in the table. Although this joint

regression produces a high adjusted R2 of 0.75, we do see a few variables with switches in the

signs of their estimated coefficients.

Given the mixed results from the large regression models, we use informed priors to

identify a simple preferred regression model to explain the variation in the 5yr5yr inflation
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Explanatory variables (1) (2) (3)

Avg. bonos age -32.91∗∗∗ -25.85∗∗∗

(6.506) (5.571)

One-month bonos yield volatility 0.303 -0.175
(0.615) (0.476)

Bonos noise measure 2.237∗∗ 0.557
(1.07) (0.660)

Avg. bonos UVR age 4.892 7.65∗∗

(3.702) (2.944)

TIB 7.798∗ -0.767
(4.001) (4.734)

VIX 0.840 0.363
(0.752) (0.674)

OTR premium (bps) -0.312 -0.527
(1.230) (1.168)

MOVE Index 0.622∗ 0.569∗∗

(0.377) (0.283)

TED spread (bps) -0.299∗∗ -0.071
(0.120) (0.154)

5yr CDS rate (bps) 0.539∗∗∗ 0.404∗∗∗

(0.142) (0.112)

10yr US Treasury yield (%) 33.68∗∗∗ 15.46∗∗

(11.084) (7.685)

WTI 0.203 -0.356
(0.361) (0.442)

Constant 310.11∗∗∗ 21.38 213.70∗∗∗

(51.48) (33.57) (69.889)

N 835 835 835
Adjusted R2 0.60 0.69 0.75

Table 6: Regression Results for the 5yr5yr Inflation Risk Premium

The table reports the results of regressions with the estimated 5yr5yr inflation risk premium as the

dependent variable and 12 explanatory variables. Standard errors computed by the Newey-West

estimator (with 13 lags) are reported in parentheses. Asterisks *, ** and *** indicate significance at

the 10 percent, 5 percent, and 1 percent levels, respectively.
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Explanatory variables (1) (2) (3) (4) (5) (6)

Avg. bonos age -41.55∗∗∗ -24.426∗∗∗

(6.202) (4.996)

Avg. bonos UVR age -23.004∗∗∗ 8.029∗∗∗

(5.943) (2.617)

MOVE Index 1.543∗∗∗ 0.399∗

(0.136) (0.210)

5yr CDS rate (bps) 0.718∗∗∗ 0.462∗∗∗

(0.113) (0.110)

10yr US Treasury yield (%) 41.89∗∗∗ 12.55∗

(17.398) (6.802)

Constant 441.01∗∗∗ 377.8∗∗∗ 144.6∗∗∗ 158.3∗∗∗ 144.8∗∗∗ 191.04∗∗∗

(31.97) (35.35) (20.66) (24.31) (47.61) (39.27)

N 835 835 835 835 835 835
Adjusted R2 0.52 0.11 0.37 0.42 0.35 0.74

Table 7: Preferred Regression Results for the 5yr5yr Inflation Risk Premium

The table reports the results of regressions with the estimated 5yr5yr inflation risk premium as the

dependent variable and the five representative explanatory variables identified in the initial round of

regressions. Standard errors computed by the Newey-West estimator (with 13 lags) are reported in

parentheses. Asterisks *, ** and *** indicate significance at the 10 percent, 5 percent, and 1 percent

levels, respectively.

risk premium series. First, we do want to account for liquidity risk in both bonos and bonos

UVR. This makes us include the average bonos and bonos UVR age. Second, the MOVE

index is widely used as a measure of interest rate uncertainty that matters for risk premia

in both bond and stock markets. Third, perceptions about credit risk as measured by CDS

rates appear to matter. As a consequence, we include the five-year CDS rate as well. Finally,

as a small open economy, the Colombian government bond market is significantly affected

by the interest rate level prevailing in the U.S. Treasury market, which we proxy with the

10-year U.S. Treasury yield. Thus, we run a second set of regressions with these five variables

individually and combined. This allows us to identify a final preferred regression model for

the Colombian 5yr5yr inflation risk premium series.

The results are reported in Table 7. Regression (6) with all five representative variables

combined delivers an adjusted R2 of 0.74. This is very close to the value obtained when we in-

clude all 12 variables. Hence, this supports our selection of this particular set of representative

variables. These results also underscore that our five representative variables are responsible

for essentially all of the significant explanatory power. Furthermore, all five variables are
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Figure 14: Term Structure of Unconditional Inflation Risk Premia

statistically significant. Most importantly, their regression coefficients have consistent and

sensible signs. As a consequence, we consider regression (6) to be our preferred explanatory

regression model for the Colombian 5yr5yr inflation risk premium series.

As for the involved magnitudes, we note that a one-year increase in the average bonos age

lowers the 5yr5yr inflation risk premium by 24 basis points. Thus, the persistent increase in

average bonos age during our sample from 1.67 years to 5.65 years has been a key factor in the

persistent decline in the Colombian 5yr5yr inflation risk premium since 2005. On the other

hand, increases in the average bonos UVR age, the MOVE index, and the CDS rate tend to

put significant upward pressure on Colombian inflation risk premia. Lastly, a one-percentage-

point increase in the 10-year U.S. Treasury yield will tend to boost the Colombian 5yr5yr

inflation risk premium by about 13 basis points. For comparison, BCFZ report an estimate

of 12 basis points for the effect of the 10-year U.S. Treasury yield on Mexican inflation risk

premia. Hence, the spillover effects from U.S. interest rates onto the inflation risk premia in

Colombia and Mexico appear to be very similar.

4.4.2 Unconditional Inflation Risk Premia

Figure 14 shows the term structure of unconditional inflation risk premia implied by the esti-

mated BCFZ model. It is obtained by evaluating the function for the inflation risk premium

at the unconditional mean of the state variables. Consistent with economic intuition, infla-

tion risk premia are near zero at short horizons where the involved uncertainty is inherently

small, even in an emerging bond market like the one in Colombia exposed to the high level

of domestic inflation. In contrast—and also consistent with economic intuition—Colombian

inflation risk premia at long horizons approach 5 percent as investors in nominal bonds face

considerable inflation risk over the long term given the high and volatile level of inflation

33



2005 2006 2007 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021

−
1

0
1

2
3

4
5

6

R
at

e 
in

 p
er

ce
nt

Colombia      
Canada     
Mexico      
US    

Figure 15: International Panel of 5yr5yr Inflation Risk Premia

Illustration of the estimated 5yr5yr inflation risk premium series from Mexican, Canadian, and U.S.

nominal and real bond prices as described in the text. The shown data for Colombia are weekly and

cover the period from January 7, 2005, to December 30, 2020, while the shown data for Canada and

the United States are monthly and cover the period from January 31, 2005, to December 31, 2020.

Finally, the shown data for Mexico are monthly and cover the period from May 31, 2009, to December

30, 2020.

in Colombia. As a consequence, the term structure of unconditional inflation risk premia in

Colombia is steeply upward sloping in the 1- to 15-year maturity range. We note that this

could serve as an important stylized fact to match for macrofinance models of emerging bond

markets. Moreover, it underscores the advantage of working with a theoretically consistent

arbitrage-free dynamic term structure model of nominal and real yields jointly that allows

for the calculation of key outputs such as the full term structure of the unconditional first

moment of inflation risk premia discussed here.

4.4.3 International Comparison of Inflation Risk Premia

To go beyond the regression analysis in Section 4.4.1, we compare the estimated 5yr5yr

inflation risk premium for Colombia with matching estimates from Canadian, Mexican, and

U.S. nominal and real yields.25 Figure 15 shows all four series for the available overlapping

sample period.

The Canadian and U.S. inflation risk premia are highly positively correlated (84 percent).

The Mexican inflation risk premium series is also positively correlated with each for the

overlapping period, 60 percent and 69 percent, respectively. Thus, both in terms of size

and time variation, Mexican inflation risk premia share similarities with those observed in

25The Canadian estimate is taken from Christensen et al. (2023), the Mexican estimate comes from an update
of the analysis by BCFZ, while the U.S. estimate represents an update of the model described in Andreasen
et al. (2021) using all available U.S. TIPS.
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Canadian and U.S. bond markets.

The estimated 5yr5yr inflation risk premium for Colombia has a much lower correlation

with the Canadian, U.S., and Mexican estimates of 25 percent, 23 percent, and 39 percent,

respectively. Furthermore, Colombian inflation risk premia are more volatile with a standard

deviation of 92 basis points compared with 27 basis points, 37 basis points, and 63 basis

points for the Canadian, U.S., and Mexican series, respectively.

The mostly positive and small inflation risk premia in Canada and the United States

are consistent with the findings from simple macro-finance representative agent models; see

Hördahl and Tristani (2012). For the United States, D’Amico et al. (2018) also report em-

pirical estimates of inflation risk premia, which are mostly positive and relatively small. In

turn, to observe larger and more volatile inflation risk premia in an emerging market economy

such as Colombia would seem like a reasonable result given the higher and more volatile CPI

inflation in Colombia compared with Canada and the United States. Given that CPI inflation

has averaged a notch higher in Colombia compared to Mexico in addition to being notably

more volatile, it also seems reasonable that Colombian inflation risk premia are higher and

more volatile than those observed in Mexico.

4.4.4 Summary

In this section, we examined the properties of the Colombian 5yr5yr inflation risk premium.

First, we explored its determinants. Our preferred regression model showed that inflation

risk premia in Colombia are significantly affected by international factors, namely the global

interest rate level proxied by the U.S. 10-year yield, the uncertainty surrounding the global

interest rate level as captured by the MOVE index, and global perceptions about credit risk

as reflected in the Colombian five-year CDS rate. In addition, the liquidity risk of domestic

government bond markets also plays a role as proxied by the average age of the bonos and

bonos UVR in our sample. Overall, these results largely conform to our conjecture laid out

in the introduction that, provided the bonos market is dominated by foreign investors, the

inflation risk premium demanded by investors in nominal bonos should indeed be sensitive to

global risk factors.

Second, we showed that the term structure of unconditional inflation risk premia implied

by the BCFZ model is strongly upward sloping. This could be an important stylized fact to

match for theoretical macrofinance models of emerging bond markets.

This was followed by an international comparison, which revealed that, although positively

correlated with estimates from other countries, inflation risk premia in Colombia are unique

in addition to being larger and more volatile. These characteristics seem reasonable in light

of the fact that CPI inflation in Colombia has been higher and more volatile over the past 15

years than in the countries included in the comparison. Moreover, this finding is consistent

with our conjecture spelled out in the introduction that inflation risk is likely to be country-
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specific in nature outside of global spells of inflation like the one experienced in the aftermath

of the COVID-19 pandemic, which falls outside our sample period.26

Equipped with an estimate of Colombian inflation risk premia along with estimates of

the liquidity risk premia of bonos and bonos UVR, we are ready to tackle our main research

question about the benefit to the Colombian government of issuing inflation-indexed debt.

This is the focus of the next section.

5 Cost-Benefit Analysis of Inflation-Indexed Debt

In this section, we assess the relative costs and benefits between issuing bonos and bonos

UVR to the Colombian government, which represents an important policy application of our

estimation results.

Given that the Colombian government issues bonds with fairly fixed maturities (5-year,

10-year, 15-year), we need to measure both liquidity and inflation risk premia at those fixed

constant maturities. To that end, we first calculate fitted nominal and real zero-coupon

yields for all relevant maturities.27 Note that these yields embed the liquidity premia of

the nominal and real bonds. We then use the estimated frictionless factor dynamics within

the BCFZ model to calculate the corresponding frictionless nominal and real zero-coupon

yields that do not contain any liquidity risk premia. The difference between the fitted and

frictionless nominal zero-coupon yields then becomes an alternative synthetic estimate of the

bonos liquidity premia at constant maturities. These are shown in Figure 16(a) for three

maturities: 5-year, 10-year, and 15-year. Repeating this for the real yields produces the

synthetic estimates of bonos UVR liquidity premia at the same three maturities shown in

Figure 16(b).

In the final step, we use the frictionless nominal and real zero-coupon yields implied by the

BCFZ model to construct the corresponding frictionless BEI at the same three fixed maturities

and deduct the associated model-implied expected inflation to obtain the corresponding three

inflation risk premium series shown in Figure 16(c). For reference, we also plot the 5yr5yr

inflation risk premium used in the regression analysis in the previous section.

Note the diverse shape of the term structure for each of these three types of risk premia.

While the term structures of the inflation and bonos liquidity risk premia both vary between

flat, upward sloping, and downward sloping, the slope of the bonos UVR liquidity risk pre-

mium curve is mostly downward sloping. This diverse pattern underscores the importance of

combining the full term structure of bond prices for both bonos and bonos UVR with a full

joint term structure model of both nominal and real yields.

26See Garcia and Gimeno (2024) for a joint analysis of inflation dynamics and long-term inflation expectations
in the post-pandemic period in five large Latin American countries, including Colombia.

27Similar to Figure 9, the required nominal and real zero-coupon yields are obtained by estimating a standard
three-factor AFNS model to nominal bonos and real udibonos prices separately.
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Figure 16: Term Structure of Bond Risk Premia
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Figure 17: Term Structure of Net Benefit of Bonos UVR Issuance and CPI Inflation

Now, for each fixed maturity, adding the inflation risk premium and the bonos liquidity

premium before deducting the bonos UVR liquidity premium produces a measure of the net

benefit of issuing bonos UVR over bonos to the Colombian government.28 The resulting three

net benefit series at the 5-year, 10-year, and 15-year maturities are shown in Figure 17.

The average net benefit of issuing bonos UVR at the 5-, 10-, and 15-year maturity is

estimated at 0.37 percent, 0.65 percent, and 0.68 percent, respectively. Thus, while bonos

issuance can be considered to be competitive, at least periodically, at the liquid 5-year ma-

turity, our results are unfavorable regarding issuance of 10-year and 15-year bonos. Based

on our estimates, it is recommendable that the Colombian government tilt its issuance of

such long-term bonds towards the bonos UVR market. This result shows that the sizable

inflation risk premia in Colombia dominate over the relative liquidity disadvantage of bonos

UVR compared to regular bonos, in particular at longer maturities.

Figure 17 also shows the year-over-year CPI inflation on the right hand scale where we note

its positive correlation with the net benefit measures of 50 percent, 48 percent, and 49 percent

at the 5-, 10-, and 15-year maturity, respectively. Hence, the data suggest that the benefit of

increased inflation-indexed debt issuance is particularly pronounced when inflation is elevated.

An examination of the three components that go into the construction of our net benefit

measure reveals that a positive correlation between inflation risk premia and realized CPI

inflation seems to be the main driver behind this finding. The economic intuition behind this

dynamic relationship appear to be straightforward. When inflation spikes, investors become

28An alternative way of measuring the net benefit of issuing inflation-indexed debt is to compare the ex
post realized costs of issued inflation-indexed bonds to those of matching issued nominal bonds. See Dudley
et al. (2009) for a discussion in the context of U.S. TIPS and arguments why ex ante measures of benefits
like ours are to be preferred over ex post cost calculations that are overly influenced by the realized inflation
surprises over the life of the considered bonds.
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increasingly concerned about future inflation, which has the potential to erode the real value of

nominal debt. In response, they demand higher compensation for assuming the inflation risk.

As a consequence, inflation risk premia are pushed up, which makes issuance of nominal debt

relatively more costly compared to issuance of a matching amount of inflation-indexed debt

with the same maturity. Based on these observations we conjecture that inflation-indexed

debt will be even more beneficial relative to nominal debt in economies with inflation above

the levels observed in Colombia during our sample period, but we leave it to future research

to explore that idea further.

Although the unconditional inflation risk premia have an upward sloping term structure

as demonstrated in Figure 14, we note in Figure 16(c) that during our sample period the

term structure of inflation risk premia can be upward sloping (2005 and 2020); flat (2007);

downward sloping (2017-2019); and even hump shaped (2010). This suggests a more complex

reality than that implied by workhorse theoretical macrofinance models such as the habit

model of Wachter (2006), the rare disasters model of Gabaix (2012), or the long-run risk

model of Bansal and Shaliastovich (2013), which all imply that the inflation risk premium

should be increasing with maturity because the inflation process is persistent and on average

negatively correlated with consumption growth. Still, despite the significant variation in the

level and slope of the term structure of conditional inflation risk premia, it is the case that we

find an average net benefit of issuing inflation-indexed debt at all three examined maturities.

5.1 Evidence from Mexico

As a point of reference, we repeat the analysis for Mexico by estimating the BCFZ model

using an update of the monthly Mexican data examined in BCFZ, which starts in May 2009.

Furthermore, we note that inflation-indexed bonds in Mexico are known as udibonos, which

is the term used in the following.

Given that the Mexican government also issues bonds with fairly fixed maturities (5-year,

10-year, 20-year), we calculate the net benefit measure of issuing udibonos for those three

maturities with the resulting series shown in Figure 18. In this case, we see a fairly consistent

upward sloping pattern with the net benefit of issuing 5-year udibonos being lower than the

benefits of issuing longer-term udibonos. Still, all three series are positive on average: 0.15

percent, 0.28 percent, and 0.49 percent, respectively, at the 5-, 10-, and 20-year horizon.

Hence, these results lead to a similar conclusion, namely issuance at the 5-year maturity

appear to be competitive for both types of debt with a mild advantage towards inflation-

indexed issuance, while at the long-term maturities the results point to a more material

benefit from increased issuance of inflation-indexed bonds.
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Figure 18: Term Structure of Net Benefit of Mexican Udibonos Issuance

5.2 Evidence from Advanced Economies

Ermolov (2021) examines the benefit of inflation-indexed over nominal debt at various matu-

rities calculated simply as the difference between BEI and expected inflation, measured either

from surveys of professional forecasters or from a statistical model, for 9 advanced economies.

He finds that nominal bonds are favorable at the 5-year maturity, while it is mostly a tie

between issuing nominal and real debt at the 10-year maturity. Thus, it is only at maturities

from 15 years and above that inflation-indexed debt becomes cost effective based on his data.

Importantly, unlike our analysis, his simplified approach does not speak to the underlying

source behind this pattern across maturities as the inflation and liquidity risk premia are

not separately identified. However, our international comparison of inflation risk premia in

Section 4.4.3 suggests that a key factor behind his results may be the lower level of inflation

risk premia in advanced economies as compared to the their higher level in the two emerging

economies examined in this section.

For his sample of advanced economies, Ermolov (2021) also reports that the benefit of

inflation-indexed debt increases as the relative size of the inflation-indexed bond market

grows. Moreover, he finds that the costs of inflation-indexed debt are lower in countries

with more countercyclical inflation. In our more detailed analysis for Colombia, we can tie

the latter pattern to the positive correlation between CPI inflation and inflation risk premia

in Colombia.

Overall, despite differences in data and approaches, the results of our analysis and those

of Ermolov (2021) paint a similar picture, namely that inflation-indexed debt is beneficial

at longer-term maturities as the inflation risk premium demanded by investors for holding
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nominal debt start to become material. The main difference across the two samples is that

the breakeven point for the benefit of inflation-indexed debt is reached at a shorter maturity

in emerging economies due to their higher level of inflation risk.

5.3 Summary

To summarize, without other strategic benefits from nominal debt, a strict actuarial cost-

benefit analysis would recommend an increased issuance of inflation-indexed debt in both

Colombia and Mexico, in particular at longer maturities. Furthermore, these governments

could introduce regulatory rules for financial institutions and institutional investors such as

pension funds and life insurance companies with some form of beneficial treatment of holdings

of long-term inflation-indexed debt. The goal would be to provide additional incentives to

gain exposure to this particular market and thereby aim to reduce the high liquidity risk

premia in the prices of the inflation-indexed bonds.

6 Conclusion

In this paper, we estimate a novel flexible joint model of nominal and real yields taken from

BCFZ on a representative sample of nominal and real bond prices from Colombia. The

novel feature of the model is that it accounts for liquidity risk premia in both nominal and

real bond prices. As a consequence, it provides us with estimates of the liquidity-adjusted

frictionless BEI along with its decomposition into investors’ underlying inflation expectations

and associated inflation risk premia. In Particular, our results have significantly improved

the joint estimation of liquidity risk and inflation risk in both nominal and real bond prices,

enhancing the existing model of Colombian government bond yields described in Espinosa-

Torres et al. (2017).

Our examination of the BCFZ model-implied inflation dynamics reveals stable long-term

inflation expectations slightly above 3 percent. This stability provides a strong basis for us

to confidently conclude that these expectations are well anchored near the 3 percent target

set by the Bank of the Republic of Colombia. Furthermore, we find that Colombian inflation

risk premia are larger and more volatile than corresponding estimates from Canada, Mexico,

and the United States. This dynamic seems reasonable because CPI inflation in Colombia

has been higher and more volatile over the past 15 years than in the countries included in the

comparison. As a result, inflation uncertainty represents a material risk for investors in the

Colombian nominal bonos Tesoro market.

A comprehensive analysis of the determinants of long-term inflation risk premia in Colom-

bia identifies five variables of particular importance, namely the MOVE index, the five-year

CDS rate, and the 10-year U.S. Treasury yield in addition to proxies of the liquidity risk

in the markets for bonos and bonos UVR. While the last two variables can be considered
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domestic, the first three variables are international and have positive coefficients, meaning

that increases in global interest rate risk, global perceptions about credit risk, and U.S. long-

term interest rates tend to boost long-term inflation risk premia in Colombia. The finding

that foreign factors strongly influence Colombian inflation risk premia is consistent with our

conjectures detailed in the introduction that foreigners would concentrate their trading in

the nominal bonos Tesoro market. Thus, to maintain the credibility of its monetary policy

target, the Bank of the Republic will have to navigate these global influences on its domestic

bond markets carefully.

With estimates of bonos and bonos UVR liquidity premia and general inflation risk premia

in hand, we are finally able to assess the net benefit of bonos UVR issuance to the Colombian

government. Here, our results show a clear advantage of bonos UVR over comparable bonos

in the relevant 5-year to 15-year maturity range that is particularly pronounced for long-

term bonos UVR. Besides, the data suggest that the benefit of increased inflation-indexed

debt issuance is noticeable when inflation is elevated. Thus, barring other strategic motives

behind the issuance of long-term bonds, our results suggest that a tilt towards greater issuance

of long-term bonds UVR would be cost-effective to the Colombian government. Moreover, we

note that our results for Mexico are qualitatively similar, leading to a similar recommendation

for the Mexican government.

Finally, we feel compelled to stress that our model framework can be applied to other

emerging market economies with established nominal and real bond markets such as Brazil,

Chile, and Peru, among many others. However, we leave those applications for future research.
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Appendix: Model Estimation

In this appendix, we briefly summarize the estimation of the BCFZ model.

Due to the nonlinearity of the bond pricing formulas within the model, it cannot be

estimated with the standard Kalman filter. Instead, we use the extended Kalman filter as in

Kim and Singleton (2012); see Christensen and Rudebusch (2019) for details. To make the

fitted errors comparable across bonds of various maturities, we follow BCFZ and scale each

bond price by its duration. Thus, the measurement equation for the bond prices takes the

following form:

P
j
t(τ

i)

D
j
t (τ

i)
=

P̂
j
t (τ

i)

D
j
t (τ

i)
+ ε

j,i
t , j ∈ {N,R},

where P̂
j
t (τ

i) is the model-implied price of bond i and D
j
t (τ

i) is its duration, which is fixed

and calculated before estimation. See Andreasen et al. (2019) for evidence supporting this

formulation of the measurement equations.

Since the liquidity risk factors are latent factors that we do not observe, their levels are

not identified without additional restrictions. As a consequence, we let the first 15-year bonos

issued after the start of our sample window have a unit loading on the nominal liquidity risk

factor, that is, bonos del tesoro number (9) in our sample issued on July 24, 2005, with

maturity on July 24, 2020, and a coupon rate of 11 percent. As for the real liquidity risk

factor, we let the bonos del tesoro UVR number (10) issued on February 23, 2006, with

maturity on February 23, 2023, and a coupon rate of 4.75 percent have a unit loading.

In addition, we assume that all nominal bond price measurement equations have i.i.d. fit-

ted errors with zero mean and standard deviation σN
ε . Similarly, all real bond price measure-

ment equations have fitted errors that are assumed to be i.i.d. with zero mean and standard

deviation σR
ε .

The measurement equation for the survey expectations takes the form

πCF
t (τ) = πe

t (τ) + εCF
t ,

where τ is the forecast horizon. The required expected inflation is calculated using equation

(6), which is affine in the state variables, while the measurement error is εCF
t ∼ NID

(
0, (σCF

ε )2
)
.

As for the value of σCF
ε , we follow D’Amico et al. (2018) and fix it at 75 basis points in order

to not overly influence the estimation results by including the survey forecasts. Alterna-

tively, this approach can be interpreted as treating the survey forecasts as relatively noisy

and infrequent measures of bond investors’ inflation expectations.

Finally, we assume that the state variables are stationary, which is standard in the litera-

ture. As a consequence, we start the Kalman filter at the unconditional mean and covariance

matrix.
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